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Streszczenie

W calej rozprawie pracujemy z jednowymiarowa przestrzenig euklidesowa R wyposazona w
metryke indukowang przez norme | - |. Miarg Lebesgue’a na R oznaczamy przez dx. Przyj-
mujemy réwniez, ze D = (0, 00) jest dodatnia p6tprosta.

Zgodnie z tytutem rozprawy, naszym punktem zainteresowania sa tzw. operatory nielokal-
ne. Operator L, przeksztalcajacy funkcje okre§lone na pewnej przestrzeni topologicznej na
inne funkcje, nazywany jest nielokalnym, jesli w celu obliczenia Lu(z), dla pewnej funkcji
u, w pewnym punkcie z, potrzebujemy zna¢ réwniez wartosci funkcji « w punktach, ktére sa
odlegle od punktu z. Wtasnie ten fakt jest powodem, dla ktérego uzywamy nazwy nielokalny.

Przeciwienstwem operatorow nielokalnych sa powszechnie znane operatory lokalne. Jak
sugeruje nazwa, warto$ci operatora lokalnego X na funkcji u, w punkcie x, zaleza jedynie od
wartoS$ci funkcji v w dowolnie malym otoczeniu punktu x. Najpewniej najbardziej znanymi
przyktadami operatoréw lokalnych sg operatory rézniczkowe: u/(z), Vu(x) oraz operator
Laplace’a Au(z). Od teraz skupmy si¢ jednak na operatorach nielokalnych.

Najbardziej znanym przyktadem operatora nielokalnego jest ufamkowy laplasjan (—A)*/?

dla v € (0, 2) zdefiniowany nastgpujaco:

(—A)*u(z) = pu. / (u(z) — u())(z, ) dy, (1)

R

gdzie v jest miarq Lévy’ego. Po wigcej informacji na temat v, w szczegdlnosci po doktadna
postaé statej normujacej w jej definicji, odsytamy do podrozdziatu 2.2 Powyzsze wyrazenie
jest skoficzone dla wszystkich x € R (a wigc i poprawnie okreSlone) na przyktad dla wszy-
stkich funkcji u € C*(R), tj. dla funkcji na R dwukrotnie rézniczkowalnych w sposéb ciagly
1 o zwartym noSniku. Warto w tym miejscu podkresli¢, ze nie precyzujemy tutaj dziedziny
utamkowego laplasjanu, poniewaz dla naszych potrzeb wystarczy, ze bedziemy rozumieé go
punktowo, czyli tak jak w réwnaniu (I)). Po wigcej informacji na temat utamkowego lapla-
sjanu (w tym po szerszy kontekst i po dalsze szczegéty dotyczace np. statej normalizujacej)
odsytamy do prac Kwasnickiego [47], Nezza i innych [28] oraz Silvestre’a [62]]. Podkreslmy
jednak, ze w tej pracy doktadna warto$¢ stalej normujacej w definicji utamkowego laplasjanu

odgrywa znikoma rolg.
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Operatory nielokalne w r6znych formach obecne sa w wielu dziedzinach nauki. Po pier-
wsze, operatory te sa $ciSle powiazane z teorig procesOw stochastycznych, tzn. dla odpowied-
nio regularnych funkcji u, (—A)*/2 jest generatorem czysto-skokowego procesu a-stabilnego
(zob. np. Sato [56, Theorem 31.5]), ktérego intensywnosS¢ skokow jest dana przez miarg
Lévy’ego v. Ogoblniej, dla dowolnego czysto-skokowego procesu Lévy’ego, jego generator
dany jest przez pewien operator nielokalny.

Skokowe procesy Lévy’ego odgrywaja wazna role w opisywaniu przeréznych zjawisk
Swiata rzeczywistego. Jednym z najpopularniejszych zastosowan tych proceséw sa réznego
rodzaju modele finansowe, zob. prace Barndorffa-Nielsena, Mikoscha i Resnicka [3]], Conta
i Tankova [25] oraz Schoutensa [58]. W szczegdlnosci, z tych monografii wynika, ze z
punktu widzenia danych historycznych, skokowe procesy Lévy’ego sa bardziej odpowiednie
do stosowania w modelach finansowych niz modele oparte, na przyktad, na ruchu Browna.
Innym z zastosowan tego rodzaju proceséw stochastycznych jest genetyka, zob. np. prace
Blomberga, Rathnayake’a i Moreau’a [S], Gjessinga, Aalena 1 Hjorta [37] oraz Landisa,
Schraibera 1 Lianga [48]]. Ostatnim z omawianych przez nas zastosowan skokowych pro-
cesOw Lévy’ego sa rézne dzialy fizyki, takie jak mechanika pltynéw, fizyka ciala statego czy
chemia polimeréw (zob. prac¢ Barndorffa-Nielsena i innych [3]]).

Jedna z gléwnych motywacji do podjecia naszych badan zawartych w tej rozprawie jest
nastepujacy problem brzegowy Neumanna dla utamkowego laplasjanu wprowadzony po raz

pierwszy przez Dipierro, Ros-Otona i Valdinoci’ego w pracy [29]:

(_A)Q/QU = fv na D,

_ 2)
Nopu =0, naR\D.
Powyzej N, 2 jest tzw. nielokalng pochodng normalng zdefiniowana przez wyrazenie
Nojpu(z) = / (u(z) —u(y))v(z,y) dy, r€R\D. 3)
D

Zwr6émy tutaj uwage, ze zagadnienie (2) sktada si¢ z dwdch réwnan, ktére zwykle nazywaja
si¢ rownaniami nielokalnymi, z uwagi na ich charakter. Zainteresowanie nielokalnymi pro-
blemami brzegowymi Neumanna postaci jest catkiem nowe. Koncept ten ma zaledwie
kilka lat.

Najbardziej popularnymi i najlepiej zbadanymi nielokalnymi problemami brzegowymi sa

problemy Dirichleta dotyczace operatora (—A)®/2. Sa one postaci

(=AY = f, naQ,
u=g, naR\Q,

“)
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gdzie 2 C R jest pewnym, odpowiednio regularnym, zbiorem. Byly one szeroko badane np.
w pracach Ros-Otona [54], Bucura i Valdinoci’ego [ 18], Felsingera, Kassmanna i Voigta [33]],
Rutkowskiego [53]] oraz Servadei 1 Valdinociego 59, 160]].

Zauwazmy, ze zdefiniowane wczeSniej nielokalne problemy brzegowe dla operatoréw
nielokalnych czgsto nazywane sa problemami brzegowymi (Dirichleta lub Neumanna) pomi-
mo, ze nie mamy w ich definicji klasycznego warunku brzegowego. Wynika to bezposSrednio
z nielokalnego charakteru tych réwnan. W przeciwienistwie do teorii rownan rézniczkowych
czastkowych, w naszym podejsciu klasyczny warunek brzegowy bytby niewystarczajacy. Aby
to w pewnym stopniu uzasadni¢ zauwazmy, ze dla funkcji stalej u dostajemy (—A)*/2u = 0.
W zwiazku z tym, jesli chcemy, aby zagadnienie () miato jedno rozwiazanie, musimy podac
warunki brzegowe. Ponadto, z nielokalnego charakteru utamkowego laplasjanu wynika, ze
te warunki brzegowe musza by¢ zdefiniowane nie tylko na brzegu zbioru (2, ale réwniez na
jego dopetnieniu. Fakt ten jest powodem, dla ktérego (@) jest naturalnym zagadnieniem brze-
gowym Dirichleta dla utamkowego laplasjanu. Analogiczna sytuacja ma miejsce w przypadku
zagadnienia brzegowego typu Neumanna.

W dalszej czgsci pracy rozwazamy tylko problemy brzegowe Neumanna (2)) dla utam-
kowego laplasjanu. Naszym gléwnym celem jest znalezienie rozwigzania tego problemu,
jak i odpowiadajacemu mu réwnania ciepta z jednorodnymi warunkami Neumanna. W tym
miejscu po wigcej informacji odsytamy do pracy [29], w ktérej autorzy przedstawiaja nastepu-

jaca interpretacj¢ probabilistyczna réwnania ciepta Neumanna

up + (—A)*?u =0, na D, t>0,
Najpu =0, naR\ D, t>0, (5)
u(z,0) = ug(x), naD, t =0,

ktére odpowiada zagadnieniu (2):

(1) Rozwiqzanie u(x,t) rownania ciepta Neumanna (5)) jest rozktadem prawdopodobieri-

stwa pozycji czqstki poruszajqcej sie losowo wewnqtrz zbioru D.
(2) Jesli czastka opuszcza zbior D, to natychmiast do niego powraca.

(3) Sposob, w ktory czastka ta wraca do zbioru D jest nastepujqcy: jesli czastka uciekta do
punktu x € R\ D, to moze powrdci¢ do dowolnego punktu y € D. Prawdopodobieri-

stwo przeskoku z x do y jest proporcjonalne do v(x,vy).

Vondracek [66] stusznie zauwazyl, ze powyzsza probabilistyczna interpretacja rozwiazania

jest nie do konca poprawna. Przedstawimy teraz pokrétce wyniki Vondracka, poniewaz sa
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one SciSle powiazane z wynikami zawartymi w tej rozprawie. Na poczatek przedstawimy
kilka dodatkowych pojec.
Struktura wariacyjna zagadnienia brzegowego Neumanna (2)) sprawia, ze w rozwazaniach

nad nimi istotng rol¢ petni forma dwuliniowa £, dana wzorem
1
Eolwe) =5 [[ ()~ ul)e() - o)ple.y) dody,
RxR\D¢x D¢

gdzie u,v : R — R jest pewna funkcja, zob. np. [29]. Forma ta byla ostatnio punktem
zainteresowania w przerdznych badaniach, zob. np. prace [[12, 33,51} 159,160, 165], w ktérych
analizowano rézne wilasnosci tej formy. Odsytamy réwniez w tym miejscu do ostatniej pracy
Grube i Hensiek [38] po wigcej uwag na temat zagadnienia Neumanna (2)).

Jak juz byto wspomniane wczesniej, naszym punktem zainteresowania jest wymiar d = 1,
wigc przedstawimy teraz wyniki Vondracka [66] tylko dla tego wymiaru. Autor rozwaza
przestrzen L?(R, m(dx)) z miara m zdefiniowana jako m(dz) := 1p(z)dx + 1p(z)v(x, D)
(po definicje wyrazenia v(x, D) odsytamy do (2.9)) i bada wtasnosci formy (Ep, F ), gdzie
Fi={u e LR, m(dz)) : Ep(u,u) < co}. Dowodzi, ze forma ta jest quasi-regularng for-
ma Dirichleta na L2(R, m(dz)), a wiec istnieje proces Markova X na R* := R \ {0} scisle
zwiazany z forma (Ep, F ). Na podstawie [66], zachowanie procesu X moze by¢ opisane
nastgpujaco: startujqc z D, proces porusza si¢ jak izotropowy proces stabilny do momentu
pierwszego wyjscia ze zbioru D. W momencie wyjscia skacze ze zbioru D do punktu y na
podstawie jadra v(z,y). Nastgpnie przebywa w punkcie y przez losowy czas 7z rozktadu wykta-
dniczego o sredniej jeden, a nastgpnie skacze z powrotem do D na podstawie rozktadu praw-
dopodobieristwa danego przez v(y,x)/v(y, D). Nastepnie sytuacja rozpoczyna sig od nowa.
Vondracek dowodzi, ze tak okreslony proces X zachowuje si¢ prawidtowo z punktu widzenia
rozwigzania réwnania ciepta Neumanna (5)) przedstawionego w pracy [29]. Zauwaza réwniez,
Ze przez usunigcie czgsci procesu X , ktéra zyje poza zbiorem D, otrzymujemy proces Zo
przestrzeni stanéw D, ktéry spetnia opis procesu przedstawionego przez Dipierro 1 innych w
pracy [29]]. Ponadto, forma dwuliniowa takiego procesu r6zni si¢ od formy £p — po wigcej
informacji w tym temacie odsytamy do pracy [66]].

W tej rozprawie przedstawiamy konstrukcje procesu stochastycznego, ktory jest bardzo
podobny do procesu z pracy Vondracka, jednak pomimo to, w naszych badaniach stosu-
jemy inne metody niz Vondracek. Koncentrujemy si¢ na bezposredniej konstrukcji procesu
i badaniu jego wilasnosci. Bardziej precyzyjnie, naszym celem jest rozwigzanie nastgpuja-
cych probleméw: przedstawienie procesu stochastycznego X, podobnego do procesu X,
ktéry, w pewnym sensie, rozwigzuje zagadnienie brzegowe Naumanna; zbadanie czasu zy-
cia i granicy procesu X; udowodnienie, ze forma tego procesu odpowiada formie £p (przy

pewnych zatozeniach); rozwigzanie zagadnienia (2) przy wykorzystaniu procesu X. W tym
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Rys. 2: Trajektoria procesu X przy starcie z x < 0.

miejscu odsytamy do prac Bogdana i Kunze [15] oraz Kima, Songa i Vondracka [45, 46] po
wigcej analogicznych rozwazan.

Omoéwimy teraz pokrétce zawarto$¢ niniejszej rozprawy. Rozdzial 2] poswiecony jest
wprowadzeniu wszystkich notacji i konwencji wykorzystywanych w dalszej czgSci pracy.
Przedstawiamy w nim podstawowa wiedz¢ na temat «-stabilnych proceséw Lévy’ego i teorii
potencjatu dla zabitych proceséw Lévy’ego. Ponadto badamy wilasnosci pétgrup przedsta-
wionych wczesniej proceséw. Na koncu rozdziatu wprowadzamy podstawowe definicje i po-
jecia zwigzane z 0gblna teorig procesOw Markowa, w tym mocng wtasno$¢ Markowa.

Rozdziat [3] zawiera konstrukcje procesu X, ktéry zachowuje si¢ niemal identycznie do
procesu przedstawionego przez Vondracka z tylko jedng zmiang. Proces X przebywa w D°
przez czas wykladniczy o Sredniej jeden, a w przypadku procesu X, czas, jaki spgdzamy w
dopetnieniu zbioru D, zalezy od polozenia po wyskoku z D. Bardziej precyzyjnie, postulu-
jemy, ze: startujqc z D proces X porusza sig jak izotropowy a-stabilny proces Lévy’ego do

momentu Tp pierwszego wyjscia z D. W momencie wyjscia proces skacze z pozycji X, do
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punktu y € D° zgodnie z rozktadem prawdopodobieristwa proporcjonalnym do (Xop—yy).
Nastepnie, proces ten przebywa w punkcie y przez czas wyktadniczy o sredniej 1/v(y, D) i po
uplywie tego czasu powraca do punktu z € D zgodnie z rozktadem v(y, z) /v(y, D), i sytuacja
rozpoczyna sig od nowa. Przyktadowa trajektoria procesu X zaprezentowana jest na Rys. [I]i
Rys. [2|

Aby przeprowadzi¢ konstrukcj¢ procesu X wykorzystujemy metode konkatenacji pro-
cesow Markowa przedstawiong przez Wernera [67], w wyniku ktérej otrzymany proces jest
mocnym procesem Markowa. Nie bedziemy tutaj przedstawiaC szczeg6tow konstrukcji, aby
w tym momencie nie zaklécaé uwagi czytelnika. Po szczegdly odsylamy do omawianego
wiasnie rozdziatu. Nastgpnie, po przeprowadzeniu konstrukcji procesu X, wyznaczamy jego
potgrupe operatoréw K = (K)o 1 badamy jej wlasnosci. W szczegdlnosci identyfikujemy
funkcje ekscesywne dla K, ktére beda naszym kluczowym narzedziem w dalszych rozwaza-
niach, zob. Twierdzenie [3.20]i Wniosek [3.21] ponize;.

Obliczenia zwiazane z czasem zycia oraz granicznym potozeniem procesu X zawarte sa w
Rozdziale |4, Na poczatku badamy wtasnosci zmiennej losowej opisujacej pierwsza pozycje
powrotu do D. Nastgpnie rozwazamy ciag kolejnych pozycji po powrocie do D i dowo-
dzimy, ze granica tego ciagu istnieje z prawdopdobienistwem jeden oraz obliczamy ja, zob.
Twierdzenie[d.6|ponizej. Wykorzystujac otrzymane wyniki, w nastgpnej kolejnosci obliczamy
sume wszystkich przyrostow czaséw pomigdzy kolejnymi powrotami do D, zob. Twierdzenie
M.10] Laczac otrzymane wyniki otrzymujemy gtéwne twierdzenie tego rozdziatu, ktére brzmi

nastgpujaco: dla x # 0 nastgpujace wiasnosci zachodza P,-p.w.
(a) Jesli a € (0, 1), to czas zycia & procesu X jest nieskoriczony i t1i>rcr>10 | Xy| = oc.
(b) Jesli a € (1,2), to czas zycia £ procesu X jest skoficzony i 11}1’51 X; =0.
(c) Jesli o = 1, to czas zycia £ procesu X jest nieskonczony i tliglo X, nie istnieje.

Po doktadne sformutowanie tego twierdzenia odsytamy do Twierdzenia[#.11] ponizej.

Dla poréwnania, odsytamy czytelnika do pracy Bogdana, Burdzego i Chena [9, Propo-
sition 4.2], w ktdrej autorzy otrzymuja analogiczny wynik w przypadku stabilnego procesu
cenzurowanego na potprostej, ktory, w skrécie méwiac, jest procesem a-stabilnym ,,zmuszo-
nym” do pozostania wewnatrz D.

Na koncu Rozdziatu 4{dowodzimy, ze dla o € (1,2) pétgrupa K procesu X ma wtasnos¢
Fellera, zob. Twierdzenie @.14] ponize;j.

Rozdziat [3] jest najbardziej technicznym fragmentem rozprawy. Zdecydowana wigkszos¢

rozdzialu po§wigcona jest twierdzeniom pomocniczym, ktére beda nam potrzebne w dalsze;j
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czgSci pracy. Zawiera on dowody réznych oszacowan obiektéw (jak i ich granice) wystgpuja-
cych gtéwnie we wzorze perturbacyjnym dla pétgrupy K (po doktadna postaé wzoru pertur-
bacyjnego dla pétgrupy K odsytamy do Wniosku ponizej). Giéwnym twierdzeniem tego
rozdziatu jest doktadna posta¢ generatora punktowego (a doktadniej, minus generatora) dla
potgrupy K na funkcjach ekscesywnych, zob. Twierdzenie[5.15]

W rozdziale[6|dla o # 1 dowodzimy nieréwnosci Hardy’ego dla pétgrupy K oraz zwiaza-
nej z nig formy &, zob. Twierdzenie ponizej. Przypadek @ = 1, w momencie pisania tej
rozprawy, w dalszym ciagu jest problemem otwartym. JesteSmy przekonani, ze w tym przy-
padku nieréwnos$¢ Hardy’ego nie zachodzi, ale nie potrafimy wskaza¢ odpowiedniego kontr-
przyktadu, ktéry potwierdzitby nasze przypuszczenia. Wierzymy, ze ten przypadek jest, w
pewnym sensie, analogiczny do wyniku Dydy [30]. W dalszej czgsci rozdziatu dowodzi-
my, ze forma dwuliniowa odpowiadajaca pétgrupie K (a wigc odpowiadajaca procesowi X))
pokrywa si¢ z forma £p przedstawiong powyzej. Co wigcej, przedstawioamy réwniez rézne
charakteryzacje dziedziny tej formy. Na sam koniec rozdzialu otrzymujemy wniosek, ze
forma odpowiadajaca potgrupie K z jej naturalng dziedzing na L?(R) jest regularna, zob.
Twierdzenie [6.9)1 Wniosek [6.10] ponize;.

Ostatni Rozdziat[7|poswigcony jest znalezieniu rozwiazania zagadnienia brzegowego typu

Neumanna w przypadku « # 1, ktére w naszym przypadku przyjmuje posta¢

(=A% = f, na D,
Nojpu = f, mna R\ D.
gdzie f : R* — R jest dowolna ustalong funkcja ciagla o zwartym nos$niku. Okazuje sig,

ze rozwigzanie tego problemu dane jest przez funkcje u = G f, gdzie G jest 0-potencjatem
pétgrupy K, tzn. G f(z) := [;° K, f(z)dt.

Wyniki zawarte w tej rozprawie doktorskiej zostang wkrétce opublikowane w formie

artykutu w czasopiSmie matematycznym.






Chapter 1
Introduction

In this chapter we present the main results of the thesis. In the whole dissertation we work
with the one-dimensional Euclidean space R equipped with the Euclidean metric induced by
the standard norm | - |. The Lebesgue measure on R will be denoted by dz. Throughout the
dissertation we assume that D = (0, 00) is a positive half-line.

As the title of the dissertation indicates, we are mainly interested in so called nonlocal
operators. An operator £ which maps functions defined on some topological space to another
functions is called nonlocal if in order to evaluate Lu(x), for some function u, at some point
x, we need to know the values of u at points, that are far away from the point x. Hence, this
is why we use the name nonlocal.

An opposite to nonlocal operators are commonly known local operators. As the name
suggests, the value of the local operator /C on the function u at point x depends only on the
values of u in an arbitrary small neighborhood of the point x. The most common examples of
local operators are differential operators u'(x), Vu(x) and the Laplace operator Au(x). Let
us focus now on the nonlocal operators.

One of the most popular example of nonlocal operator is the fractional Laplacian (—A)*/?
for a € (0, 2) defined as follows:

(—A)2u(z) = pu. / (ule) — u(y))v(z, ) dy, (L)

R

where v is a Lévy measure. More information about v, especially the direct form of nor-
malization constant, can be found in Section [2.2] The above expression is finite (and hence
well-defined) for all x € R, e.g. forallu € C%(R), i.e. twice continuously differentiable func-
tions on R with compact support. It is worth to underline that we do not precise the domain
of the fractional Laplacian, because throughout the dissertation it is understood pointwise, as
in (I.T)). For more information about the fractional Laplacian, i.e. for a wider context and for

further details concerning a normalization constant (which comes from the definition of v in

1
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Section 2.2)), we refer to Kwasnicki [47], Nezza et al. [28] and Silvestre [62]. We want to
emphasise that in this paper the explicit value of normalization constant plays negligible role.

Nonlocal operators in various forms are present in many branches of science. At first non-
local operators are strictly related with the theory of stochastic processes, i.e. for sufficiently

regular function u, (—A)®/?

coincides with the infinitesimal generator of pure-jump «-stable
Lévy process (see e.g. Sato [56, Theorem 31.5]), which intensity of jumps is given by the
Lévy measure v. More general, for any pure-jump Lévy process, the infinitesimal generator
is given by a nonlocal operator.

Jump Lévy processes play an important role in describing real-world phenomena. One
of the most popular applications of Lévy processes are models of financial markets, see
Barndorff-Nielsen et al. [3], Cont and Tankov [25], and Schoutens [S8]. In particular, from
these monographs and the references therein it follows that, in terms of historical data, the
jump Lévy processes are more appropriate to be used in financial models than the models
based e.g. on Brownian motion. Another application of these kinds of processes are genetics,
see. e.g. Blomberg et al. [5], Gjessing et al. [37] and Landis et al. [48], and numerous
branches of physics (such as fluid mechanics, solid state physics, polymer chemistry), see.
e.g. Barndorff-Nielsen et al. [3].

One of the main motivations for the studies included in this thesis is the following Neu-

mann problem for the fractional Laplacian first introduced by Dipierro et al. [29]:

(—A)O‘/Qu = f, inD,

o (1.2)
Na/gu =0, inR\D.
Here N, /2 denotes so-called nonlocal normal derivative, defined by
Nojou(z) = / (u(z) —u(y))v(z,y) dy, r€R\D. (1.3)
D

We emphasize that the problem is created from two equations usually called nonlocal
equations. The interest in nonlocal Neumann problem of the form (I.2) is quite new. This
concept is only a few years old.
More popular and more studied problems are Dirichlet problems for nonlocal operator
(—A)/2, which are of the form
(=A)2u = f, inQ, (14
u=g, inR\Q,
for some sufficiently regular domain 2 C R. They have been studied widely in the literature
for many years, see e.g. the surveys by Ros-Oton [54]], Bucur, Valdinoci [18] and papers by
Felsinger et al. [33]], Rutkowski [S5] and Servadei, Valdinoci [59, 60]].



Let us note that nonlocal problems specified above often are called Dirichlet or Neumann
boundary problems for nonlocal operators, even if we do not have classical boundary condi-
tions. This is due to nonlocal nature of these equations. Unlike the theory of partial differential
equations, in our approach, a classical boundary condition would be insufficient. It is obvious
that for a constant function u we get (—A)*/?u = 0. Hence, if we expect uniqueness of a so-
lution to nonlocal problem (1.4)), we have to state boundary values, but from nonlocal nature
of the operator (—A)®/2, the boundary values have to be defined not only on the boundary of
the set €2, but also on the whole complement of 2. Thus, this is the reason why (1.4)) is the
natural Dirichlet boundary problem for the fractional Laplacian. The situation is analogous in
the case of Neumann boundary problems.

Throughout this dissertation we consider only the Neumann boundary problem (1.2} for
the fractional Laplacian. Our aim is to find a solution of this problem as well as the corre-
sponding heat equation with homogeneous Neumann conditions. For a wider discussion, see

[29]]. The authors introduce the following probabilistic interpretation of the Neumann heat

equation
wy + (—A)*?u =0, in D, t>0,
Nojpu =0, inR\ D, >0, (1.5)
u(z,0) = ug(x), in D, t =0,

corresponding to the Neumann problem (1.2):

(1) The solution u(x,t) of the Neumann heat equation (1.3) is the probability distribution

of the position of a particle moving randomly inside D.
(2) When the particle exits D, it immediately comes back into D.

(3) The way in which it comes back inside D is the following: If the particle has gone to
x € R\ D, it may come back to any point y € D, the probability of jumping from x to

y being proportional to v(z,y).

Vondracek [66]] rightly noticed that this probabilistic interpretation of the solution is somewhat
ambiguous. In what follows, we present the results of Vondracek, because they are strictly
connected with research included in this dissertation. At first let us introduce some basic
notions.

The variational structure of the Neumann problem (1.2)) involves the symmetric bilinear

form

o) =g [ ) ) e o)l ) dady



4 CHAPTER 1. INTRODUCTION

where u, v : R — R, see e.g. [29]. It was recently in point of interest and different properties
of this form were studied, cf. e.g. [12, 33,151,359, 160, 65)]. See also Grube and Hensiek [38]
for more discussion about the Neumann problem (1.2).

As our point of interest is dimension one, we will introduce the results by Vondracek
[66] only for d = 1. The author considers the space L*(R, m(dx)), where the measure m is
defined as m(dx) := 1p(x)dx + 1pc(x)v(x, D) (for a definition of v(z, D) see (2.9)) and
study properties of the form (£p, F), where F := {u € L*(R, m(dz)) : Ep(u,u) < oo}. He
proves that such form is quasi-regular Dirichlet form on L?(R, m(dz)) and hence there is a
Markov process X on R* := R \ {0} properly associated with (Ep, F ). The behaviour of the
process X may be described, followed by [66l], as follows: starting in D, the process moves
as the isotropic stable process until the first exit time from D. At the exit time, it jumps out of
D according to the kernel v(x,y). It sits at the exit point y for an exponential time with mean
one, then jumps back to D according to probability distribution v(y,x)/v(y, D) and starts
afresh. The author proves that in fact the process X has proper behaviour from the viewpoint
of the solution of the Neumann heat equation (1.5)). He also states that by deleting the part
of the process X which lives outside D, we obtain the process Z with state space D which
satisfies the description of the process from [29] that after it jumps from D, it immediately
returns to D. It turns out that its bilinear form differs from the form £p, see [66] for more
details.

In this thesis we make a construction of a stochastic process which is quite similar to
the one proposed by Vondracek. Despite that, in our research we use different methods than
Vondracek. We focus on a direct construction of the process and study its properties. To be
more precise, our aim is to find solutions to the following problems: propose the stochastic
process X, similar to the process X of Vondracek, which solves, in some sense, the Neumann
boundary problem; investigate the lifetime and limit of this process X; show that in fact the
bilinear form of this process corresponds with the form £p; and at the end find a direct solution
of the Neumann boundary problem (1.2). For an analogous research we refer the reader to
Bogdan and Kunze [15] and Kim et al. [45, 46].

The outline of the dissertation is as follows. Chapter [2]is devoted to providing the back-
ground for the notation proposed above and used in the further part of the thesis. We introduce
a basic theory of a-stable Lévy process and potential theory of killed Lévy process. Further-
more, we investigate properties of the semigroup of both processes. At the end of this chapter
we discuss a general notion of the Markov processes including the strong Markov property.

Chapter 3| deals with a direct construction of the stochastic process X . The construction is
ad hoc. We postulate that the behaviour of this process mainly is the same as the process given

by Vondracek with only one change. Unlike the process by Vondracek, our process does not
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Fig. 1.2: Trajectory of the process X starting from z < 0.

stay in D’ for exponential time with mean one. In our case, the time which we spend in the
complement of D will depend on the position after jump beyond D. More precisely, we state
that: starting from D, the process X moves as the isotropic a-stable Lévy process until the
first exit time Tp from D. At this time, the process X jumps from X, _ out of the set D to the
point y € D° according to the kernel v(X,,_,y). It sits at the exit point y for an exponential
time with mean 1/v(y, D), then jumps back to z € D according to probability distribution
v(y, z)/v(y, D) and starts afresh. An example of the trajectory of the process X is presented
in the Figures[I.T]and

To make the construction of this process, we use the method of concatenation of the right
processes by Werner [67] to obtain a strong Markov process. We will not present the details
of the construction here to not disrupt the reader’s attention at the moment. We refer for the
details to the chapter itself. After the construction of the process X, we determine the explicit
form of the semigroup K = (K}):>o of the process and study its properties. In particular,

we identify excessive functions for the semigroup A, which will be crucial in our further
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considerations, see Theorem [3.20]and Corollary [3.21| below.

The lifetime and the limit behaviour of the process X is investigated in Chapter {] First,
we look into the random variable describing the first return position of the process X to D
and study its properties. Afterwards, we consider the sequence of the consecutive return
positions of the process X to D and we prove that the limit of this sequence exists a.e. and
we calculate it, see Theorem 4.6 below. Subsequently, we calculate the sum of increments of
the time between the consecutive return positions and evaluate its limit, see Theorem @
Then combining the received results we get the main result of this chapter which states that:

for x # 0 the following statements hold IP,.-a.s.
(a) If o € (0,1), then the lifetime & of the process X is infinite and tllglo | Xy | = oc.
(b) If a € (1,2), then the lifetime £ of the process X is finite and 11}1; X =0.
(c) If a = 1, then the lifetime & of the process X is infinite and tli)ngo X; does not exist.

For more precise statement of this result see Theorem {.11] below.

For a comparison, we refer the reader to Bogdan et al. [9, Proposition 4.2], where the
authors obtain the analogous result for a censored stable process on the half-line D, which, in
short, is a a-stable process “forced” to stay inside D.

Further, at the end of the chapter, we prove that for a € (1,2) the semigroup K has the
Feller property (see Theorem [4.14] below).

Chapter [5]is the most technical part of the whole dissertation. The vast majority of the
chapter collects auxiliary theorems that we need in further part of the thesis. It consists of
proofs of various estimates of the objects occurring mainly in the perturbation formula for the
semigroup K (for the exact form of the perturbation formula for K see Corollary [3.4). Apart
from the estimates, the chapter also contains some limit calculations. The main theorem of
this chapter is the exact form of the pointwise generator (more precisely, minus generator) for
the semigroup K on the excessive functions, see Theorem [5.15|below.

In Chapter|6|we consider o # 1 and prove the Hardy inequality for K and the form & of K
(see Theorem [6.1) below). In case &« = 1 we are certain that the Hardy inequality for /K does
not hold, but for now we cannot propose any counterexample which will justify our claim.
We believe that this case will be analogous to the similar result by Dyda [30]. Furthermore,
we verify that, in fact, the symmetric bilinear form corresponding to the semigroup K (and
hence, corresponding to the process X) coincides with the form £, and we propose various
characterizations of the domains of this form. At the end of this chapter, it turns out that the

bilinear form corresponding to K with its natural domain over L*(R) is regular (see Theorem

and Corollary for more insight).



Last but not least, Chapter [/| is devoted to finding the direct solution of the Neumann
boundary problem for o # 1,

(=A% = f, inD,
Nojpu = f, inR\ D.
where f : R* — R is some continuous function with compact support. It turns out that the

solution of this problem is given by u = G f, where G is the 0-potential of K, i.e. Gf(x) :=

The results contained in this doctoral dissertation will be soon submitted as an article in a

mathematical journal.






Chapter 2
Preliminaries

In this chapter, we propose the basic facts and notations which will be used in this thesis.
They are commonly known and widely used. In Section 2.1 we introduce all the notations
and conventions which will be used throughout the paper. In Section 2.2 we describe a basic
theory concerning an isotropic a-stable Lévy process and the Lévy measure v. In Section 2.3
we turn to potential theory of killed Lévy process and investigation of the properties of its
semigroup. At the end, in Section 2.4, we discuss a general notion of the Markov processes

including the strong Markov property.

2.1 Notation

In what follows, R denotes the real line and dx is the Lebesgue measure on R. We also let
D = (0, 00). We emphasize that all sets considered in this dissertation are Borel. For any set
A C R we define its complement A° := R\ A. The open ball centered at a point z € R of
radius r > 0, denoted by B(z, ), is defined by B(x,r) :={y e R: |z —y| <r}.
Moreover, for a,b € R we set a A b := min(a,b) and a V b = max(a,b). By Inz we will

understand the natural logarithm of x > 0, i.e Inx := log, x.

For functions f,g > 0, we write f(x) < g(z) when there exists a constant C' € (0, 00)
such that f(x) < Cg(x) for all considered arguments x. Similarly, we define the inequality
f(z) 2 g(z). We write f(z) ~ g(z) when f(z) < g(z) and f(z) 2 g(z). We denote
constants by C,C,Cy,.... In most of the dissertation, we are not interested in the exact
values of constants, but we write C' = C(ay, ..., a,) if the constant C' is chosen to depend

only on ay, ..., a, or we write C;, when C' depends only on a.

Let 2~ C R be an open set. By B(.2") we denote the class of all Borel measurable
functions on 2. By Bt (.Z") and B,,(:Z") we denote the subclasses of B(.2") which consist of,
respectively, non-negative and bounded functions. Moreover B, (2") := By(Z") N BH(Z").

9
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The class of all continuous functions on 2~ will be denoted by C'(2"). We also consider
subclasses of C'(27): Cp(Z") — the class of all bounded and continuous functions on 2,
Co(Z") — the class of all compactly supported functions on 2", C°(Z") — the class of all
smooth compactly supported functions on 2", Cy(Z") — the class of all continuous functions

vanishing at infinity, i.e.
Co(Z)={feC(Z): Ve >0 IK. C Z compact such that|f(x)| < e for z ¢ K_.}.

We want to point out that in what follows we will consider mainly the space Cy(R*), which

from the viewpoint of the above definition is the space of all continuous functions f on R*
such that lim f(z) =0 and lin% flz) =
T—

|z|—o0

As usual, we equip C°(Z") and Cy(Z") with the supremum norm || f|| = sup |f(x)| to
reX

make them the Banach spaces. By L?(.2") we understand the space of all square integrable

functions on 2" equipped with the norm ||ul| ;25 = 4/ [ lu(z)]? da.

Let (27, A) and (¢, B) be two measurable spaces. As usual (see e.g. Getoor [30]), a
(probability or Markov) transition kernel from (2, A) to (¢, B) is a function K : 2" x B —
0, 1] such that

(i) for every (fixed) B € B, the function x — K (x, A) is A-measurable,

(ii) for every (fixed) x € %7, the function B +— K(x, B) is a probability measure on
(%, B).

If forevery x € 27, K(x,%) < 1 then K is called subprobability (or sub-Markov) transition
kernel.

For any subprobability transition kernel K,

/f K (x,dy),

forx € 2 and f € B,(%), defines a corresponding integral operator from B,(%) to By,(Z"),
which is linear and bounded. Hence, with a slight abuse of notation, by K we denote the
transition kernel and the integral operator, depending on the context. If the kernel K has
density k with respect to the measure dy on &/, that is K (z, A) = [, k(x,y)dy, A € B, then
we call k£ the kernel, too.

Let (27, A),(#,B) and (Z,C) be measurable spaces. Assume that K is a transition
kernel from (27, A) to (#,B) and L is a transition kernel from (%, B) to (2,C). Then a
composition of integral kernels K and L is defined as the integral kernel KL from (2", A) to
(Z,C) where

(KD)(w.0) = | K(a.dn)Liy.C),
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forx € 2, C € C. If K and L are probability (resp. subprobability) transition kernels,
then K L is probability (resp. subprobability) transition kernel. By a kernel on (2", .A) we
understand a kernel from (27, A) to (£, A).

A family (7}):>0 of probability (resp. subprobability) transition kernels on (£, .A) is
called a probability (resp. subprobability) semigroup if Ty, = T, T, t,s > 0. A corre-
sponding semigroup (7});>¢ of operators on Cy(.2") is called a Feller semigroup (see e.g.
Kallenberg [44] p. 369]) if for 0 < f < 1wehave 0 < T;f < 1,t > 0 and it has the

additional regularity properties
(P1) for f € Co(Z)and t > 0, T, f € Co(Z),
(P2) for f € Co(Z)andz € X, T, f(x) — f(x),ast — OF.

It can be shown (see [44), Chapter 19]), that from (P1), (P2) and the semigroup property we
obtain the strong continuity of (73);>0, i.e. the convergence tl_i)r0n+ \T:f — fll.. = 0, where
felCy(X).

We also consider a strong Feller semigroups of operators (7}):>o, i.e. the semigroups
with property T;5,(2") C Cy(Z"), t > 0. Furthermore, by a double Feller semigroups of
operators we will understand the semigroups with both Feller and strong Feller property (see
e.g. Chen and Kuwae [21]).

Occasionally we will use the notation of the Euler beta function B (x, y) which is defined

by the following equality

[ee] t:(,‘fl
[
%(I’,y) /0v (1 +t)x+y ) T > 07 Yy > OJ

and satisfies the equation

B(r,y) =

where [' denotes the Euler gamma function.

2.2 Isotropic a-stable Lévy process

In this section, we introduce a basic knowledge about an isotropic a-stable Lévy process. For
a general reference for this section, see Kwasnicki [47]].
Let o € (0,2). Fort > 0, let p; be the real continuous function on R with the Fourier

transform

/pt(x)eigw dz =e 1" ¢ R (2.1)
R
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Thus,

1

" or

() / e el de, >0, x e R. (2.2)
R

From the equation (2.2)) we conclude that the function = +— p;(x) is continuous (and even
smooth), as the Fourier transform of the rapidly decreasing function. Additionally, the func-

tion p; satisfies the following scaling property
pe(x) =tV (xt™V?), >0, 2z €R, (2.3)

and moreover

pe(z) ~ YA z€R, t>0. (2.4)

‘x|1+a’

The above estimations follow directly from Blumenthal and Getoor [[6] or Polya [52]], see also
[43]. For x,y € R we write p;(z,y) := pi(y — z).
Let

A 2T+ 1)/2)
Y VAT (—a/2))

Recall that the semigroup of operators corresponding to p; is defined by

Rfe) = [ fnteo)dy f e BiE)
R
and has the infinitesimal generator of the form

o(r+y) — p(r)

A2p(z) = Arg p.V./ (2.5)
(=) b R |yl
= A4 lim plzty) —olz) dy, xz€eR
T a0t Jiyse ly[ott ’ ’

at least for ¢ € C°(R), see Kwasnicki [47].
The isotropic a-stable Lévy process (Y;, PY )0, z € R, on R may be obtained as a cadlag

Markov process with the following transition probability:
FY5A) = [ ply2)dz t>0,yeR ACR
A

and satisfying PY (Y, = z) = 1. Thus, here and in what follows, P¥ and EY denote the
distribution and expectation for the process Y starting from x € R. It is well known that
(Y;,PY) is a strong Markov process with respect to the standard filtration [[7]. Moreover, for

a>0,aY; 4 Y, with respect to Py, which follows from the fact that

Eé’eiﬁaYt — Eé/ei(af)Yt — e tagl™ _ =t — Eé’eiEYaat'
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Furthermore, for B C R, let 75 := inf{t > 0: Y; ¢ B} and assume that » > 0 and ¢t > 0.
Then, with respect to P,

Y, inf{s > 0: |Y,| >r})
r- 1Y, inf{s > 0: |LY] > 1})

Yt,TB(OT

Il

= (

(

(7 Yimap, inf{s 2 0 [Y-a| 2 1})

= (1 Yoy, rinf{r s > 02 [Yomas[ > 1})
= (r

Y-y, 7“aTB(o,l))- (2.6)

Similarly we prove that, with respect to Py,

d
K-B(O,r) - TK'B(OJ)' 2.7
Let v(dx) := v(z) dz, where
v(r) == Aralz)™'7, 2 e R (2.8)

It is the Lévy measure of Y, in particular [, (1 A |z[*)v(dz) < oc. Similarly, as in the case of

pi, we slightly abuse the notation and write v(x,y) := v(y — x). For A C R we also let
v(iz,A) =v(A—x) = / v(z,y)dy, x ¢ A. (2.9)
A

Recall that D = (0, 00) C R. For further use, we note that

vikz,ky) = k™ v(z,y), k>0, z,ycR, z#y, (2.10)
vike,D) =k “v(z,D), k>0, x<0, (2.11)
V(va) :A1a|x|_a/mi:Alaa_1|x|_av $<Oa (212)
7 o (L+y)tt 7
and
v(z, D) = v(—z,D) = A ya 'z, x> 0. (2.13)

Of course, (0, D) =

2.3 Potential theory

Let 7p := inf{t > 0 : Y; < 0} and define the transition density of the process killed when
leaving D = (0, 00):

ptD(:U,y) = pt(x,y) - E;/ [TD < t; pt*TD(YTD7y):|7 > Oa T,y € R. (214)
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The above formula is often called the Hunt formula. For reference in this section and for more
details in the subject, we refer the reader to [[11]], [20] or [24, Chapter 2].
The heat kernel (2.14])) for D also has the scaling property

ptD(x, y) = t_l/aplD(t_l/o‘x,t_l/ay), x,y € R, t >0, (2.15)

or, equivalently,
ph(kx ky) = k= 'pP(x,y), z,y €R, k,t>0. (2.16)

It turns out that the function p” is jointly continuous in ¢, z,y. Indeed, it follows from the
scaling property (2.15)), continuity of the function (z,y) — p;(z,y) and by the same proof as

in Theorem 2.4 in Chung and Zhao [24]. Moreover, for z,y € R and ¢ > 0, the heat kernel

pP is symmetric, i.e. pP (x,y) = pP (y, z). It also satisfies

0 < pP(z,y) < pi(z,y), (2.17)

and pP (x,y) = 0 whenever z < 0 or y < 0. It is the Dirichlet heat kernel of the half-line D
for the fractional Laplacian, or transition density of the isotropic a-stable process killed when

leaving D. Thus,
pP(z,A) = /Ap?(x,y) dy=PY (Y, € A,7p>1t), t>0 z€R, ACR, (2.18)
and for all x € R, ¢ > 0, and bounded functions f,
PP f(x) = /Rf(y)pf’(x,y) dy = E; [f(Y,);mp > 1].

We set POD = I, where [ denotes the identity operator. Furthermore, the kernel pP satisfies

the Chapman—Kolmogorov equation:

po(T,y) = / pP(x,2)pP(2,y)dz, x,y €R, s,t > 0. (2.19)
R

It also satisfies (see e.g. Bogdan and Grzywny [11])

p(x,y) = Py (1p > )Py (1p > t)pe(,y), >0, z,y >0, (2.20)
where
/2

PY (1, >tm1Aﬂ. 2.21
2w (Tp > 1) i (2.21)

From (2.4) it follows that

a/2 ‘ ’a/Z t

Dy, z(l/\L><1/\y—><t_l/a/\—>, £>0, 2,y >0. (222
pt ( y) \/E \/¥ |.Z' . y|a+1 y ( )
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The Green function of D is
Gp(z,y) = / pl(z,y)dt, z,yeR. (2.23)
0

Obviously, Gp(z,y) = 0 whenever x < 0 or y < 0. For each function f > 0, from Tonelli’s
theorem and (2.18)), we have

/ G, y)f(y) dy = EY / Y rad x>0,
D 0

hence, G p(z,y) is the occupation time density of the process Y prior to the first exit from D.

Using (2.16) it can be easily calculated that G has the following scaling property:
Gp(r,y) =2°7'Gp(l,y/z),  2,y>0. (2.24)

The joint distribution of the triple (7p,Y,,_,Y,,) is given by the Ikeda—Watanabe for-

TD—)

mula, see [41] (we also refer to [[16]]):
PY(rpel, Y,,— €AY, €B)= /Idt/Ady/depf(a:,y)y(y,z), x>0. (2.25)
From (2.18) and (2.25)) we have
pP(z,D) = /DptD(as,y) dy =P (p >t) = /OO dr/Dda/ dbp? (z,a)v(a,b). (2.26)
¢ c
Subsequently, we define the Poisson kernel of D for the fractional Laplacian:
Pp(x,y) = /DGD(x, 2v(z,y)dz, >0,y <0. (2.27)
Then, for A C (—o0, 0],
PY(YV, € 4)= [ Polwa)dy, >0
Using (2.24)), we obtain the following scaling property of the Poisson kernel:
Pp(z,y) = 2 ' Pp(1,y/x), x>0, y<0. (2.28)

In fact, the Poisson kernel of D = (0, o) is known explicitly (see [8, (3.40)]):

1 T x®/?
Pp(z,y) = —si <—>— >0, y <0. 2.29
D(w y) 7_(_Sln 2 |y‘a/2‘x_y‘ x Y= ( )

The following theorems state the Feller property of P, both on Cy(D) and Cy(D). These

theorems are well known, but we give their proof for convenience of the reader.

Theorem 2.1. For every t > 0 we have PP B, (D) C Cy(D).
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Proof. Let f € By(D). Then without loss of generality we may assume that f = 0 on D°.
For t > 0, the function D > x — P, f(x) = p; * f(x) is continuous, because p; € L'(R)
and f € L>(R). From the Vitali’s theorem (see Schilling [57, Theorem 16.6]) it follows that
y +— pe(z,y) f(y) is uniformly integrable with respect to the measure 1, (y) dy. From (2.17)
it follows that y — pP(x,y)f(y) is also uniformly integrable with respect to the measure
1p(y) dy (see [57, Definition 16.1 or Theorem 16.8]). Hence, because the function D > x +—
pP(z,y) is continuous, from the Vitali’s theorem we conclude the continuity of the function
D >z PP f(x).
Moreover, there exists M > 0 such that | f| < M, hence

PP5@I < [ ewliwldy <M [ ledy <0
D D
which implies that the function PP f is bounded. O]

Theorem 2.2. For every t > 0 we have PPCy(D) C Cy(D).

Proof. The continuity of the function D 3 x — PP f(z) follows directly from Theorem
We will show that P” f(z) — 0, as # — +oco. Note that, from (2.17)

IWNMSLW@MWMMSAM@Mmmwéa

as x — 0o, which follows from the Feller property of F, (see [44, Theorem 19.10]).
Moreover, PP f(x) — 0, as x — 0. Indeed, from (2.26) and (2.21),

N ‘x’a/Q
Vit

as x — 0T. This proves the theorem. O

PP ()] < /Dpf)(x,y)lf(y)ldy < floepi’ (@, D) = [ fll P (0 > 1) » — 0,

Theorem 2.3. For every a € (0,2), (PP)i> is a Feller semigroup on Cy(D).

Proof. Lett > 0and x > 0. For 0 < f < 1 from (2.17)),
0<PPfa = [ e s [ peoswars [ pepa <
D D D

Assume that f € Cy(D). From theorem PPf € Cy(D). We will show that
PP f(z) — f(x),ast — 0T. Note that from (2.17)),

2@ = 1) = | [ (1) = F@)pP ) dy = Fla) 1= 5P (o, D))
/If 2)|py (x,y) dy + | f(2)||1 — p{ (z, D)
/u (@)\pr( w) dy + £l |1 = 5P (2, D).
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From (2.26)) it follows that p” (z, D) — 1, as t — 0T. Hence, it suffices to show the conver-
gence to zero of the latter integral.

The proof of the convergence [, |f(y) — f(x)|pi(x,y)dy — 0, as t — 07, is the same
as in the proof of Theorem 1.7 in [24]. We will present its details here. From the fact that
f is continuous, for any ¢ > 0, there exists 6 > 0 such that for |y — x| < 0 we have
|f(y) — f(z)] < e. Therefore, from (2.4) we get

[ 160~ f@nte.v) dy
Wz, y)d - (x,y)d
< e/m{y_xké}p (z,9) y+/m{y_x|26} 1f(y) = f(2)|pe(z,y) dy
<et2 Hf”oo/ () dy
DA{ly-al25)

<20t [ ful e

] >6
AC .
— et | fll 15
(0%

Hence, limsup [, |f(y) — f(z)|p¢(z,y) dy < € and the claim follows from the arbitrariness
t—0t

of the ¢ > 0. ]

From Theorem 2.1 and Theorem [2.3| it follows that (PP );>0 is the double Feller semi-
group.

2.4 Markov processes and the strong Markov property

In what follows, we will work with Markov processes, so we introduce the basic notion for
such processes. We will use notation similar to Werner [[67]], as we use his results in this paper.

A Markov process X on R is defined as a following sextuple (see e.g. [7], [61]):

X = (Q, .7?, (Ft)e=05 (Xi)e0, (01) >0, (P2)zer),

where (X};):>o is a right continuous, R-valued stochastic process on a measurable space
(€2, F), adapted to the filtration (Ft)e>0 and equipped with the shift operators (6;);>0 on §2.
Moreover, (P,).cr is a family of probability measures such that P,(X, = =) = 1 for all
x € R and E, are the corresponding expectations. Furthermore, for arbitrary ¢ > 0 and
A € F, the function z — P.(X: € A) is measurable, and we have the following Markov

property: for bounded and measurable function f,

Ew[f(Xt+S)|‘FS] - EXS [f(Xt)]v r€R, s,t>0.
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In our considerations we need a few additional assumptions. We assume that the filtration
(Ft)t>0 is augmented by the null sets and right continuous, and that there exists an isolated,
absorbing cemetery point A, for which we set Ra := R U {A}, such that for the lifetime of
the process,

¢(:=inf{t >0: X, = A},

we have X; = A if t > (. Moreover, there exists a path [A] € €2 for which (([A]) = 0. We
assume also that X, = A, 6, = [A] and for any measurable function f, f(A) = 0.
The semigroup (7}):>( corresponding (or associated) to the stochastic process X is defined

as
th('T) :Ex[f(Xt)]v z ERa tZO?

where f is bounded or non-negative.

We say that a function f is a—excessive (see e.g. Sharpe [61} (4.11)]) if it is non-negative,
measurable and for @ > 0, e"®'T; f 1 f pointwise as t — 0T. Let S, be the set of all such
functions. Then the process X is called right process if it is a Markov process equipped with
an augmented and right continuous filtration and for all « > 0, f € S, the map ¢ — f(X})
is a.s. right continuous.

It is well known that the killed isotropic a-stable Lévy process

yD Y,, t<7p,
A, t>1p,
is a right process with lifetime £ = 7p, since it is a Hunt process (as a strong Feller process,
see Chung [23]) and every Hunt process is, by definition, a right process (see Getoor [36,
Section 9]).
With this convention, right processes have the following strong Markov property (see
[67]): for every stopping time 7 (with respect to the filtration (F;);>¢) and bounded Fy-

measurable function f, where Fj is the universal completion of o(X; : s > 0), we have:
E.[f(X;:00-)|F] =Ex, [f(Xy)], zeR (2.30)

We call X a Feller process or a strong Feller process if its corresponding semigroup

(T}):>0 is Feller or strong Feller, respectively.



Chapter 3
The Servadei—Valdinoci process

In this chapter, we make a construction of the stochastic process on R*, which will be our
main point of interest through the rest of the thesis. Our method of construction relies on
a concatenation of right Markov processes by Werner [67]. Further, we derive a transition
kernel and a corresponding semigroup of operators for this process. Another main goal of
this chapter is to study properties of presented semigroup. More precisely, we prove e.g.
its boundedness, strong continuity, strong Feller property, and we introduce the excessive

functions for this semigroup.

3.1 Construction of the process

Let us discuss here in detail a construction of the stochastic process, which behaves differently
depending on the starting point: starting from = > 0 the process behaves as the right process
Z1, while starting from 2 < 0 it behaves as the right process Z2. The processes Z! and Z?

are defined below.

Let
Zl = (Qla ‘Fla (Ft1>t207 (Ztl)t207 (9t1>t207 (Pglc>x>0>7

be the isotropic a-stable Lévy process killed when leaving D = (0,00). We denote the

transition probability of Z! by
Pl(x,A) = / pP(z,y)dy, >0 ACR, t>0.
A

Of course, the lifetime of this process is (7 := 7p = inf{t > 0: Z} <0}.

The second process that we consider is a compound-Poisson type process Z2 on (—o0, 0).

The process stays in a starting point < 0 for an exponential time with mean 1/v(x, D) and

19
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afterwards it is killed. This process will be denoted by
Z* = (2, F2, (F)iz0, (Z])i20, (0)120, (P3)uco)-
The transition probability of the process is
P2(z,A) = 6,(A)e @D 4 <0, ACR, t >0,

and its lifetime (7 is the exponential random variable with mean 1/v(x, D).

Fort > 0, A C R we define the integral kernel

Pl(z,A), ifz >0,
P%(z,A), ifz<0.

Bz, A) =

We note that P;(z, D°) = 0if # > 0 and P,(z, D) = 0if z < 0.
Lemma 3.1. Fort > 0, ]3,5 is a subprobability transition kernel.

Proof. We clearly have ﬁt(x, A) > 0Oforall z € Rand A C R. Moreover,

~

Pt(x,R)z/pf’(x,y)dyé/pt(w,y)dyZL x>0,
R R

and

Pz, R) = ™=D) <1 2z <.

It remains to verify the Chapman—Kolmogorov equation. Let s, > 0 and A C R. Forz > 0
this equality follows directly from (2.19)) and for z < 0,

/ ﬁt(:z:, dy)ﬁs(y, A) = e_t”(m’D)ﬁs(x, A) = e @D emsv@D)s (4)
R
— 51‘ (A)e—(S-i-t)V(x,D) = ﬁs-i—t(xa A)a
which completes the proof. []

Recall that for a transition kernel ﬁt, t > 0, by the same symbol we denote the integral

operator
Bf(x) = / )Pz, dy),

where f is any function for which the above formula makes sense. Additionally, we set
ﬁ 0= I

Lemma 3.2. (ﬁt)tzo is a Feller semigroup on Cy(R*), where R* = R\ {0}.
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Proof. From Lemmait follows that for any f € Cy(R*),0 < f < 1wehave 0 < ]3,5 <1,
t > 0. Hence ]3t, t > 0, is a semigroup of positive contraction operators on Cp(R*).

Let f € Co(R*). We will show that P,f € Co(R*). The function D 3 z — P,f(z) =
PP f(z) is continuous, which follows directly from Theorem , and of course, D° 3 =
P,f(z) = e *®=D) f(z) is continuous.

Afterwards, we claim that ﬁt f(z) — 0,as z — 0. Lett > 0. From Theorem
Pif(z) = PP f(x) — O as z — 0. For z — 0~ (see (Z.12)),

P @) < [l PA) = 11l =P — 0.

Hence, we proved the claim.
Furthermore, P, f(z) — 0 as || — oo. Indeed, from Theorem Pof(z) — 0 as

xr — +00. Moreover, for x < 0, from (2.12)) and the assumption,
Pif(z) = fla)e™ D" =0,

as r — —oQ.

To finish the proof, we will show that for f € Co(R*), P,f(z) — f(x), as t — 0T. For
z >0,
|Bof(x) = f(2)] = IpP f(2) = f(2)] =0,

as t — 07, which follows from Theorem In the case = < 0, we have,

|Bof (@) = f@)] < |f(@)] - Je" P —1] =0,

as t — 0T. This proves the lemma. ]

It follows from Kallenberg [44, Chapter 19] or Getoor and Blumenthal [7, Theorem 1.9.4]
that there exists a Hunt process (hence, a right process [61, (47.3)]) Z on R*, with transition
function given by fA’t The lifetime of this process will be denoted by (. The process Z
starting from x > 0 is the isotropic a-stable Lévy process Z! = Y killed when leaving D,

while starting from z < 0 it is the compound—Poisson type process Z2.

A concatenation of functions z1, defined on [0, z;), 25, defined on [0, 23), etc., is a function
x defined on [0, z; + 23 + .. .), by letting x(t) = xn(t —(zn+...+ zn)) forz; +...+ 2, <
t<z+...4+ 2y + 2ne1- Here 21, 29, ... > 0 and if z; = 0 then the function z; has no affect

on x.

Next, we will concatenate a countable sequence of stochastic processes. For n € N
suppose that the processes X = (), F®, (F)2g, (X)y2, (0 )20, (PL)cx-) on
E™ := R* are independent copies of the right process Z. By (™ we will denote the lifetime
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of each process X", n € N. Moreover, we also assume that for each from the processes X"
there exists, so called, a dead path [A"] € Q™ with the property (™ ([A"]) = 0. We consti-
tute that 65 (w) := [A"] for all w € Q™. As usual, for any measurable function f we assume
that f(A) = 0.

We define the transfer kernel £ on R* (also called instantaneous kernel) which will specify

jumps between D and D in the following way: for A C R,

v(z, AN D*)
e >0
k($ A) _ V(x, Dc) , X )
’ v(z,AND) 2 <0
v(iz,D) ~’ '

If z > 0, then k(x, -) gives the starting distribution of the process Z initiated after Z* died at
x. Similarly, for x < 0, k(z, -) is the initial distribution of Z I initiated after Z?2 died. To be
more precise, for k = 1,2,.. ., we define a transfer kernel K* : Q*) x B — [0, 1] from X* to
(X*1 R*) with

K*(wr, A) = k(X _(wi), A), wp € QW ACR", (3.1)

where BB denotes the o-algebra of Borel measurable subsets of R*.

Following Werner [67]] (see also Sharpe [61, Chapter 14]), we define process X on £/ = R*
which is called a concatenation of the processes (X"),en on (E™),en. Here are the details.

We set Q = ], 2™ and F = ®,,en F™. For w = (wy)neny € 2, ¢ > 0andn > 1
we define R, (w) := > 1_, (¥ (w) and Ry(w) = 0, Reo(w) = lim Ry (w) = S (M (w).
From the construction, for n € N, ( (") is finite a.s. In order not to abuse notation, we make
a convention that ((*)(w) = ((w},), where ¢ denotes the lifetime of the process Z. From the
definition, for n € N it is obvious that ,, < oo a.s.

Following the construction proposed in [67] for all ¢ > 0, w = (w1, ws,...) € Q we let

)
th(wl)v RO(UJ) S t < Rl((,(.)),
X? g (@2), Ri(w) <t < Ry(w),

Xi(w) = X)?—RQ(&;)(W?))a Ry(w) <t < R3(w),

A, t > Ryo(w).

\

Here we assume that there exists an isolated, absorbing cemetery state denoted by A such that

for the lifetime R, of the process X we have

R =inf{t >0: X; = A}
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Moreover, X; = A forall t > R,. We set Ry := R* U {A}.
Forallt > 0 and w = (wy,ws, ...) € Q we then define the shift operator of the process X

as follows:
((Ht(l)(wl)awz;ws,w,...), Ro(w) <t < Ry(w),
(1AY, 67 o (@2), w3, w4, - ), Ri(w) <t < Ry(w),
() (11,182,687, ) (@s)on, ), Ro(w) <t < Ry(w),
(AY, A0 @) @it ), Raoa(w) St < Ry(w),
L .

We will assume that X, = A and 6, = [A]. From the above definitions, it follows immedi-
ately that
Ro=Ry 1+CWobp ., n>1

The law of the concatenated process, i.e. the family of measures (P,, z € R*) on (€2, F),
is defined as the connection of the distributions (IP’&”), x € R*), n € N, via the transfer kernel
K. We will not present the details of this construction here. All the details are presented in
Werner [67]].

From [67] it follows that X = (Q,]?, (Fi)t>05 (Xt)t>0, (01)1>0, (Py)zer+), constructed
above, is a right process on R* with the lifetime R, and moreover for n € N, z € R*
and f € B,(R*),

E.[f(Xg,) | Fr,-] = K"for", (3.2)

where 7" denotes the projection on the n-th coordinate of w = (wy,ws,...). In particular,
from B.1)), forw € Q, A C R* and f(z) = 14(x), we have

P.[Xg, € A| Fp,-](w) = K™(wn, A) = k(X[ _(wn), A), (3.3)
In particular, X has the strong Markov property. More details of this construction, espe-
cially the construction of the filtration (F;);>0, the shift operators (6;):>( and the family of

measures (P, x € R*) can be found in [67] (see also Ikeda et al. [40], Meyer [50] and Sharpe
[61, Chapter 11.14]).

3.2 Transition semigroup of the process

Let

N v(z,y), ifze D, ye Dorxec D ye D,
U(z,y) =
0, otherwise.
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By a small abuse of notation we also use 7 to denote the corresponding integral kernel on R:
v(z,A) = / v(z,y)dy, zeR, ACR
A

Of course, V(z, A) =0ifz € D, A C D. Similarly, (z, A) = 0ifz € D°, A C D"

With the second meaning of 7, we consider the following perturbation series: Ky := [

and for t > 0,
R t R R t t . R R o0
K, =P, + / P, UP,_, dt, + / / Py0P, 1, VP, dtydty + ... =Y Ky, (3.4)
0 0 Jty =

where Ky = ISt and, forn > 1,

- / et / ﬁtlﬁf)h_tlﬁ. . -/V\ﬁt—tn dtl e dtn (35)
0<t1 <ta<...<tp<t

From Bogdan and Sydor [[17] it follows that for all ¢ > 0, K is in fact a transition kernel.
In what follows we need the stochastic properties of (K3):>o, so we will not use [17], but
the reader interested in purely analytic approach to (K;);>o may find [17] instructive. The
deficiency of [17] for our goals is that the strong Markov property of the process given by
(Kt)tzo was not studied there. For the direct proof of the fact that K;, ¢ > 0, is a transition
kernel see the proof of Lemma [3.10]

Note that in the further part of the dissertation, in case of non-negative integrands, we will

often use the Tonelli’s theorem without mentioning.

Lemma3.3. Fort >0,n=0,1,...,

t t
Kini1 = / DKy, dr = / K, P, dr. (3.6)
0 0

Proof. By the substitution uy =t + 7, us =t +1r,...,u, =t, + 7,

/ PoK,_,dr = / dr / dt; / dt, .. / dt, PP, UP,,_1,D... VP,
t ~
/ dr/ dul/ dus . . / dunPVPu1 ,J/Pu2 wV.. . UP_y,
Un—1

= / . / PTyPul,ryPuQ,ull/. .. uPt,un
O<r<ur<us<..<up—1<un<t

= Kt,n—i—l .
The second equality in (3.6) arises similarly. O

By (3.4) and we get the following perturbation formula for K.
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Corollary 3.4. Fort > 0,
K, =P+ / PUK, ,.dr =P + / K,UP,_, dr. (3.7
0 0

From the definition, for x > 0, ¢t > 0, K;o(z, dy) is absolutely continuous with respect

to the Lebesgue measure on R with density K, o(x,y) := pP(z,y). Hence, K;o(z,y) =
Kt,O (yv l’)

Lemma 3.5. Fort >0, f,g € B.(R),

/(th dx—/f (K.9)(x (3.8)

Proof. Note that

/(th dx—/dx/f 2) K, (z, dy)

—Z/dx/f ) Ky (2, dy).

It suffices to show that for every n € N,

/dx/ F@)g(x) Kpn(z, dy) = /dx/ F(@)g(y) Kyn(z, dy). (3.9)

We will prove it by induction. By definition, symmetry of p” and Tonelli’s theorem, we have

/ d / F()9(@) Koo (e, dy)
=/ dx/ dyf(y)g(x)p?(x,yH/D ’
/ dzw / dy f(y)g(z)p; (y, ) + /D flz)g(z)e =Pt dg
= [ [ de st + [ ay [ 50 g)gta)
/ dy / F(9)9(@) Kooly, do) + /D dy /R F()9(@) Kooy, dz)
/dy/f ) Koy, do)
/ de / F(@)9(9) Keo(z, dy).

Assume that (3.9) holds for some n > 0. We will prove that (3.9) holds for n + 1. From
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Lemma [3.3] the Tonelli’s theorem, the assumption on n and symmetry of 7,

/dx/f(y)g(x)Kt7n+l($,dy)

/U dr/Rdx/Rf K, 9B (. dy)

9(@) (PP f) (9) Ky (e, dy)

o,
3

I
S S S S S 5—
oL
— T T s
o,
IS
—

0.
&

g
—

~+

o
3

(W) (PP f) () Ky (i, dy)

~+

o
3
o,
8

)
t)

Pt rf)( )( rng)( )

dy D(z, dy) (Pr_r f) () (Kng) (z)

~+

o
S

o
3

S
=

Il
<90

o
3
o.
8

~—

_Tf) (x) (ﬁng) (x).
From the case for n = 0 and the fact that /; , = ﬁt we get that

/ Az / F0)9(5) Ko (3, dy)

_ /0 dr /R Az f(2) (P 7Ky ng) ()
- /0 t dr /R dz f(2)(BOK_png) (z),

and again from Lemma [3.3| we obtain,

/dx/f 2) Ky (2, dy) = /dx/ F@)g() Ky (2, dy),

which completes the proof. [

From the above lemma we have the following corollary.
Corollary 3.6. Fort > 0and f,g € B,(R) N L*(R),

[@en@st)de = [ ra)rga

Proof. The result follows directly from Lemma [3.5/by decomposition of a function into pos-

itive and negative parts. Indeed, let f = f* — f~ and g = g* — ¢g~. Then, of course, all the
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functions f*, f~, g* and g~ are non-negative. Hence, from Lemma[3.5 we get
[ @ @ata) da
= [ (alst = ) a)g @) - ) do
= [ () @) = () g™(0) = (K e)g () + (i o)y ()] d
= [ [ @) — @) g ) — )i @) + )iy ) 0] da
= [ (7@ = 5@ - ) as

/f (Kig)(z O

Theorem 3.7. Forx # 0, t > 0 and f € B;f (R*), we have
E,f(X:) = K¢ f(x). (3.10)

In order to prove Theorem [3.7| we need the following auxiliary results.

Forn =1,2,...,2 € Rand Borel sets R C [0,00) and A C R\ {0}, we define
P.,(z,R,A) =P,(R, € R, Xp, € A),
the distribution of the pair (R,,, Xg, ).

Lemma 3.8. Forxz # 0, R C [0,00) and A C R\ {0},

(x,R, A) /ds/ (z,da),
Poui(z, R, A) = / / P, (, ds, dv) / dr / (Po?)(v,da)Lgoery, 1> 1.
R A

Proof. Let f(x) := 14(x) and note that K f(x) = K(x,A). From the construction of the
process X, R, < oo a.e.,, n = 1,2,.... Moreover, from the definition it is obvious that
Ry e F T (see e.g. Chung and Walsh [22, p. 16] or Sharpe [61} Exercise 6.19]) and therefore

from (3.2),

Pi(x,R,A) =P, (R € R, Xg, € A)

= Eo[Eo[ 1r (R1) 14 (Xg,) | Fry]]
=E,[1r (R)E. [f(Xg,) | Fr.]]
=E,[1p (R)Kfor']

=E;[1p (Bi(w))K (7' (w), A)].
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For z > 0, from (3.1) and from the Ikeda—Watanabe formula (2.23),

Pi(z,R,A) =E
E

_ /R s /D dy p? (x, )y, D)k(y, A)
S/D b

Similarly, for z < 0,

Pi(z, R, A) = E,[ 1 (¢ (w)k(X o) _(w1), 4)]
=E;[1r (Q)k(ZZ . A)]
— k(z, A)P2[¢Z € R}

/ds da e~v@P ,a)
R Ja

= / ds [ da (Psﬁ) (z,da).
R Ja

Furthermore, for n > 1,

Pn+1 (*1'7 R: A) = ]P)x(Rn+1 € R7 XRn-H € A)
=E, [E:c [ 1{Rn+g(1>oeRneR} 1{XRn+1 €A} “FRTLH

= / E.[1r (Ro+¢W 0 br,) 14 (Xg,, )| Fr. | (W) Pu(dw).
Q
Let G(w,w) = 1p(R,(w)+C¢M (W) 1, (Xew (@ (W)), w,w" € Q. Note that for ' := 0p,w,
XC(1)(W/)(L«)/) = Xc(l)ogR (@Rn ) XRHH(UJ) (w)
Moreover, for H(w) := G(w, Og,w) we have,

E.[H|Fr,)(w) = E.[ 1g (Rn + ¢ 0 0r,) 14 (Xg,.,)|Fr, | (w

Hence,

Pooi(2, R, A) = /Q B [H| Fa, ] ()Pa(dw).
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From the strong Markov property [7, Exercise 8.16], we obtain that

Po(z,RA) = /Q/QG(W’WI)PXRn(w)(d VP, (dw)
— /Q/QJ-R(Rn(W) + (W) 14 (X (@ (W)Pxp, () (dw)Pe(dw)

/Q Exxy [ Lr (Ru(@) +¢0) Ly (Xew)]Po(dw)

Ez []EXRn |: 1R (S + C(l)) 1A <XC<1))] ‘s:Rn]
E.[Px,, (V) +5 € R X € A)]

s:Rn:|

/ / Pu(z,ds, do)P, ((V) € (R — 5) 1 (0, 00), Xeay € A).
Moreover, we have

P,(¢(M € (R—s)N (0,00), X;) € A) = Pi(v, (R —5)N(0,00), A)

_ / dr / (B5)(v, da)
(R—s)n(0,00) JA

= / dr / (P,_0)(v,da) Liecpy -
R A

Therefore,

Pz, R, A) = / / P,(z,ds, dv) / dr / (P_o0) (v, da)Lgecry,
R A

which is the desired conclusion. ]

Lemma 3.9. For x # 0 and n > 2.

P,(z,dr,da) = // (PP, U...0P._, _ D)(x,da)dt; ... dt,_1dr.  (3.11)

O<t1<..<tp—1<r

Proof. From Lemma [3.8 we have

Py(z,dr,da) = // Pl(x,ds,dv)(ﬁr,sﬁ)(v,da) lsery dr

// (z,dv) ds(P,_D) (v, da) Lisery dr

:/ (P,vP._,0)(x,da) dsdr.
0

For n > 2 we use induction. Assume that the equality (3.11) holds for some n > 2. From
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Lemma[3.8 we then have

P,i1(z,dr,da)

// (x,ds,dv)(P._ Sy)(v da) Lisery dr
_ / / / / B.oB, 0. 0P, . D)z dv)dts ... dtn (B P)(v,da)dr

O0<t1<..<tn—_1<s

= / ds / / (P, 0P,_4,U... VP, DP_0)(z,da)dt; ...dt,_idr
0

0<t1<...<tp-1<s

= / / (P, DPy_y, V... UP, _y UPr_y D)(z,da)dt; . ..dt,dr,
o<t1<...<tp<r

which ends the proof. [

Proof of Theorem[3.7] Letx # 0,t > 0 and f € B;f (R). Then we have

E.f(X:) = Bo[f(X)),0 <t < Ry]+ Y Eo[f(X)), Ry <t < Ryi].

n=1

Obviously, for z > 0,
BLf(X0).0<t < R = B/(ZD.0 < t <ol = [ fwinP (o) dy = Pufla)
Similarly, for 2 < 0,
E.[f(X:),0 <t < R =E[f(Zf),0<t < (] = / Ba(dy)e P f(y)
= fx)e =P = P f(x),

Now, let [,,(t,x) := E,[f(X:), R, <t < R,+1], n > 1. We will show that [,,(t,x) =
K, f(z). Indeed, using the same method as in the proof of Lemma involving the use of
[7, Exercise 8.16], we obtain that

Ly(t, ) = By [Bo[f(Xy), Ry <t < Ryy1| Fr, ]
= E,[Euo[f(Xi—r, 0 Or,),t < Ry + (Y 0 0r, | Fr,], R < t]
=By [Exy, [f (Ximsst —s < CV]| _. ,Ru <]

= // (x,ds, dv)E,[f(Xi—s), t — s < C(l)]l{sgt}
= // Pn(a:,ds,dv)Pt_sf(v) o<ty - (3.12)

From Lemma 3.8]and (3.5),

(¢, 2) / ds/ (z,dv) P f(v) = /t(ﬁsﬁﬁt_sf)(x) ds = K, f(x).

0
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It remains to show our claim for n > 2. From (3.12)), Lemma[3.9/and (3.5)) it is easy to verify
that

L(t,x) = // Pn(fE,dS,dU>f)t_sf(v)l{s§t}

/ ds / / dty ... dt,; / (PyDPy_4,U... 0P,y D)(z,dv) P f(v)

0<t1<..<tp—-1<s

— / ds / / Aty ... dty_1 (POl 1,0 ... P,y TP, f)(2)

o<t1<...<tp—1<s

= / / Pt1I/Pt2 t1 VPt tn f)(a:)dtldtn

0<t1 <ta<...<tp<t

= Kt,nf(x)a
which completes the proof. ]

Lemma 3.10. The family (K;):>o is a semigroup of subprobability transition kernels on R*,
ie. fort > 0, K is a transition kernel such that for v # 0, K;(z,R*) = K;1(x) < 1 and
Kt+s = KtKS’ S,t Z 0.

Proof. At first, we will prove the subprobability property. It suffices to show (by induction)
that forany N = 0,1,2,...and ¢t > 0, Sy(z,t) := ZTJLO K;,1(x) < 1. For x > 0 from
it follows that for any ¢ > 0, Sy(x,t) = K;o1(z) = pP(z,D) = PY (7p > t) < 1. For
z < 0 it is obvious that for any ¢t > 0 we have Sy(z,t) = K;ol(z) = e V(®P)* < 1. Hence,
So(z,t) < 1forz #0,t>0.

Assume that for some N € Nand all ¢t > 0, x # 0 we have Sy(z,t) < 1. Then, from
Lemmal3.3]

Sy (z,t) = P(z) + / t P.oSx(z,t —r)dr < P1(x) + / t P.v1(z)dr.
0 0
For z > 0 from (2.26)) and (2.25]) we have
Syii(w,t) <PY(tp > t) +PY(rp <t) = 1.
In case z < 0 we have

¢
SN+1(x7t) < e—y(x,D)t +/ dS/ dy e_y(%D)sV(I?y)
0 D
o) t
= / v(z, D)e "®P)ds +/ v(z,D)e "®Plds =1,
t 0

which ends the induction.

The fact that the transition kernels (K});>¢ satisfy the Chapman—Kolmogorov equation

follows directly from Theorem Indeed, from the Markov property and from mentioned
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theorem we have the following Chapman—Kolmogorov equation for K;: for f € B/ (R*),

s,t > 0and x # 0 we have

Kt-‘rsf(x) = E:Ef(Xt+S> = Ew [E:v (f(Xs) © ‘gt | »Ft)}
= E, [Ex, f(X,)] = E.[K.f(X))] = KK, f(x).

Further, for f =14, A C R*, we get the equality
KtJrs(‘rv A) = Kt+s 1A (SL’) = Kth 1A (x) = / Kt(x7 dy)Ks(y7A)7 (313)
R
which proves the lemma. [

For a direct proof of equality (3.13) see methods proposed in [17].
The following Corollary is a more general version of Theorem We extend here the

equality (3.10) to the space B,(R*).

Corollary 3.11. Forz #0,t > 0 and f € By(R*), we have

E,f(X:) = Kif ().

Proof. Let f € B,(R*). Then there exist u,v € B;f (R*) such that f = u — v. From Theorem
B.7land Lemma [3.10l we have

E,u(X;) = Kwu(z) < ||ul| K:1(z) < .

Therefore, from Theorem [3.7|we get
E,.f(X}) = Equ(Xy) — Epo(Xy) = Kuu(x) — Kw(z) = Ko f (x). O

Lemma 3.12. Foru € B} (R),

(Kwu)?(z) < (Kw?)(z), reR* ¢t>0.
Proof. From the Cauchy—Schwarz inequality and Lemma [3.10| we get

(o) = | [ utite.an)]” < [ [wmoap][ [ K.
< [ ) Kita.dy) = (Ke) (o)

which completes the proof. O]

Lemma 3.13. Fort > 0 and u € B,(R) N L*(R),

[ Keull 2wy < lull 2 -
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Proof. From Lemma[3.12] Corollary [3.6/and Lemma [3.10] we obtain

Kl < / |(KoJul) (@) dz < / (Kn?)(x) do = / (@)K (@) do < ([0l Zag,

which proves the lemma. L

The above result implies that for a fixed ¢ > 0 operator K is a bounded linear operator
on the space By(R) N L?(R) which is a dense subspace of L*(R). Hence, K; can be uniquely

extended to a linear contraction on L?(R). Such extension we will also denote by K.

Theorem 3.14. (K);>o is a strongly continuous semigroup on L*(R), i.e. for t,s > 0,
Ky su = KyKuin L*(R) and

[ K — ull o) = O, u € L*(R).

lim

t—0+
Proof. Letu € L*(R) and assume that a sequence (u,),eny C C°(R*) is convergent to v in
LA(R),ie. |ju — Un|| 2y — 0 as n — oo. Then from Lemmamfor x # 0 we have

Kopstin() = / Koo, dy ) (y) = / (LK), dy () = KK un ().

From Lemma we know that Ky, ,, K; and K are bounded operators on L*(R), hence
continuous. Therefore, || K, su, — Kt+5u||L2(R) — 0 and || KK u, — KthuHLQ(R) — 0 as
n — oo. As aresult K;, ,u = K;K,uin L*(R).

Now we will prove the strong continuity. Since the family (K;);>o forms a contraction
semigroup of operators, then from Proposition 1.3 in Engel and Nagel [32, Section 1] it
suffices to show a desired convergence only for u € C°(R*), because C'°(R*) is a dense
subspace of L?(R).

First, we will show that for u € B, (R) N C°(R*) and = # 0,
lim Kyu(z) = u(x). (3.14)
t—0+

Let ¢t — 0F. From Theorem 2.3lit is obvious that
Kigu(@) = 1o@) [ pP(a.du()dy + 1p-(pule)e P = u(o)
Furthermore, from Corollary [3.4/and Lemma 3.10]
i}(t,nu(x) < Jull / t P.o1(z)dr.
n=1 0
Then for x > 0,

t ¢
/ Prl(z)dr = / dr/ dy/ dzp? (z,y)v(y, 2) = Pu(7), <t) = 0.
0 0 D :
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Similarly, for x < 0,

¢ t
/ P.v1(x) dr:/ v(z, D)e @D dr — 0.
0 0

Using decomposition of the signed function into positive and negative parts, we obtain

convergence K;u(z) — u(z), t — 0T, for arbitrary (signed) function u € C2°(R*).

Now let u € C2°(R*). From Lemma[3.13]
[ Ku — U||i2(R) = ||Ktu||i2(ue) + ||U||2Lz(R) — 2(Kyu, u)
< 2[ ||U||i2(1R) — (K, U)}
= 2(u — Kyu, u)
= 2/ [u(z) — Kyu(z)]u(z) da.
RNsuppu
From the dominated convergence theorem, we obtain the desired convergence. ]
Lemma 3.15. Fort > 0,2 #0, k>0, A C R,
(a) Ky, (kx,kA) = Ko n(z,A), n=0,1,2,...,
(b) Kt(k‘x, kA) = Ktk—a (I‘7 A)
Proof. Tt suffices to show the equality (a). For n = 0, from (2.16), it follows that for z > 0,
Kio(kz, kA) = / p; (kx,y) dy = / K pio (@, y/k) dy
kAND kAND
= / Ph-o(r,2)dz = Kooz, A).
AND
Similarly, for x < 0, from (2.11)),
Kio(kx, kA) = Spp(kA)e " FoDl = § (A)e V@I — Ko (2, A).
Assume that for some n € {0,1,...} we have K, (kz,kA) = Ky-on(z,A), © # 0,
t>0,k>0.

Let x > 0. From Lemma 3.3] (2.16) and (2.10), for n = 0, 1,. .., we have the following
equality

t
Koy (i, kA) = / ar [y [ Aol byl Ko o)

/ d’r’/ dy/ dz k7 'ph (@, y /Kb u(y/k, 2/ k) K pn(2, kA).

Using the substitution s = rk~*, w = y/k and v = z/k we get

th—o
Kipi1(kx, kA) :/ ds/ dw/ dv pP (z, w)v(w, v) K;_spa n(kv, KA).
0 D e
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From the assumption,
th—o
Kt,n-l—l(k'ra kA) = / dS/ dUJ/ dUp?(ZL’, w)y(wvv)Ktk—afs,n(Q% A)
0 D c
= Kig-any1(z, A).

Now, consider the case x < 0. Again, from Lemma[3.3] (2.10) and 2.11)), forn = 0,1, ..,

we have the following equality

t
Ky pi1(kx, kA) :/ dr/ dz e 0Py (R, 2V Ky (2, kA)
0 D

¢
:/ dr/ dz eV @DIh = pmaly (0 2 IV Ky (2, KA).
0 D

Using the substitution s = rk~* and w = z/k we get

th—e
Kipi1(kx, kA) :/ ds/ dw e @Dl y (1, w) Ky gy (kw, kA).
0 D

From the assumption,

th—o
Kipi1(kx, kA) = / ds/ dw e @1y (2, W) Ko g (w0, A) = Kppapyr (2, A),
0 D
which is our claim. U
Theorem 3.16. For o € (0,2),t > 0 and f € B,(R*), K;f € Cy(R").

Proof. Let f € B,(R*) and ¢ > 0. The boundedness of the function K f follows immediately
from Lemma Therefore, it suffices to show that K, f is continuous on R*.

Assume that z > 0. Then z — P,f(z) = PP f(x) is a continuous function on D, which
follows directly from Theorem 2.1} From Corollary [3.4]it suffices to show a continuity of the

function
t R t
D>z~ Fi(x) := / PUK; sf(z)ds = / ds/ dy/ dz pP (x, y)v(y, 2) Ko f(2).
0 0 D e
From Lemma[3.10] for 0 < s <t¢,y € D and z € D¢,
ps (@ ) (Y, 2) Koo f (2) < [|f oo 25 (2, 9)0(y, 2)- (3.15)
Moreover, from Ikeda—Watanabe formula (2.23) and (2.26),
t
0 D e

Therefore, from Theorem [2.1] a function D > x — G;(z) is continuous. From the Vitali’s
theorem (see [57, Theorem 16.6]) it follows that a family D 2 x — || f|| pP (z,y)v(y, 2) is
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uniformly integrable with respect to the measure 1y 4(s) 1p (y) 1pe (2) ds dy dz. From (3.15)
we obtain that a family D > z — p?(z,y)v(y, 2) K;_sf(2) is also uniformly integrable with
respect to the measure 1y (s) 1p (y) 1pe (2) dsdydz (see [57, Definition 16.1]). Hence,
because the function D > z ~ pP(z,y) is continuous, again from the Vitali’s theorem, the

function D > x +— F;(z) is continuous.

Now let # < 0. Then, from the assumption, D° > z f’tf(a:) = f(x)e V@Dt js a

continuous function. We will show continuity of a function

t t
D' sz Fy(z) = / PUK,; f(z)ds = / ds/ dy e @Dy (2 VKo f (y).
0 0 D
Again from Lemma[3.10, &, f(y) < || f||, and a function
D300 fll, [ vle DD ds = | 7] [t - e
0
is continuous. Hence, from the Vitali’s theorem, a family D° > z + ||f||_. e @ v(z, y)
is uniformly integrable with respect to the measure 1j94(s) 1p (y) ds dy. Therefore, a family
D’ 5z e @Dy (2, y)K,_, f(y) is uniformly integrable with respect to the same measure

and then, again from the Vitali’s theorem, we obtain the continuity of the function D>z
F,(x). O

3.3 Excessive functions

For x € R and 3 € R, we define function hs(z) = |z|°.

Lemma 3.17. For x > 0andt > 0, Eha_l(m) < hg_1().

Proof. Recall that o € (0,2) andlety € (0,1) and 6 € (y+ /2,14 «/2). Let
o) i= [t [ b eson o>

where f(t) ;= C~1t(-o/2=v+)/a 1 (t) and

C=/ dt/ dy pp (1, y)t( /2ol ey =0,
0 D

From Jakubowski and Maciocha [42, Lemma 3.6], for x > 0, we have g(z) = %%~ and by
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taking v = 1 — «/2 € (0, 1) we obtain that g(z) = h,—1(x), z > 0. Moreover, we have

Phos(z) = / PP (2, dy)has(y)

0

:/0 ptxdy/ ds/ dz f(s)pd(y, 2)2™°
:/0 ds/o dzf(s)z/o p? (z,dy)pl (y, 2)
_ /0 " ds /0 s F()pP (s 2)

— /OO du/OO dz f(u — t)pP(z,2)27°

=C / du/ dz (u — )0 V/epD (g, 2)279

<C” / du/ dzuC® Vol (z, 2)27°

/du/ dz f(w)pP (z, 2)z~

<ha1

which completes the proof. []

Lemma 3.18. For x # 0,
/ Pohey(z) dr = hy 1 (2).
0

Proof. Let x > (. Note that

[e') (e’ ) 0
/ P 1 (z) dr = / ar / da / dy pP (z, a)v(a, ) haor(3)
0 0 0 —00

- / Pp(x,y)ha—1(y) dy.

From (2.29) we have
0o : 2 0 a/2-1 : 2 oo, a/2-1
0 0

T oo T =Y T T4y

By changing variables y = zz we obtain that

0o : 2 oo La/2-1 ; 9
/ P.vhy1(x)dr = Mw"“_l/ L de= Mrpo‘_l%(a/l 1—a/2)
0 0

T 142 T

_ Snm2) amip/9)0(1 = a/2) = hyy(2),

™

Now, assume that = < 0. Then from (2.12),

oo 0 o0 1 o
PUhgy_1(x)dr = / e V@D dT’/ v(z,y)y*dy = / v(z,y)y* ' dy
/0 1( ) 0 0 ( ) v(z, D) Jo ( )

00 a—1
Y
= alz|” ——dy.
g /0 |z —y|ott
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Using the substitution y = |z|z we get

o) 0 a—1
B~ _ a—1 Z _ a—1 _
/O PVho-y(z) dr = alz| /0 Gt 1)t dz = afz|*"B(a, 1) = ha-1(2),

which is our claim. ]

Lemma 3.19. For x < 0,
Vho1(x) = v(z, D)he_1(z).

Proof. Note that

o) 0 a—1
Vha-1(z) = / v(z,y)ha-1(y) dy = -Al,a/ y—aH dy.
0 o |y+ x|
By the substitution y = |x|z and from (2.12) we get
o0 a—1
Vhe_1(z) = Al,a|x|a_1|x|_°‘/0 m dz = Ay o|z|*|z|* 1B (a, 1)

= Ay oo | ¥z|* !t = v(2, D)ha_1 ().
This completes the proof. []
The next result is an analogue of Lemma [3.10
Theorem 3.20. For o € (0,2), the function ho_1(x) = |x|*~! is excessive for K, i.e.
Kiho1(z) < ho1(x), t>0, x#0.
Proof. Let x > 0. We will show by induction that forany N =0,1,2,...and ¢ > 0,
N
Sn(,t) =3 Kiphao1(z) < hooy (). (3.16)
n=0
Let N = 0. From Lemma[3.17]it follows that

So(x,t) = Prha1(x) < ho_1(z).

Using Lemma [3.18| we obtain
Bho1(z) = / P Phy 1 (x) dr = / P B () dr = / " Pohy (2 dr,
0 : t 3.17)
and then

Sl($, t) = Kt70ha_1(l’) + Kt,lha—l(x)

t
= Piha—1(x) +/ PUP,_ hoy(x)dr
0

o) t
§/ P.Uhy1(x) dr+/ P.Uh,_q(x)dr
¢

0

= ha-1(2).
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We will show that

t t t
G(z,t) := Piho_1(z) + / PUP,_ ho_1(z)dr +/ dr/ ds P,UP,_,Vh,_1(x)
0 0 r

= ho_1(2). (3.18)
Note that for b < 0 and s > 0,

Pha_1(b) = e ?®P%h 1 (b) = hy_1(b) / v(b, D)e "D qy, (3.19)

From (3.17), (3.19), Lemma[3.19/and Lemma 3.18]

G(z,t) = / h P.0hg_1(z)dr
t

t o0
+ / d?”/ Pr(l‘, da> / 7//\<a, db)ha_l(b) / V(b7 D)e—l/(b,D)(s—r) ds
0 D Dec t

t t
+ / dr / P,(x,da) / v(a, db) / ds e ®DI=nph ()
0 D De r
o] t
z/ P.Uh,_1(x) d7"+/ PUhg 1(x)dr = ho_q(2).
t 0

Assume that for some N € {0,1,2,...} and all £ > 0 we have Sy (z,t) < hy—1(z). We
will show that Sy o(x,t) < ha—1(x). Using (3.6) and (3.18)), we obtain

Sni2(z,t)

N
= Kioha1(z) + Ki1ho-1(x) + Z Ky pioho—1(x)

n=0

t N t t—r
= Piha_1(z) + / PP, ihooi(z)dr+Y / dr / ds P.UPUK, sy pha1 (1)
n=0 0 0

0

¢ t ¢
= Piho_1(x) + / PUP,_ ho 1(z)dr+ / dr/ ds P.vP,_,USN(x,t — s)
0 0 r

t t t
< Biho_y(z) + / POP,_ ho_y(x)dr + / dr / ds P.OP,_,Dha_1 ()
0 0 T

= ]’La_l(l').

Then from the fact that the sequence (S (z,t))n>o is non-decreasing and bounded, it follows

that

Ktha—1<x> < ha—l('r)7 x> 0.
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Now let z < 0. Then from Corollary [3.4] (3.19) and Lemma[3.19]

t
Kiho 1(x) = Phg1(x) +/ PUK, sho_1(z)ds
0

¢
:ha_l(x)e_”("”’D)t—i-/ ds/ Ps(x,dy)/ V(y,dz)Ki_sha—1(2)
0 c D
¢
< hal(x)e”(x’D)t+/ ds/ Py(x,dy)Vha—1(y)

= ho_1(z)e V@D / ﬁ (x,dy)v(y, D)ho-1(y)
I )/ v(z, D) @D)s ds 1 by (z )/Ot v(z, D)e =08 d
¢
= ha-1(2),
which ends the proof. [
Corollary 3.21. For o € (0,2) and f(a —  — 1) > 0,
Kihg(z) < hg(x), t>0, z#0.

Proof. The case § = 0 and § = a — 1 follows directly from Lemma and Theorem [3.20)
Hence, it suffices to prove the claim for 5 # 0 and 8 # o — 1.
Let v := (o — 1)//. Of course v > 1 and from Jensen’s inequality we have

k(o) = Kot ®) [ 15055 > Kl )| [ ) A
= [Ki(z,R)] " [Kihp(z)]” > [Kihs(a)]". (3.20)
Hence, from (3.20) and from Theorem [3:20}
Kihg(x) < [Khy ()] = [Kihar(2)] 7 < 7 (x) = hy(x). O

Note that the assumption o € (0,2) and (o — 5 — 1) > 0 in the previous corollary is

equivalent to the following:
l.O<a<landa-1<p4 <0,
or

2. 1<a<2and0 < p<a—1.



Chapter 4
The lifetime and limit of the process

Here we study the lifetime of the process X = (X;);>0. We consider three cases. In case
a € (0,1), we prove that the lifetime of the process X is infinite a.s. and |X;| — oo as
t — oo. For a € (1,2), we show that the process X hits the origin in finite time. In case
a = 1, we prove that the lifetime of X is infinite and the limit of tlggo X does not exist. The
precise statement of this fact is given in Section 4.4] At the end of this chapter, we use the

obtained results to prove the Feller property of the semigroup K for o > 1.

4.1 The first return positions to D

Let W = Xg,. It is the first return position to D = (0, 00) for the process X = (X¢)i>0
starting from = > 0. By Lemma 3.9]

00 oo 0 V(Z,’w)
R(z,w) ::/0 dt/0 dy/Oo dzpP (x, y)v(y, Z)V(Z,D)’ weD,

is the density function of 1W. By (2.23) and (2.27),

R(z,w) :/ Pp(z, 2) Z((Zl?) dz.

—00

By changing variables z = xs, (2.28]) and (2.11)) we get

R(z,w) = x/ PD(x,xs)Z((%’g)) ds = xl—l—a—1+a/ PD(l,S)% ds

—00

=2 'R(1,w/x).
Therefore, P, (W € dw) = Py (aW € dw).
Lemma 4.1. Fora € (0,1) U (1,2),
p=E W12 1.

41
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Proof. Let o € (0,2). Using (2.29) and (2.12)) we obtain

[e's] 0
E,We=b/2 — C’/ dw/ dz |z|_a/2|1 — 2|7z — w|_1_°‘|z|0‘w(°‘_1)/2,
0 —00

where C' = 7 'asin(ra/2). By Tonelli’s theorem and by changing variables y = —z €

(0,00), w = yv, we get

Elw(afl)/Z _ C/OO dy /OO dv ylfa/2717a+a+a/271/2(1 + y)fl(v + 1)717041)(0471)/2
0 0

C'/oo 1 1 /oo U(afl)/Q q
= B ———— y BT v
o Vy(1+y) o (v+1)tte

- gsin? 7w B(a/2+1/2,a/2 4+ 1/2)
e

ra (Da/2+1/2))?
2 ['(«)

(Ce/2+1/2)° _
< T = G(a).

We will show that G(a) < G(1) = 1fora € (0,1) U (1,2). Let ¢(z) :=I'"(x)/T'(z) be

the digamma function. It is well known that = — () is continuous and increasing for > 0

= sin

(see e.g. Andrews et al. [1, Theorem 1.2.5]).
In case a € (0,1) we have a/2 + 1/2 > « and then ¥(«/2 + 1/2) > 1(«). Then, of
course, I'"(a/2 + 1/2)['(a) — I'(ev/2 4 1/2)I"(x) > 0. Therefore,
G'(a) = W [M(a/2 4+ 1/2)T(a) — T(e/2 + 1/2)I" ()] > 0,
and so G(a) < G(1) =
In case « € (1,2) we have a/2 + 1/2 < « and then ¢(«/2 + 1/2) < ¢(«), or ["(a/2 +
1/2)'(a) —='(a/2+1/2)"(a) < 0. Therefore, G'(a) < 0 and again G(a) < G(1) =1. O

Proposition 4.2. For a € (0,2), E,|InW| < oo and

E;InW >0, forae(0,1), 4.1)
EInW =0, fora=1, 4.2)
E;InW <0, forace€(1,2). (4.3)

Proof. First, we prove that E | In W| < oco. From (2.29)) and (2.12)) we get

Ei|InW|= / dw/ dz 2| 72|11 — 2| Mz — w7 2| Inw),

where C' = 7 'asin(ra/2). By Tonelli’s theorem and by changing variables y = —z €

(0, 00) we get

a/21
Ei|InW| = / dy/ dw [ In vl

(y + 1) (w 4 y)o+t
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By changing variables w = yv,
[ In (yv)]
Ei|lnW d
it =0 [y [ o
/ / |Iny| + |Inv|
dy
01/2 y+1)(v+1)a+1
*_ [Iny]
= —dv —d
/0 T
*  |Inov| /Oo y 2
—|—C/ ———dv dy < 0.
o (v41)ott o y+1 Y
Thus, E;|In W| < oc.

Let « € (0,1) U (1,2). Then, from Jensen’s inequality for concave functions and from

Lemma[4.1] we get
AR, W =E W D2 <InE,We D2 <Inl =0.

Hence, for o € (0,1), E; InW > 0, and for o € (1,2), E; In W < 0.

Now assume that « = 1. Then

1/21nw 1/2lnw
C~'E IW:/ d/d / d/ d
1(In W) Y wy+1w+y y wy+1w+y>

= I+ 1I. 4.4)

Using substitution w = 1/v and integrating by parts we get

| < 1
I_/ dy/ du — VY / 1Y o dy
(y+ 1) (w+y)? y+1 1+yv)
CIn(1+1/y) . “ In(y+1) > In(y)

0\/_(y+)y o VYy+ )y+0\/_(y+1)
Moreover, by changing variables y = 1/v,
o In(y Inv
\/’(y+1 / NCOES
hence
* In(y+1)
o VYy+1)

By changing variables w = yz in the integral //, we obtain

j (4.5)

o0 *° Iny+1Inz
I]:/ dy dz
iy VI +1)(z+1)

In * Ilnz
\/_yil //y(z—|—12 yr / fy+1)//y(z+1)2d"‘dy
y1n
/0 (\y/_+ i d / iy +1)<1“(y+) zL@f)dy

* In(y + 1)
o Vuly+1)
From {@.4)), (4.5)) and (4.6) we get E;(In W) = 0. O

(4.6)
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Lemma 4.3. For a = 1 we have 0* := E;[In* W] = 47?/3.

Proof. We observe that

E1[1n2w]:/0 R(1,w)In*wdw = = /dw/ dz

By the substitution y = z'/2, we get

2y% In?
Ean /dw/dy ynw /dw/ dy
)(y? + w)?

Using the Cauchy’s residue theorem, we obtain that
. RS,
(> + D> + w)? 2y/w(w —1)*
Hence, also by the substitution u = /w,

El[IHQW] :/Ow%hfwdw:/ooo

S Y]
=14 —d
/0 (w12

By the substitution u = €7, we get

E[ln2W}—4/midz—8/m
' Y A e e

e +1)?

Integrating by parts we obtain the equality

E1[1n2 W} = 16/ & dz.
0

e +1
From Bateman [4, (1.12.5), p. 32] it follows that

Ei[In® W] =8((2) = gw?

4.2 Consecutive return positions to D and their limit

Fori=1,2,... we define random variables

Recall that Ry = 0 and then W7 = Xg,/X,. Note that
W; =Wjo0g,_,
Moreover, for j < ¢ we have
Wi =W;_jo0g,,.

Indeed,
Wi=Wio0g,, ,=Wio 6R2(i—j)—2 © Or,,

(
(=17

2121w

(14 2)(z+w)?

w#0, w#1.

u—1)2

22e?

== VVZ_] OHRQJ..

In*(u?) du

dz.

+w)2'

4.7)

(4.8)

4.9)
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Lemma 4.4. Under P,, x > 0, every random variable W;, 1 = 1,2,.. .,

45

has the same distri-

bution and the density function of W, is given by R(1,w). In particular, the distribution does

not depend on .

Proof. Fori=1,2,...

E.[

[
E, [E [
[

which proves the lemma.

E, f(Wl 0 bR, )} =E, |:E |:f (Wl © QR%—2)

)
-5.[5,[1()

= E,[f(W)],

and a bounded function f we have

|

) BB ()]

| =B [Elr (7]

Yy=XRy;_5

Lemma 4.5. The random variables {W,};cn are independent under P,, x > 0.

Proof. Let f;,1=1,2,...,
forx >0,neN, i <ig<...

[f1< 11)f2<

<ln,

) e (W,

We first show that for 7; < 79,

[fl( 11)f2(

E. [fi(W)]E, [fa(Wh)] ...

)} =E, [fl (W1>]Ex[f2(W1)]-

Indeed, from Lemma[4.4]and the strong Markov property we get

E.[f1(Wi,) f2(W;

- ]E;t :E |:f1 (VVzl)fQ (VVZ'2—1'1 o 9R2i1 )
E, :fl (VVH)E [fQ (VViz—h © 0R2i1) “FR2i1:|:|
B, | fu(Wi)Ey [ f2(Wiyi))

E, | £i(Wi)
£ 10,2, [ (%)

= B[/ W)E [ fo(Xr, )]
=E; [f2(XR2)]]E:E [fl(Wll)]

P

y=XRy;, ]

Ey [f2(Wh)]

Y=XRy;, i|

y:XRQil ]

LA (W) [f2(W7)].

y:XR2i—2:|

Eo[fn(W1)].

be bounded functions. From Lemma it suffices to show that

(4.10)

4.11)
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Assume now that the equality (4.10) holds for n > 2. We will prove it for n + 1,

[fl( n)fZ( ) fn+1( zn+1)]

which is our claim.

) [f2( ia—i1 OeRZzl) fn+1( int1—i1 09R2L1 ‘FRzzlﬂ
) [f2( 12— 11) s fn+1(mn+1—il):| }y:XR%j]

Wi )E,[f2(W1)]...E, [fn+1(W1>]|y:xR2i1]
=E, |(W;))E [fz(XR2>] ...Ey[an(XRQﬂ

Yy Y=XRy;, i|

Wil)El[f2(XR2)] e 'El[fnJrl(XRz)H
fl(VVh)]El [f2<XR2)] s IIE1‘;1 [fn+l(XR2)]
W)IE,[f2(W)] - .- Eg[fra (W1)],

From Lemma 4.4 and Lemma[4.5]it follows that {W; };cy are i.i.d.

Now we consider consecutive return positions V,,, n = 0,1,2,..., of the process X to
D, starting from = > 0. Thus, Vj = Xg = z and forn > 1, V,, = Xg,, . From it
follows that for n > 1, V,, = W,,V,,_;. In other words, there exist i.i.d. random variables W},

i =1,2,..., with the density function R(1,w) such that forn > 1,V,, = X, [[\_, W..

Theorem 4.6. The following statements hold P,-a.s. for every x > .

1. Ifa € (0,1), then lim Xp, = lim V, =
n—oo

n—0o0

2. Ifa € (1,2), then lim Xp, = lim V, =0.

3. Ifa =1, then

n—0o0 n—oo

liminf Xz, =0, lim sup Xg,, = +o0.

n—00 n—00

Proof. Let a € (0,1). By the Strong Law of Large Numbers and Proposition [4.2] it follows

that

lnﬁVVi = zn:anVi — 400 a.s.,

i=1

as n — 0o, which implies the desired convergence.

Now let o € (1,2). Again, by the Strong Law of Large Numbers and Proposition it

follows that

lnHW Zan — —00 a.s.,

as n — oo, which implies the desired convergence.
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Now assume that « = 1. Let S/, := >_""  InW,. From Proposition [4.2] we know that
E;InW = 0 and from Lemmal.3] E;|In W|? = 0% € (0, 00). Hence, from the Law of the
Iterated Logarithm (see Hartman and Wintner [39] or Acosta [27]), it follows that

S, S,

limsup ——— =0 >0, and liminf —2— = —0 < 0.
n~>oop V2nlnlnn n—oo /2nlnlnn
Therefore,
lim su In W; = +o0, lim mf an = —
and then lim sup V,, = 400, and lim inf V,, = 0. O]
n—»00 n—00

4.3 The lifetime of the process X

Let ' = Ry be the random time of the first return to D = (0, 00) of the process X = (X;)i>0
starting from = > 0. Then, by Lemma 3.9]

t 00 0
S(x,t) ::/ dr/ da/ dbpP (z, a)v(a, b)v(b, D)e " GP)E=7)
0 0 0o

is the density function of 7'. By changing variables a = zc, b = ze, r = x5 and using (2.16)),

(2.10) and (2.11)) we get

ter— ¢ [e'e) 0
S(l’,t) :/ ds/ dC/ del‘a+1+1pfas(;p7xc)y(l=c’ xe)y(x&D)e—u(ace,D)(t—aco‘s)
/ ds/ dc/ dez* 2o pP (1, )~ v (e, e)x*ay(e’D)efu(e,D)(tx’O‘fs)

/ ds/ dc/ de pP (1, c)v(c, e)v(e, D)e V&Pt =)

=z *S(1,tz™?).

Therefore, P, (T € dt) = Py (x*T € dt).
Forn = 1,2, ... we define random variables

T, = M (4.12)

«
R2n—2

Note that forn > 1, Ry, — Ro,—2 = Re 0 0p,, ,, hence

T,=Ty00g, ,. (4.13)
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Moreover, for k < n,

T, =T, po0g,,. (4.14)
Indeed,
T,=To 9R2n72 =To QRQ(n—k)—Q © eRzk = dn-kr© 9R2k'
Lemma 4.7. Under P,, x > 0, every random variable T,,, n = 1,2, ..., has the same distri-

bution and the density function of T,, is given by S(1,t). In particular, the distribution does

not depend on .

Proof. For a bounded or non-negative function f we have

Ew[f(Tn)] = EI[E[f(Tl © 9R2n72>|fR2n721|:| =E, [Ey[f(Tl)] ‘y:XR%_J

[ [(2)]], .. |=mElE)

=E,[E:[f(T)]] = Ei[f(T)],

y:XRznj

which proves the lemma. []
Lemma 4.8. The random variables {T), },cn are independent under P,, x > 0.

Proof. Let f;,i =1,2,. .., be bounded or non-negative functions. From Lemma4.7)it suffices
toshow thatforz > 0,k € N, ny < ng < ... < ng,

Eo [f1(To) fo(Thy) - - fi(Ty)] = Eo[ i (T EL[fo(T1)] - . . B[ fi(T3)]- (4.15)

First, we will show that for n; < na,

E, [fl (T, )fZ(Tn2>] = E.[f1(T1)]E.[f2(T1)]. (4.16)

Indeed, from Lemma

E. [fi(Tn,) fo(T,)] = E. :fl T, [f2 (Thyny OHRQM)‘?RQMH




4.3. The lifetime of the process X 49

Assume now that the equality (4.15)) holds for some & > 2 and all x > 0. We will show it for
k + 1. We have,

EI [fl(Tnl)f2( ) fk‘—i—l( nk+1)}
= E, [fl Tm [fQ na—ny © 0R2n1> s karl (TnkH*m © 0R2n1)|fR2n1:|]
= ]E:L‘ [fl Tn1 [ TnQ_nl) : fk+1( Mg4+1— nl)] |y=XR2n :|
= Eo [T By [fo(T)] - By [firn (T, ]
T
=E, [fl [ <—a>] [fk+1<y )] y— XR2"1
= E. [f1(T0)E1 [fo(T)] - By [ fora(T)]]
= B [fu(To)|EL[fo(T)] - By [frora(T)]
=E,[f1(T)]|E.[f2(T7)] .. . Ex [ foa (T1)],
which is the desired conclusion. O

From Lemma4.7)and Lemma[4.§] it follows that the family {7}, },en is i.i.d.

Now we consider the increments of times S,, n = 0,1, 2,..., of consecutive returns of
the process X to D starting from x > 0. Thus, Sy := 0 and forn > 1, S,, := Ra, — Rop_o.
From (4.12) it follows that for n > 1, S,, = V.* | T,,. In other words, there exist i.i.d. random
variables 7;, with the density function S(1,¢) and i.i.d. random variables 1W; with the density
function R(1, w) such that forn > 1, S, = X§ ([ Tocpep W) T

Lemma 4.9. Forn > 1, x > 0 and bounded or non-negative functions f, g,

Proof. Note that V,,_; = Xg,,_, and T), = T} o Og,,_,. Then from Lemma 4.7 we have

f(XR2n 2)E[ (Tl OQR% 2 ‘me 2”
x f(XRQ'n—Q)Ey |:g<T1)} |y:XR2n,2]

[

[
—E, [ f(XRan_)Ey [9 (%ﬂ yXRgn_j
=E,[f(Vae1)]E1 [g(Ro)]
=E,[f(Vo1)]E, [9<%>]
= B [f (Vo) Ex [g(T1)]
= B [f(Voot)| Ea [0(T3)].

which completes the proof. ]
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Recall that Rog = lim Ro, = > oo Sp = X§ > vy (TToeren W) Ty is the lifetime of
n—oo
the process X.

Theorem 4.10. The following statements hold P,-a.s. for every x # Q.
1. Ifa € (0,1], then Ry, =
2. Ifa € (1,2), then R, < 0.

Proof. Let x > 0. Assume that « € (0,1). We have In S,, = alnV,,_; + InT,,. By Theorem
V,_1 — oo a.e. asn — oco. Moreover, foranyn = 1,2, ..., P,(T;,, > 1) = ¢ > 0. Hence,
> P.(T, > 1) = oo. Therefore by Lemma and the Borel-Cantelli lemma we have

P, ( lim sup{7,, > 1}) = 1, which means that with probability one there exists a subsequence

n—oo

(n)ken such that 7, > 1 and then In7},, > 0. Therefore, In S,,, — oo a.e.,as k — 0o. As a
result, Roo = >~ | S, = 0o P,-as.

Assume that a € (1,2). From the subadditivity of the function rs@ for r > 0, the
Tonelli’s theorem, Lemma[4.9]and Lemma

B [3s] <u[S 8] -m[SuTnE] - Se 0]
_ iEx VA B[ | =B 1% ] iEx =
=& ([T YRV

n=1

Moreover, from Lemma[4.5]and Lemma[4.1]

00 00 n—1 a—1 oo n—1
AR R | CAREED 9 ) L
n=1 n=1 =1 n=1 1=1
oo n—1 00
:IQT_IZHEl[WQT_l] =27 an_l zxagllip < 0.
n=1 i=1 n=1

It suffices to show that [E; [T OTEI] < 0. The random variable 1" = R5 describes the time of

the first return to D, so T = () 4+ (@ = ¢ 4 (W o 0. Using this observation, we get

1

ET% =E[(®+¢Wo O 5
a1 a=1

<E, [C(l)} 2 4R, [C(l) o ggm} %o

—E] " +E [E, (V)%

?

y:Xle|

where 7p is the first exit time from D of the process Y. Recall that R; < oo a.s.
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a—1

By Bafuelos and Bogdan [2, Exercise 3.2 and Theorem 4.1], E%/TDQT < 00, because
-1

a—1
2

estimates of survival probability in Bogdan et al. [13]] and the equality

< %, for a € (1,2). Alternatively, the estimates of E} 7,7 can be obtained from the

Exny):p/ tP'PY (rp > t)dt, p >0, z>0.
0

Furthermore, since (") for the starting point y < 0 has the exponential distribution with
mean 1/v(y, D), then from (2.12)) we have

11—«

E, (M) = /0 t% v(y, D)e WP dt = [u(y, D)] = /0 s e ds

o0
~ |y|a21/0 5o ds = D(382) |y 7 o [y 7.

Hence,

a—1

E [E, (V) F
and from (2.29),

0 0 00
a— a— dy
EY|Y, 21:/ ly = Pp 1,y)dy%/ y_l/Ql—y_ldy:/ ——— <™
1’ D‘ —o0 ‘ ( —oo’ ‘ | ‘ 0 \/@(1—1—3/)

Let o = 1. From Theorem , limsup V,, = 400 P,-a.s. Thus, there exists subsequence

n—oo
(Vi Jken such that V,,, — +oo P,-a.s., as k — oo. By the same argument as in the case

| ~ B (X, 55] = BY ¥, 7,

y:XRl

a € (0,1), nS, =WV, 1 +1InT, — +oo in probability. Therefore, there exists a
subsequence (In Snkl)leN such that In Snkl — +oo P,-a.s., as [ — oo, which implies that

R, = .

Now let z < 0. Then,
Py (R < 00) = Bz [E( L(000) (Reo) | Fry)] = B [E( Lio,o0) (R 0 Or, + R1) | Fry)]

s—R1]

=E, ]EXR1 ( 1(0,00) (Roo + S))

} = B, [P, (Roe + 5 < 00)
s=Ry
= B, [Px,, (R < 20)],
since Ry < oo a.s. Note that for a € (0, 1], from the first part of the proof, it follows that
Py (Ro < 00) = By [Px,, (Roo < 00)] = E,0 =0,
and for « € (1,2),
Py (Ro < 00) = By [Px,, (R < 00)] = E,1 =1,

which completes the proof. ]
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4.4 The main theorem

Now we formulate the main theorem of this chapter. Recall that ., denotes the lifetime of

the process X.
Theorem 4.11. The following statements hold P,-a.s. for every x # Q.

1. Ifa € (0,1), then R, = o0 and tlim | Xy| = oc.
—00

{e’e]

2. Ifa € (1,2), then0 < Ry < ooandtgrp? X, =0.
3. Ifa =1, then R, = oo and 1tlirn X, does not exist. More precisely,
—00

liminf Xp, =0, lim sup Xg,, = +o0.

n—oo n—oo

Proof. The case o = 1 follows immediately from Theorem .6/ and Theorem [4.10}
Now assume that @« # 1 and = # 0. Note that Y; := h,_1(X;) > 0 is a supermartingale

with right-continuous trajectories. Indeed, for s < ¢, from Markov property and Theorem

[3.20| we get

]Ez [}/t | fs} - Ez [ha—l(Xt> | fs] - E.’E [ha—l(Xt—s o 03) | fs] - E.’E [ha—l(Xt—s) o 03 | Fs]
- ]EXS [ho‘*l(Xt*S)} = thshafl(XS) S hafl(Xs) = Y;

Hence, it is clear that Z; := —h,_1(X;) is a submartingale.
Following [53, Chapter I1.2], we consider a function f : T — R, where T C [0, 00) N Q is
a countable set, and define the number of downcrossings of the interval [a, b] by the function

f as follows. Let F' := {ty,1s,...,t,,} CT.Fora,b€ R, a < b, we define inductively,

S1 = mf{tz b e F, f(tl) > b},
so =1inf{t; > s1: t; € F, f(t;) < a},

Son4+1 = 1nf{tl > Sop 1 b € F, f(tz) > b},

Son42 = mf{tz > Sopq1: b € F, f(tz) < a},
while inf(()) := ¢,,. We set
Dp(f,[a,b]) :=sup{n: s, <t}

The number of downcrossings of the interval [a, b] by the function f : T — R we define as

the number

Dr(f,[a,b]) :=sup{Dr(f,[a,b]) : F CT, F finite}.
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From the Doob’s downcrossing lemma [53, Proposition 2.1, p. 61],

B, [Dr(Z 0, 1)] < sup LA Bellhenr (X +B7] b

< 00.
teT b—a teT b—a ~—b—a

Hence, P, (Dr(Z, a,b]) = co) = 0. Let

Ar = ﬂ {w: Dr(Z(w),a,b]) < oo},

a,beQ, a<b
Then P, (A1) = 1, because At is an intersection of countable many sets of the measure one.

Let ¢ denote the lifetime of the process X, i.e. £ = R.. Moreover, let T = [0, 00) N Q.
If w € Ar, then Dp(Z(w), [a,b]) < oo for any rational numbers a < b. We claim that the
limit Z (w) := 11_1?51 Z;(w) exists (but it may be infinite). Indeed, assume that this limit does not
exist. Then we can find rational numbers o < (3 such that

liminf Z,(w) < o < f < limsup Z;(w).

1—=¢ t—¢

From this fact we conclude that there exists an increasing sequence (r,,),en C T such that

Zpy (W) << < Z,,, ,(w). Bytaking I = {ry, 72,73, ...} we obtain that
Dr(Z(w), [, B]) = Di(Z(w), |av, B]) = o0,

which is a contradiction. Hence, the limit 2 := — Iltl}rgl he—1(X}) exists with probability one.

Assume that o € (0, 1). Then from Theorem .10, the lifetime of the process X is infinite
a.e. Moreover, from Theorem lim Xg, = +oo ae., hence lim h, 1(Xg,,) = 0 ae.
n—oo n—0o0

From the uniqueness of the limit we get that tlirn he-1(X;) = 0 a.e., hence tlim | X;| = o0
—00 —00

a.c.

Now assume that & € (1,2). Then from Theorem the lifetime of the process X is

finite a.e. Moreover, from Theorem , lim Xg, =0ae.,hence lim h, 1(Xg, ) =0ae.
n—oo

n—oQ

From the uniqueness of the limit we get that 11}151 ha-1(X:¢) = 0a.e., hence ll}rgl X, =0ae. [

4.5 Feller property

Here we prove that for o € (1, 2), (K;):>o forms a Feller semigroup on the space Cy(R*). For

this purpose, we will use the fact that the process X has the finite lifetime for such a.

Corollary 4.12. For o € (1,2), x #0,t > 0,

lim Ky(z,R) = lirr(l)IF’m(Roo >1t)=0.
T

z—0



54 CHAPTER 4. THE LIFETIME AND LIMIT OF THE PROCESS

Proof. From Lemma it follows that K;(z, R) = K;,-«(1,R) for all x > 0. By Theorem

(.10}
Ki(z,R) =P (R > tz™) — 0,

asx — 0F.
Similarly, for all z < 0, from Lemma it follows that K;(z,R) = K;(—|z|,R) =
Kijz)-=(—1,R). And again by Theorem 4.10}

Ki(z,R) =P_1(Rs > t|z|™*) = 0,
asx — 0. O]
Lemma 4.13. For f € Cy(R*) and = # 0, K;f(x) — f(x), ast — 0T.

Proof. From Corollary [3.4)and Lemma [3.10] we have

K, f(z) - f(2)] = | B () + / PoK, . f(z)ds — f(x)

0

<P~ @) + 151 | Pria)as.

Moreover, from Tkeda—Watanabe formula (2.25), for = > 0, we have

¢ t
/ Prl(z)ds = / ds/ dy/ dzp?(z,y)v(y, 2) = PY (1p < t) — 0,
0 0 D e

ast — 0T,

Similarly, for x < 0,
t t
/ Prl(z)ds = / v(z,D)e @Dl ds =1 — e @D 5
0 0
as t — 0T. Hence, from Lemma 3.2] we obtain a desired convergence. [

Theorem 4.14. For o € (1,2), (K})>o is a Feller semigroup on Cy(R*).

Proof. From Lemma 3.10]it follows that for any f € Cx(R*), 0 < f < 1wehave 0 < K, f <
1,t > 0. Hence (K¢):>0, is a semigroup of positive contraction operators on C(R*).

We claim that K;Cy(R*) C Co(R*). Lett > 0 and f € Cy(R*). Then from Theorem
3.16, K,f € C(R*). Moreover, from Corollary |4.12}

lim | K, f (z)| < |||l lim K1(z) = || f]| o lim Ky (2, R) = 0.
z—0 z—0 z—0

From Corollary [3.4)and Lemma [3.10} for z > 0,

Kot @) < PPUI@ + Sl [ s [ ay [ azpPaty. )
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From (2.23)), (2.26]) and (2.21)),

[K0f @)] < PPIFI(2) + 11l [L = BY (7 > 1)
~ PP(f110)(@) + IIf . [1 = (LA Lal27Y2)]. (@.17)

From (4.17) and Theorem [2.2]it follows that xEIEOO K, f(xz) = 0. Similarly, from Corollary
and Lemma [3.10] for x < 0,

t
Ko (@)] < 5@ P 4 ], [ (o, D)e =P s
0

= |f @)X+ | fll [1 = e 21, (4.18)

From (@.18)) and (2.12) it follows that EI_H K, f(x) = 0. Therefore, we obtained that K, f €
Co(R*).

Hence, with Lemma[.13] we finish the proof. O

Combining the results of Theorem [3.16|and Theorem [4.14 we have proved that in fact for
a € (1,2), (K¢)t>o is a doubly Feller semigroup or that process (X;);>¢ is doubly Feller.






Chapter 5
Pointwise generator

In this chapter, we are mainly interested in a pointwise generator for the semigroup K. Recall
that the classical infinitesimal generator (see e.g. [49]) for a Feller semigroup (7}):>o on
Co(Z") is defined by

Lf:= lim L f

t—0t

in Co(2). (5.1)

The domain D(L) of the generator L consists of all functions f € Cy(Z") for which the limit
(5.1) exists. It is commonly known that dealing with such generators is somehow difficult,
especially describing its domains. In our considerations, we want to calculate such limit
only for the excessive functions hg defined in Chapter 3| but as we know such functions do
not belong to Cy(R*). Thankfully, in our case, it will be sufficient to consider a pointwise
generator.

Our main goal in this chapter is to derive the pointwise generator of the semigroup K on

the functions hg. More precisely, we are interested in the exact form of the limit

L Kihg(z) = hs(a)

t—0t t

bl

calculated for each x # 0. The precise statement of this result is given in Theorem below.
Before we will proceed with the pointwise generator, in the first two sections we propose

quite technical lemmas, which will be helpful in our further considerations.

5.1 Estimation of integrals
Lemma 5.1. Fora € (0,2), 2 >0,y <0,
2 || \o/? ly| \ /2
-1
/0 S (1/\@) <1/\81T> ps(xﬂy) ds
/2 —a/2 _ —a—
~ (UA L) QA )™ (o =yl Ao =y ).

57
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Proof. Let A := 01/2 sTHLA S‘li/[l)am (1A )_Q/st(:c, y) ds and consider three cases.

CASE 1. Let x* > 1/2. Then of course |z — y|* > 1/2 and then from (2.4),

1/2 | —a/2
~ -1 yl S
AN/ s (1/\51/a> o= ‘aﬂds
0 )

ly|*A1/2 1/2
= ]x—y!_a_l[/ ds—l—]y\_a/Z/ sl/st}
0 ly|oAL/2

= o [l A1) + 22 ((5) = (i n1/2)™)].

For |y|* > 1/4,

Al -yl
~ e —y| (L fy[?)
~ (LA L) (A )™ (e =y Al — g7,
and for |y|* < 1/4,
Ar |z =y |y + [y
= |z —y| " My [1 + |y
~ |z =y y|

~ o=y (L V |y )
~ (LA ) (A )" (Jz =y Al — ).

CASE 2. Let 2% < 1/2 and |z — y|* > 1. Then |y|* = (|z — y| — |z[)" > (1 —27Y/)".

Moreover,
o o 1/2 ja/2 o
A%/O |z — y ds—i—/za \/§|$—y| ds
= |z —y|*! [:ca + 222/ (2’1/2 - xo‘/Q)}
= |z —y| o a2 [\/§ — xa/Q].
Note that
L len wron
V2 V2T N
Therefore,

Am e —y[ o2 m (LA L) (LA )2 (je =yl Ale =y,
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CASE 3. Letz® < 1/2and |z — y|* < 1. Then |y|* = (Jz —y| — |z|)" < 1. Assume that
|z| < |y|. Then

@ | | . ly|*A1/2 ‘x’a/2| | .
A%/ x—y| ds—l—/ x—y| " ds
0 T \/g

|lz—y|*A1/2 1/2
+/ ’x|a/2|y‘fa/2’x . yyfafl ds +/ ‘x|a/2’y‘fa/2871/a71 ds
|

ylenl/2 lz—y|*A1/2

= [& — y| 7o 2l + 20| — y| 7o (] A 1/2) 7 = ] ?)
+ 122y e — y 7 (|l = y[* A 1/2) = (ly]* A 1/2)]
+alz*y 2 [(lr =y A 1/2) T =21/ (5.2)

|| 20z 2y|*2 @]y
T =yl o —ylet? |z —yl

+ alz]*2|y| 7 (Jx — y|* A 1/2)_1/a.
Note that |z|* = |z|*/2|x|*/? < |2|*/2|y|*/2. Moreover,

lz—y[* AN1/2> |z —y|* A gle —y|* = Lo —y|*

Therefore,
D O 1 I i { jyl° ] _ le*2ly| o2
~ o —ylot! [z =y [z =y lz—yl*] ™ |z =y

= (A )P A Ly) P (Jz =y Al =y ).

For the estimate from below we consider two cases. For |z| < |y| < (8"/% — 1)|x|, from
(5.2)), we have that

« —a a2 a —a «
A3 fo g = 127 /2.[ 2/ Iy ]/>|x\ "yl /2_[ 2 ]
- eyl Lal+ o z=ol LT+ ol

2|2y~ 2] ]a L
— eyl o] + (8" = 1)|x] |z =yl

= (A L) AN ) P (Jz =y A — g,

For [y| > (8" = 1)|=

, from (5.2)), we have that

A Z 2| =yl (Jyl* A 1/2) Y2 = /)

%|x|a/2|y|a/2< 1y )“/2 (|y|am/2)”2_< 2] )“/2
=yl \lz[+y] |z —y|® |z =yl

« 05/2 «
S |y L 2 yln2te NERN
eyl B -1t (B2 1)~ + 1)yl gt/

ol s

|z — 9

|:(81/a _ 1)—1 + 1)70‘/2(1 A 2—1/a|y|—1)a/2 _ 8_1/2:| .
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Recall that |y| < 1 and then

a/2|,,|—a/2
|ZL’|| ‘y| | [((81/01 _ 1)—1 + 1)—@/2(1 A 271/a)a/2 _ 871/2]
r—Yy

B |x|a/2|y|fo</2 |:(81/a _ 1)&/2 B 1 :|
 Jz—y 4 2v/2
~ (LA L)AL (e =y A e -y,

A >

Y

Now assume that || > |y|. Then, similarly,

o

ly|* T
Az/ |a:—y|_°‘_1ds—|—/ sY2 |y~ 2 |z — y| 7 L ds
0 |

Y|

le—y|*A1/2 1/2
+ / |l’|a/2|y|_a/2’$ . y’—a—l ds + / S_l/a_1|x|a/2|y|_a/2 ds
T lx—y|eA1/2

= |z —y[ " My|* + 2y "z — y| o |2 — Jy P
+ |22y 72—y 7 [(Jo — y|* A 1/2) — |2]°]

+ a2y~ [ (o — y|* A1/2) " = 210

ly|* ]2 [y| o/ ala|*y| o/
™z =yl |z =yl (|:1:—y|°‘/\1/2)1/a
<y ||y~ (5.3)
~ |z =yl |z —y| '

Note that from the assumption, we have that

oyl ZWV”?{ W|]“MMQ<MPWM“”'
lz =yl -yl ||z —yl — |z -yl
Hence,
[/ |y| /2 /2 —a/2 _ ol
AS iz — 9] = (A )" (AATY) " (Je =yl A e =y,

For the estimate from below, we consider two cases. For |z| > |y| > 22/372/%|z]|, from

G.3),

o> ::mwﬂMﬂﬂ[wwwwﬂ1“>twwmrw2wwﬂﬂ4ﬂr
Sle gl T -yl [z —y] o~y 2l
ZMWﬂmﬂﬂ< W|>“ﬂ>1uw%Mﬂﬂ
=yl \22%z] —8 |z —y

~ (LA ) (A ) (Jz =y A — g ).
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Similarly, for |y| < 22/372/%|z|, from (5.3),

A> |y|—oc/2|w —_ y|—a—1 [|x|3oc/2 _ |y|3a/2} > |y|_°‘/2|x _ y|—a—1|x|3o¢/2 [1 . 204_3}

[y~ ( || )a N ( 2] )a
[z =yl Nlz—yl) = Je—yl \2/z]

~ (LA )2 (A Ly) P (Jz =y Ale — g7,

o

which completes the proof. L

Lemma 5.2. Fora € (0,2),t >0,z > 0andy <0,

/Oo <1Aza/2> (z,2)v(z )dZNt‘l(l/\M)_a/2 (z,y)
0 \/g b &, Y ~ tl/a P\, Y).

Proof. Let I(z,y) := [} (1A

we get

L/2

NG

)pi(, z)v(z,y) dz. By substitution z = t*/*w, from 2.3),

L, it oy) = ¢t / (1AW ?)pr(z, wv(w,y) dw =t~/ L (2,y),  (54)
0

hence it suffices to find an estimation of I (x, y).

First, assume that z < 1/2. From (2.4) we then have
Li(z,y) =~ / (1A wo‘/Z) (IA ]z —w|™* N |w—y[* " dw
0
1 e
~ / w2 |lw —y| 7 dw +/ lz —w|* Hw —y| " dw =: A(y) + B(z,y).
0 1

Using the substitution w = |y|u we obtain that

A —a/2 Vi ut/? d
(y) = [yl /0 (ut D)ot u. (5.5)

Furthermore, for |y| < 1,

1 ua/2 1/lyl ua/2 9] ua/2
Y qu< v qu< | Y qu< oo,
/0v (U + 1)a+1 - /0 (’LL + 1)a+1 — /O (’LL + 1)a+1

hence fol/ly\ (uﬂ)/;l du = 1. Moreover, for |y| > 1,

Ul el 1l
/ ————du~ / u? du & |y 7L
o (ut1) 0

Therefore,

1/lyl u®/?
s d ~1A —04/2—1‘
/0 s LA
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From (5.5)),

Aly) = [yl Ayl (5.6)
For the integral B(z,y) we proceed as follows,

Bla,y) < / w =y dw < / w1 dw e 1,
1 1

and

Blo) <ol [ = 1/ du ol
Hence,
B(x,y) STA [ (5.7)
Furthermore, note that from (5.6) and (5.7),

Liz,y) ~ A(y) + Blz,y) < (Jy Ay + WAy Syl Ay /2

Indeed, for |y| < 1 it is obvious, because ]y\‘a/ 2 > 1. On the other hand, for |y| > 1,
LAy~ = |y~ = |y|=~! A |y|~*/2. Further, it is obvious that

L(z,y) 2 Aly) =y~ ALyl =,
hence
L, y) &y 7t Ay (5.8)
Moreover, for |y| < 1 we have |z — y| < 1, hence from (5.8)), we get
Iy =yl = (LA Jl) " (AL =y,

Similarly, for |y| > 1, wehave |z —y| =z +|y| > 2 +1 >z +22 =3z and |z —y| > |y| =
[z —y| — |z] > [z —y| — $|z — y| = |z — y| and from (E.3),

e Ca— —a/2 —a—
hey) ~ ol e =y = (LA Ll) (A e =y ),
To sum up, we obtain so far that for z € (0,1/2),

Liz,y)~ (LA ) "2 (1A e =y o). (5.9)
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Now, assume that x > 1/2. From (2.4) we have

Lz, y) ~ / (1A wo‘/z) (LA ]z —w|™* N |w—y[* " dw
0

1/4
%/ wa/Q‘x_w|—a—1|w_y|—a—1dw
0

+ / lw —y|~* 'dw

lz—w|<1/4

63

+ / |z —w| " w —y| " dw =: C(z,y) + D(z,y) + E(z,y).

lx—w|>1/4
w>1/4

From (5.6)),
1/4
Clay) mfal =0 [ w2l =yl dw o] A1)
0
~ |27 |4y Ay & a0 () A ).
Furthermore,

Dla.y) = / fw — g dw

le—w|<1/4
1/4 \ -« 1/4 \ -«
:a—l(x+\y|>—a[(1— / ) - (1+ / ) ]
z + |y z + |yl
1/4

1 «
~oa (r+ |y

()™
~ | =y

From the fact thata V b~ a + b, a,b > 0, we also get that
—a—1 —a—1
Baw)= [ (o—ulnfe o)™ (o —ul v o —yl) " du
lz—w|>1/4
w>1/4
—a—1 —a—1
~ / (Jz — w| AJw —y]) (Jz — w| + |w —y|) dw

lz—w|>1/4
w>1/4

—a— —a—1

< |z —1y| ! / (\:v—w|/\|w—y|) dw
lz—w|>1/4
w>1/4

~ e -y
Hence, in case z > 1/2 we obtain that

Li(z,y) = 2|y Ay 7)) + o —y o

(5.10)
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Let |y| > 1. It is obvious that |z| - |y| =~ (|z] A |y|) (|z| + |y|) = (|=| A |y]) |z — y| and then

from (3.10),

L(w,y) = (|l - Jyl) ™"+l =yl ~ o — g L+ (2l Aly) ]
~le =y = (LA (LA L -y,

Now assume that |y| < 1. Then |z —y| = z+|y| > i|y|+|y| = 2|y| and |z| = |z —y|—|y| >
|z —y| — 2|z — y| = 1|z — y|. Therefore, from (3.10),

Li(z,y) = o] My + e —yl e —y 7 (L4 |y ) & o =y y
= o=y A T) " R (ATl A=y,

Hence, for x > 1/2,
Lizy) ~ (LA ) (A e =y ). (5.11)

From (5.9), (5.11)) and (2.4) it follows that
Ly~ (LA L) Ppley),  @>0,y<0,
and then from (5.4) and (2.3), for ¢ > 0,
Lz,y) =tV (t_l/o‘a:, t_l/ay)

—a/2
~t! <1 A %) t~Vep, (t_l/ax, t_l/“y)

B Y —a/2
=t 1<1 A t’l—/b (@, y),

which completes the proof. O]

Corollary 5.3. Fora € (0,2),t >0, x > 0and y < 0,

- 2] \ /2 [yl \ o/
j<t7$7y> :/DptD(x7Z)V(Z7y)dZ%t 1<1/\m> <1/\m> pt(x7y)
Proof. 1t follows directly from (2.20), (2.21)) and from Lemma[5.2] O

Corollary 5.4. For o € (0,2),t > 0and x > 0,

—« /2
D ~ 1 | (= 2]
/l;dZ/cdypt (x,z)l/(z,y) ~t [(m) VAN (m .
Proof. From the Tonelli’s theorem and from Corollary [5.3]

I(t,x) ::/Ddz/cdypf(:v,z)u(z,y)

x| \ /2 —a/2
~t (1 " t|1_/t|x> / (1 A t'%) (. y) dy. (5.12)
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0

Hence, it suffices to find an estimation of A(¢,z) := [~__ (1 A AL/L)_&/ “pi(z,y) dy. Note that

by substitution y = t/*w,

0
At 110 :/ (LA Ju])™p1 (2, w) dw = A(1, ). (5.13)
Moreover, from (2.4),
o —a/2 —a—
A(l,x)%/ (1A y]) / (IA]z+yl ) dy
0
1 0
_/ [y (1 A ]m+y|°‘1)dy+/ (1A ]z +y| ) dy.
0 1
For |z| < 1,
1 00
Ay~ [ty [yt
0 1
and for |z| > 1,
1 [e’s)
Ay~ [yl eyl Ny [ ey
0 1

1/x
— |x|—3oc/2/ w—a/Q(l +w)—o¢—1 dw+ |l,|—oz/
0 1

1/x
~ |$|3a/2/ wfa/Q dw + |x’fa
0

°° dw
. (w + 1)a+1

~ a7 o ] o]
Hence,
A(l,z) = 1A |z, (5.14)
and from (5.13),
At z) = A(L Yo%) = LAtz

Combining this result with (5.12) we get

ay 1/2 t
I(t,z) ~ t—1<1 A mtl > (1 A ‘—|> =t (t]2| 7 AT ]?),
T [0

which is our claim. O]

Lemma 5.5. Fora € (0,2),t> 0,2 >0,y <0,

t a/2 —a/2
/ 7! (1 A ﬂ) (1 A |1L/|) ps(x7 y)e—u(%D)(t—S) ds
0 s/

Ve /2 /2
~ <1 A |x\|;% )(1/\ |y\‘/o% )pt(:c,y).
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Proof. Let I;(x,y) fo _1(1/\|x\|;/2)(1/\8|1y/|a)_a/2ps(a:,y) —v(.D)(t=5) 45, By substitution

s = tu and from (2.3} - ) and (2.11)) we get

L(tY g, tYy) (5.15)
t - \/¥|x|a/2 tl/a|y| —a/2 N o N (i) .
:/0 s 1(1/\T> (1/\ o > ps(t/ %z, tH/ oy e v DIE=9) g
1 /2 ’ | —a/2
_ Z51/01/ (1 A || )(1 L ) pu(x’y)efy(y,D)(lfu) du
0 Vu ul/e
=tV (z,y). (5.16)

Hence it suffices to find an estimation of /;(z, y).

Note that

1/2 1
Il(x,y):/ ...du+// oo.du = A(z,y) + B(z,y). (5.17)
0 1/2

For u € [1/2,1) we have,

a/2 —a/2
Yy a/2 —a/2
(Y (0n ) e & (AR A ) i)

Furthermore, note that 1 — e="/2 &~ 1 An, n > 0. Indeed, forn > 1,1 —e 2>~ 1=1An.
For 0 < n < 1 there exists a constant ¢ € (0,7) such that 1 — e~"/? = 1(1 — Le=¢p). Then,
1—e?x 2 ~ 1 A'n, which follows from the inequality 1 > 1 — }le_cn > 3/4. From this

observation, from (2.12)), it follows that

! 1
7V(y7D)(17u) j— 7V(y7D)/2 ~ ~ @
e du = |:1—€ ]N—l/\yy,D ~ (1A |y|) .
/1/2 v(y, D) v(y, )( (v, D)) ~ (LA 1)
Therefore,
a/2 a/2
B(z,y) ~ (1A |z])* (1A y))*pi(, ). (5.18)

For u € (0,1/2) there exists a constant C' > 0 such that

eV D)1= < o=ClI™ < (1A |y])* T (5.19)
From Lemma 5.1 and (5.19)),
Alw,y) S (WA )™ (ATl (2 = o™ Az = ol (LA L),
Note that for | — y| < 1 obviously we have |y| < 1 and

(lz =917 Ale =y ) (L ALYl = LI (LA ]z —y[*h).

lz —yl
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Similarly, for |z — y| > 1,

(lz=y" Ao =y ) (LAly]) = [z =y (1ALy]) < o=yl = (1Afz—y7).
Hence,

A, y) S A ) A D) (A =y ) = (LA )2 (A ) pi (e, y).

(5.20)
From (5.17), (5.18) and (5.20) we get
Li(x,y) ~ (1A J2) (1A y)*pale, ). (5.21)
and then from (5.13) and (5.21)) and (2.3)), for ¢ > 0,
L(z,y) =t~Yer (t_l/ax,t_l/ay) ~ (1 A |x\|/0%/2) (1 A |y\|/0%/2)pt(x, ),
which completes the proof. L

From Lemma [5.2] and Lemma [5.5] and (2.22)) the following conclusion follows immedi-
ately.

Corollary 5.6. For a € (0,2),t >0,z > 0andy < 0,

' D D |~’B|a/2 |y|0‘/2
K(t,z,y) ;:/ dS/ dzp?(z, 2)v(z,y)e BP9 ~ (M )(M )pt(x,y)-
0 D

Vit Vit
Proof. From (2.20) and (2.21)),

t a/2 a2
|ZL‘| / |Z| / — D)(t—
IC(t ~ d dz (1A 1A o v(y,D)(t=s)
( 7x’y) /O 8/{) ‘ ( \/E )( \/g )p (x,z)u(z,y)e

t |x|o¢/2 |Z|a/2
= ds (1 A —)e”(y’D)(tS)/ (1 A )ps x, 2)v(z,y)dz.

From Lemma[5.2]

t a/2 | | —a/2
Kt 2.y) ~ 71<1A 2] )(M Y ) (2 y)er D)) g
(t,z,y) /0 s NG ) Pps(xye 5

and further, from Lemma[5.3]

|oz/2

Kt z,y) ~ (1 A %) (1 A ’y\/g )pt(x,y),

which is our claim. ]

Corollary 5.7. For a € (0,2),t > 0 and x > 0,

L(t,x) = /t dS/ dz/ dy p? (x, 2)v(z, y)e VWP ~ (|x|a/2>2 A ]/
) . 0 D . S ) ? ‘\/g \/Z .
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Proof. By substitution s = tu, y = t'/%a and z = t'/*b we get
1
L(t,tYz) = / du/ db/ da t1+2/apfz(t1/“a:, /D) (<, tl/“a)e_t"(tl/a“’D)(l_“).
0 c
From (2.15) and (2.T1)),

(t,t'/%x) / du/ db/ dap? (z,b)v(b, a)e @D~ = £(1, 1). (5.22)

Hence, it suffices to find an estimation of £(1, x).
Note that from the Tonelli’s theorem and from Corollary [5.6]

0

L(l,x)= / K(l,z,y)dy ~ (1 A |x|°‘/2) / (1 A |y|°‘/2) (1 A |z — y|_o‘_1) dy.

Moreover,
0
A= / (LAY (LA |z —y| 7> dy
o L
z/l\y|a/2(1/\ |x—y\’a’1) dy + (1/\ |x—y|’°"1) dy.
For |z| <1,

/|y|“/2dy+/ o=y Ny~ 1= Ja] (1A J2])",

and for |x| > 1,

0 —1 0
%/ Iy\“/Z\w—y\aldy+/ |z —y| dyf,/ |z —y| " dy &~ [z
—1 —00 —00

= a7 (LA f]),

and

-1 0
o _ dz _ a
Az [ st e [ S el = e (1A )"

o0

Hence, A ~ |z|=*(1 A |z])".

Therefore, we obtain that

a/2

L(1,z)~ (LA z)) |z (1 Az = |z]7* A |z|*/2. (5.23)

Hence, from (5.22)) and (5.23)),

L(t,x) = L(1,t7Y%) ~ t|x|~* AtV x|/,

which is the desired conclusion. ]
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5.2 Convergence of integrals

Lemma 5.8. For xz,y > 0,

D
i P (z,y)

t—0+ t

=v(z,y).
Proof. By the Hunt’s formula (2.14)) and the Tkeda—Watanabe formula (2.25),

D z, x, 1
Py <t y) = pt(t y) — %Ez [TD < t; Pt—rp (Y;'Dv y)] ) (524)

From Polya [52] (see also Cygan et al. [26]), lim pe(z,y)/t = v(x,y). Moreover, it is
t—0
obvious that Y, < 0, hence |Y;, — y| > y and from (2.4) we get

t—’TD

D < T — y|°‘+1

1 1
;Ez [TD <t pt—TD(Y7'D7y>] S ;EY < |y|—1—a ng (TD < t) - 07

™D

(5.25)

ast — 0. O
Lemma 5.9. The function

(0,00) x D x D3 (t,z,y) — J(t,z,y) = /DptD(x, 2)v(z,y)dz
is continuous.

Proof. Let g(t,xz,y,2) := pP(x, 2)v(z,y). The function D > z +— g¢(t, x,y, 2) is integrable
fort > 0,2 € Dandy € D (see e.g. (2.25)). Hence, the function 7 (¢, z, y) is well-defined.
Let ¢ > 0 and define 7' = [¢,00), K = [¢,00), L = (—00,—¢]. We will show that
for all (t,z,y) € T x K x L and for any sequence (¢, x,,y,) C T x K x L such that
li_>m (tn, Tn, Yn) = (t, z,y), we have im T (t,, 20, yn) = T (t, z,y).
' OoNote that 7' x K x L > (t,x,Z)_): pP(x,y) is continuous. Therefore, the function
(t,z,y) — g(t,z,y,2), z € D, is continuous on 7' x K x L, hence g(t,, Tn,Yn,2) —
g(t,x,y,z) as n — oo. Furthermore, from (2.22)) it follows that for (¢,z,y) € T x K x L

and z € D we have
lg(t. 2.y, 2)] Stu(z,y) Se oz +e[ 0

Moreover, [, |z +¢|~'"*dz < oo, hence from the dominated convergence theorem we then
obtain continuity of the function 7 on 7" x K X L.

Since € > 0 was chosen arbitrarily, we conclude that the function [J is continuous on
(0,00) x D x D, O
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Lemma 5.10. For x > 0 and y < 0 we have
T(t.5.9) = [ (o2l ds - va.y),
D
ast — 07,

Proof. Let e > 0 and define K = [g,00), L = (—o0, —¢]. Let U,V C R, U # V, be the
open sets such that z € K C U C V C D. Let {ay, as} be a partition of unity for the sets
U¢and V,ie. fori = 1,2, the functions «; : D — [0, 1] satisfy the following conditions:
a; € C°(D), suppay € V,suppay CUND,a; =1lonU,a; =1onVeN D and
a1(z) + ag(z) = 1forx € D.

For z € Dandy € L let ¢1(z,y) = a1(2)v(z,y), ¢2(z,y) = as(z)v(z,y). Then
supp @1 C V,suppys C U°N D and

Tt = [ P+ [ o el de = Altay) + Blt.o.)
D D
From the construction it follows that (-, y) € Co(D), hence from Theorem
A(t,z,y) = / vy (x.2)¢1(2,y) dz = (2, y) = v(z,y),
D

ast — 07,
We will show that B(t,z,y) — 0, as t — 0. From (2.22)) we have

B(t,x,y) = / P (2, 2)p2(2,y) dz
supp ©2(+y)
< / e (x, 2)v(z,y) dz
UenD
,St/ lo — 2|7z —y| > T de.
UenD
Let p := dist(K,U°N D) > 0 and n := dist(L, U° N D). Then,
B(t,x,y) Stp™* "' U N D| = 0,
ast — 0T, O

Lemma 5.11. Forx > 0, y < 0 and i € {0, 1} we have

1 t
lim — ds/ Az p? (z, 2)v(z, y)e D) — 1z y).
0 D

t—0t ¢

Proof. Lete > 0 and K := [g,00), L := (—00,—¢|. Without loss of generality, we may
assume that ¢ < 1. Letx € K and y € L. From Lemma[5.9]and Lemma by putting
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J(0,z,y) := v(z,y), we obtain a continuous function ¢ — J (¢, z,y) on the interval [0, 1].

Hence, by the Mean Value Theorem it follows that there exists ¢ = ¢(t) € [0, t] such that

/ds/ dzp? (z, 2)v(z,y)e WP = / T (5,2, y)e @P)E=9) qg
= J(c(t), x, y)e—uV(y,D)(t—C( ).
Therefore, from Lemma|[5.10}

1 t
lim — ds/ dzpf(x,z)u(z,y)e‘“’/(y’m(t—s) — lim j(c(t)7x7y)e—/J«V(y,D)(t—c(t))
D

t—0+ ¢ t—0+

= v(z,y),
which completes the proof. ]

Lemma 5.12. For x > 0 we have

1 t
lim ~PY (rp < t) = hm - ds/ dzpP(z,2)v(z, D) = v(x, D).
t—0+ t—0+ 0 D

Proof. The first equality follows from @]} We will prove the latter equality. Without loss

of generality, we may assume that ¢ < 1. Note that from the Tonelli’s theorem,

7) = %/Otds/[)dzpf(x,z)y(z,l)c) _/DC E /Otj(s,x,y)ds} dy.

From a similar argument as in the proof of Lemma [5.11] we conclude that there exists ¢ =
c(t) € [0, ], such that

Alt) = | Ttelt)r.p)dy
From Corollary [5.3]and (2.4)),
Felt).0.0) £ €0 (17 i) ot
< () (A 1) ooy (2. 9)
S (ALl =yl
Moreover,

/ (LAl ™ e =yl dy = /D (1Ay) Pa+y) 'y

/ ! dy N / ¥dy
= ——— < 0
o Y2z +y)ett ) (x4 y)ett

Hence, we use the dominated convergence theorem to obtain that

lim A(t,z) = lim J(c(t),x,y)dy = / lim J(c(t),z,y)dy = v(z, DY),

t—0+ t—0t+ De De t—0+

where the latter convergence follows from Lemma O
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Lemma 5.13. Let a € (0,2). Assume that f : R* — [0, 00) is a function such that for some
x # 0 we have Uf(x) < oo. Then

lim 1Kt1f( ) =vf(x).

t—0t ¢

Proof. Assume that z > (. Note that from the Tonelli’s theorem,

_Ktlf / dS/ dZ/ dyps T, Z Z y) —v(y,D)(t— S)f<y)

/Ct/@/mmxzzw w9 1) dy

~ [ Kt 1w .
From Corollary [5.6]and (2.4),
(2, y) St pu(e,y) S vl y).
Moreover,
| vty =5s() < o

Therefore, we can use the dominated convergence theorem to obtain that from Lemma [5.11]

with © = 1 we get

i K /) = [T 6K ) f) dy = [ vl f) dy = 71 o)

t— 0+ c t—0t

The case x < 0 we prove in the same way, but we propose it for the convenience of the

reader. Assume that x < 0. From the Tonelli’s theorem,

K f (/w/@/we$D:wmA%ﬁm

:Lhéméwﬁwmmwwmwhww
= [ [ [ avp o] sea:

= / (L, 2, 2) f(2) dz.
D
From Corollary [5.6|and (2.4)),
tillC(t,z,a:) 5 tilpt('zu'x) S V(Z7$)'

Moreover,
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Therefore, we can use the dominated convergence theorem to obtain that from Lemma [5.11]
with =1,
1
lim - K1 f(z) = / lim ¢t 'K(t, 2, 2) f(2)dz = / v(z,x)f(z)dz =V f(x),
t—0+ ¢ ’ D t—0t D
which is our conclusion. [
Corollary 5.14. For o € (0,2) and 5 € (—1, ), we have
1
lim — K, 1hg(x) = Vhg(x), x # 0, (5.26)
t—0t+ ¢ 7

Proof. Note that for z > 0 we have

~ |y‘ﬂ b—a - wﬁ B—a
Vhﬁ(l‘)% Dcmdyzx ; mdw:x ‘B(ﬁ+1,a—ﬁ)<oo

Similarly, for x < 0, Vhg(x) < co. Therefore, we use Lemma to get (5.26). O

5.3 The main theorem

Now we introduce the main result of this chapter.

Theorem 5.15. Assume that x # 0, o € (0,2), f(a — 5 — 1) > 0 and let

@_1_%<ﬂ+17@_5) —")/(Ck,ﬂ), 33'>O,
al—B(B+1,a—p), x <0,

Cla,B,z) :=

where

18 _ a—B-1
v(a, B) ::/0 L (11)<_1t)(f+1 Jat <o,

Then C(«, 3,2) > 0 and
() — Kuhy(a)
t—0+ t

Moreover, C(a, ,x) = 0ifand only if B =0o0r f = o — 1.

= A C(a, B, x)hg(x)|x]| 7.

To prove this theorem, we first have to find the analogous result for the a-stable killed

Lévy process Y. Below, we prove it for a wider class of functions.

Lemma 5.16. Let x > 0 and a € (0,2). Assume that | € C?(D) is a function such that
/()]
——————dy < o0.
/D (Lg%
Then
o 1)~ P

t—0+ t

. /D (F(x) — f)le.y) dy + f(2)w(z, DF).
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Proof. Lett > 0. Note that

fla) = Bfle) _1 [ @) = FP ) ay + fla 2B s
From (2.23)) we have that
wzip (tp < t) = /ds/dypsxy (y, D°).
Hence, from Lemma/[5.12]
tl_i)rgl+ w =v(x, D°). (5.28)

Combining (5.27) and (5.28) we obtain the following equality

lim f(m) hm/ f(z P,y >d + f(@)v(z, D),

t—0+ t t—0+ t

with the assumption that the latter limit exists — we will show it in the further part of the
proof. We will find this limit in a few steps.

Let ¢ € (0,2/2] be an arbitrary constant. Then we write that

[ - P PeEy) g,

t
D D
[ @i s [ () - ) g,
Dn{|z—y|<e} D{lz—y|ze}
= I, + I, (5.29)
Note that from (2.22) it follows that
D
7)1 < 1) - )] o -,
and
/ @) = F@)] -l — gl dy
D{lz—y|>e}
< — vyl 1d Md. 5.30
il ety [ S 630

Moreover, for |z — y| > ¢ there exists a constant C = C(z,e) > 0, such that C(y + 1) <

|z — y|. To prove it we consider two cases. Let y < x — e. Then for C} :=

s

Ch< 5= <77 <3 y+1’ which gives us the inequality C(y + 1) < |z — iy| In case
1--= —z

— zte y — Yy—-=

y>x+eweset(Cy:= and then we observe that Cy <

482
This gives us Cy(y + 1) < |z — y|. Thus, the claim follows by taking C' := C; A Cb.

1+r+5 1+ Ii

= 1 — .
- 14 y+1
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Furthermore, note that from the above observations we get that

/ |f(y)] dy < 0! |f(y)] dy < oo

Aflo—y|>e} [T —y|*T! p{ja—y|ze} (1 +y)oT
Hence, the integral of the left-hand side of (5.30) is finite. Therefore, from the dominated

convergence theorem and by Lemma[5.§]

lim 11, = /D @) = S (5.31)

t—0t

For now, we consider the integral /;. From the Hunt’s formula (2.14) we get

x?
= G- - [ () - s dy
Dn{lz—yl<e} Dn{jz—yl<e}
= A, — B, (5.32)
where H(t,z,y) =t 'EY [7p < t; py—r,(Yrp,y)]. From (5.24) and (5.23) it follows that

[f(x) = f@)IH(E 2,y) S 1f(@) = F)] - lyl

|f(x) = f)l
%) — JA 4
/Dﬂ{|xy|<5} y|ot! Y

< |f(@)] Ay /D FW (5.33)

Dfle—yl<ey [Y|*H! Afle—yl<ey YT

Moreover,

Note that for |z — y| < ¢ there exists a constant C' = C(z) > 0 such that y ~ 1 + 1.
Indeed, let C = % + 4. Then 33“7 < % — 1. Recall that e < 7. Then, from the assumption, it
is obvious that £ < y < 3 and then C~'(1+y) < C71(1+2) < 2 <y < 3.2 < 3(1+y),
which is our claim.

Furthermore, from the above result we obtain that

[ Sy, [ 0L <o
D{ja—y|<e} VI p{ja—yl<e} (1 +Y)
Hence, the integral of the left-hand side of (5.33) is finite. Hence, from the dominated con-

vergence theorem and from (5.25)),

lim B, = / (f(x) — f(y)) lim H(t,z,y)dy = 0. (5.34)
Dn{lz—y|<e}

t—0t t—0t+

Now we consider the integral A;. Let ¢ > 0 be small enough that t'/® < <. Note that by
the symmetry of p,

T

—x)p(z,y)dy = “5 —x)pe(x,y)d —z)pi(z,y)d
/Dm{|xy|<5}<y )pe(z,y) dy /x (y — 2)pe(, y) y+/x (y — 2)pe(z, y) dy

—€

— /:Jra(y — z)p(x,y) dy + /:Jra(sc —w)py(x, 2 — w) dw

_ /fe(y — o)l y) dy — /:+E(w — )pa(sw) dw = 0.
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Hence,

Al =

[ @
Dn{jz—y|<e}

/ (1) = £~ (5= )7 @) 252
Doflz—yl<e}

/ pt(l‘,y)
< /Dm{x_yka} [f () = @) = (= o) f (@)= dy.

From the Taylor’s theorem,

F0) — £@) ~ - @) = Ty — a2,

where c lies strictly between x and y. From the fact that ¢ < z/2, it follows that x — & > x/2.
Hence, for |z — y| < ¢,

[fy) = f@) = (y—2)f'(@)] < sup [f(e)lly — =]

cE(x—e,x+e)

< sup [f(e)lly —@)* = Cla)ly — =
ce(x/2,3z/2)

Hence,
T
al<ct [ pyeaptily,
DN{le—yl<e} t
From (2.4)), there exists a constant Cy > 0 such that

1 t
2 —1/a
— -t A —) d
|y I’| t( |ZE y|a+1 Y

Al < C@) |

Dn{|z—y|<e}

= C(x)Cot_l/o‘_l/ ]y—x!Qdy+C(x)Co/ ly — x|""*dy
Dn{|z—y|<tt/*} Dn{tt/a<|z—y|<e}
< %C’(m)C’ot_l/a_lzf?’/CY + C(m)CO/ ly —z|' > dy
Dn{|z—y|<e}

= C(2)Co [3t7°7" + 256°77].

Using the above observations, we conclude that

limsup |4 < 32-C(z)Coe* ™" =: C(x, ). (5.35)

t—0+t

Combining (5.32)), (5.34) and (5.33)) we get

liminf I; > liminf A; — limsup B; = liminf A; > —a(:r, a)e?™, (5.36)
t—0+ t—0t L0+ t—0+
and
limsup I; < limsup A; — liminf B; = limsup A; < 6(:6, a)e? e, (5.37)

t—0+ t—0+ t—0+ t—0+
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Hence, from (5.29)), (5.31)) and (5.36),
it [ (70~ )T

t—0t+ t

> ~Ca.)+ [ (f(@) — F)via,y)dy. (5.38)

Dflz—y|=e}

We will show that there exists the limit

pv. /D (f(z) - F())(z,y)dy == lm (f(x) = f()v(a,y) dy.

e=0" J D{ja—y|>e}
The existence follows from the dominated convergence theorem. Indeed, by the same argu-

ment as in the previous part of the proof we know that

/ (F(z) = F)v(x o) dy
Dfle—y|>e}

= /D Ljomylze} (f (@) = (1) = LB@ay2 (W) (y — 2) f'(2))v(x,y) dy.
Furthermore, from the Taylor’s theorem we get

Lomyzey [F(2) = F(¥) = 1B@as () (y — 2) f'(z)]
< 1w (W) (IF @]+ W) + 1s@a2(y)  sup | W)y — f

yeB(x,z/2)

and then

/ |f ()| + [ f(y)] dy—i—C(SL’)/ |y—x|17°‘dy< 00.
DNB(x,z/2)°

|z =yl B(x,z/2)
Note that the finiteness of the above expression follows from the previous part of the proof.

Then from the dominated convergence theorem we obtain that

lim (f(z) = f(y)v(z,y)dy

e=0% Jpnfjz—y|>e}
- /D (F(@) = F(©) = Loy @) (y — 2)f'(@))v(z, y) dy,

and in particular the above limit exists. Hence, by taking ¢ — 07 in (5.38), we get

liminf/D(f(a:) — f(y))w dy > pv/(f(x) — fy)v(z,y)dy.

t—0t D

Similarly, from (5.29), (5.31)) and (5.37)), we obtain that
D
s [ (/) — )2 ay < po [ (10) = £tz 0) dy

Therefore,
tim [ (@) = 7)™ ) 4y = pv [ @) - rwte) a

which ends the proof. ]
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The following corollary is a direct use of the previous lemma for iz(x).
Corollary 5.17. For x > 0, a € (0,2) and € (—1, ) we have

lim hs(x) — Phg(z)

t—0+ t

=p.v. /D(h/a(l’) = hs(y))v(z, y)dy + hg(x)v(z, D). (5.39)

Lemma 5.18. For o € (0,2) and (o —  — 1) > 0,

Proof. First, assume that x > 0. Then from Corollary [3.4]it follows that

t t t
K, =P+ / PUP,_, dr+ / / PUP,_ VK, ,dsdr, (5.40)
0 0 r

and from Corollary [3.2T| we have that

—ZKmhﬁ
/ / PVPS VK shg(x)dsdr

= ;/ dr/ dy/ dz/ ds/ dv p? (z,y)v(y, 2)e =Py (2 v) Ky hs(v)
1 0o D roJD
< ?/ dr/ dy/ dz/ ds/ dv p? (x, y)v(y, 2)e "By (2 v)hs(v).
0 D e Jr D

Direct calculations show that for z < 0,

o) o0 B
/0 v(z,v)hg(v) dv =~ /0 ’Z_UW dv = |z *B(B+1,a— p) ~ |2~

Therefore, from (2.12)),

~+

1 1 !
P Kuhs@) 57 [ ar [y [ as [ dsplety e D6z
L= tJo p Jpe Jr
1 t
~ —/ dr/ dy/ depy(w, y)(y, )| [1 — e =D0]
tJo D Jpe
1 t
S —/ dr/ dy/ dz p? (z,y)v(y, 2)|2|° (L A t]z|7).
t Jo D Jpe

Using the substitution » = tu we get

—Zmnhﬁ /du/dy/ dz pB(a, y)vly, Il (LA H22),
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and by (2.22),

—Zmnh/g

y/? tu
du/dy/ dz 1/\ )( 1/o‘/\—>uy,,z 2P (1 Atz
/ e (00 ) () A el ) (1 A 121 7)
5/ du/ dy
0 Dn{|z—y|<(tu)t/o} D
1
+/ du/ dy
0 DO{lo—y|>(tu)!/=)

=. It + IIt

B
-1/ |Z’ —
/ Y — 2o+ (1/\’5’2‘ )

/Cd (tu)
/Dc dz (1 A ya/2> fu 2° (T AElz]7)

Vi) Jo =y Jy = 2o

If ¢ is sufficiently small compared with x in Iy, then |z — z| < |z — y| and

|2|° _
ItN/ du/ dy/ dz (tu)” VL - LAtz
DA{ja— y\<< )1/“} De |z — V‘““( )

/ du/cdz |a+1 (LAtz]7)

217 “a

and the latter integral converges to 0 as ¢t — 07 from the dominated convergence theorem.

Indeed, (1 A¢|z[™) < 1and

CE e [T e
_wm =X . W?ﬂ—l‘ (6"’ ,Oé—ﬂ)<OO.
It remains to show that I1; — 0 as ¢t — 0. We will show that in a few steps.

The integrand in //; is non-negative, so from the Tonelli’s theorem, we can change the

order of integrals. Hence, for now, we consider only integral over u. We have

/2 a/2

1 y (lz=y|*/t) y
o> (/e <1/\ )udu—/ (1/\ )udu.
/0 {le—yl>(tw)!/*} Viu o Viu

Here we consider two cases. If y > x/2 then y > |z — y| and hence £~ > 1 A @ > .

This means that £ \ﬁ > 1, so

IA(Jz—y|*/t) /2 IA(Jz—y|*/t) _ e
/ <1/\y )udu:/ udu = = ( M) .
0 \/ﬁ 0 2 t
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If y € (0,2/2) then similarly we have that % < V”_TW Hence, for sufficiently small ¢,
IA(Jz—y|*/t) ya/2

/IA(w—yla/t) < yo/? IA(y™/t)
1A )u du < / wdu + /
0 Vitu 0 1A(y> /t) Vit

) /2 — ql®N 3/2 N 3/2
= () S [ ) - (a2
2 t 3\/ t t
S )+ ()"

t
a/2
<Y

Now we consider again the integral //;. Using previous observations, we get
vy tu |2I”
L= du | dy [ dz 1, ua(m )
t= / / y/ {lz—y|>(tu)!/>} Viu/ |z —y|et |y — Z‘a+1(
a/2 B

L .
<[ dzmx— e fy— 2o A1)

Dec
_y‘ t ‘Z|B —a
//Qdy/cdz 1/\ ; ) PR |a+1(1/\t|2| )

= At + Bt.

1 Atz]%)

For y € (0,x/2) it is obvious that |x — y| &~ x and then
/2 /2 B
y 2]
Ay <Vt d d
t_\// y/c ey g — 2]
z/2 B
SE 1\/—/ dy/ dzy/? _ B =
‘ Jy — 2+
~ x—a—l\/%\/ yﬁ—a/Q dy
0

S al Ve — 0,

ast — 0T,
Since, for y > x/2 and z < 0, we have |y — z| > |z/2 — z| =

substitution w = 2z we get

- [z —ylo\2 BE )
Bi=] dy d (1 A ) e
t /:E/Q y/c : t |z — y|o+! |y_Z’a+1( |2]7°)

— qle—1 B
< / dy/ dw ] [l - (1A tlw]™)
|z —y|<tl/o c t ’:L’ - w‘a+

t jw|? o
+ dy [ dw o o (1A tlw|™)
{y>z/2}n{|z—y|>t1/} c [z — | |z — wl

= Ct + Dt.

Note that from Tonelli’s theorem we get

B
C’tf,/ L(l/\ﬂwﬁ“)dw—)&
D

e |z —w|ott
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as t — 0™, which follows in the same way as in the case of I;. For the integral D;, again from

the Tonelli’s theorem, we have
t B
Dt:/ dy/ dw o [l o (1A tlw|™)
{y=2/2)N{lo—y|>t1/*} e =yl |z —w)
dy

B
S/ —— (I A tjw|™ / —= _dw
pe |z — w|ett ( ) {a—y|>t1/a} [T =yl

tlw|? d
pe |7 —wl® O

g
= g/ L(l Atlw]™*) dw — 0,

a T — w|a+1

as t — 0. The latter convergence follows from the dominated convergence theorem.

Now let x < 0. From Lemma [3.3| we have the following equality:

1 o
;ZKt,nhﬁ Z/ PVKt 'rn )d?”
n=2 0
= —/ dr/ dz e_”(’”’D)”V(:B,z)ZKt_r,nh/g(z)
t 0 D n=1
1 o)
:/ dr/ dze”’(x’D)”V(x,z)ZKt(l_T)Vnhg(z)
0 D n=1
1 00
§/ dr/ dzu(m,z)ZKt(l,r)mhﬁ(z)
0 D n=1

From the first part of the proof, we know that tll%% 2 Kinhs(z) = 0, where z > 0.

Hence, of course, lim+ >, Kinhp(z) = 0. Moreover, from Corollary [5.14|it follows that
t—0

lim K;yhs(z) = 0. Combining this results, for z > 0, we get lim >;~, Kinhs(z) = 0.
t—0 t—0
From Corollary it follows that >~ | Kyq_nnhs(2) < Kya-nhs(z) < hg(z) and we

observe that

/1 dr/dzu(x,z)hg(z)%/Ooz—ﬁdz:xﬂ_a%(ﬁ—i—l,a—ﬁ)<oo.
0 D 0

|z — z|ot!

Therefore, by the dominated convergence theorem,

1 00
/ dr/ dzv(z, 2) ZKt(l—'r),nhﬁ<2) — 0,
0 D n=1

ast — 0T, O

Proof of Theorem[5.15] Let G(t,x) := (hg(x) — K;hg(x))/t and assume that z > 0. Then
from Corollary

P
lim G(t,z) = lim ho(@) = Pihs(@) _ lim — ZKtnhg

t—0+ t—0+ t t—0t ¢

:p.v./D<h,3(x) — ha(y)) (@, y) dy + ha(a)v(z, D) — lim ~ ZKth

t—0t+ t
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From Corollary [5.14] and from Lemma [5.18] we have

t—0+

Ll
fim ;ZKtmhﬁ(i’f):/ hs(y)v(z,y) dy.
n=1 D¢

Therefore,

t—0+ c

i G(t,2) = pv. [ (hata) = ha()(e9) dy+ [ (hale) = halw)via. )y 541

S / (ha(2) = hs(y))v(x, y) dy.

Now we will calculate the exact values of the above integrals. Using the substitution y = |x|z

we obtain,

Y © 128
p.v. / (ha(x) = ha(y))v(z,y) dy = Aralz|”p.v. / T et
I o [1—z[*F

From Section 5 of [9] we have

* 1-27
P.V. . m dz = —’}/(06,6> > 0.

Hence,

p.v. /D (ha() — hs(9))w (e, y) dy = —Aralzl’1(a, B). (5.42)
Moreover, from (2.13),

© P
~ ‘.T _ y‘a+1

dy

| ate) = st ) dy = ot D7)~ v |
= Aozl et = BB+ 1,a-b)]. (5.43)
From (5.41), (5.42)) and (5.43) we get

tlirgl+ G(t,x) = A o|x|" [ofl —BB+1,a—pF) —(a, ﬂ)]

Now consider the case z < 0. Then,

1— 6—y(r,D)t 1

1 o
G(t,) = hy(a)———— = TKeahs(@) = T D Kinhs(a).
n=2

From Corollary [5.14]and Lemma [5.18 we obtain that
lim G(t.) = [ (hala) = halo))v(e.9) dy (5.4
t—0+ D

Moreover, from ([2.12)),

o0 8
/D (hs(e) — haly)) (e, y) dy = ha(@)v(e, D) — Ava / L

= Aia|z| [t = BB+ 1,a - B)]. (5.45)
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Hence,
1tlir(1)r1+ Gt,x) = Aolz|” “[a' = B(B+1,a—p)].

Now, it remains to show that C(«, 5,2) > 0 for f(aw — f — 1) > 0. From [9} (5.3)] it
follows that v(«, ) < 0. Hence, it suffices to show that for (o —  — 1) > 0, M(«, 5) :=
a ! —B(B+1,a — B) > 0. From the properties of the Beta function we obtain that

1

M(a, B) = m

[F(a) —T(B+ 1) (a— 5)}

We will consider two cases.
Assume that 1 < a < 2and 0 < § < a — 1 and define a function (0, — 1) 3 § —
F(B) :=T(a) -T'(f+1)I'(v — ). Then

F'(8) =T (8 + DI (o = B) [ = B) — ¢(B + 1)],

where 1) denotes the digamma function. From the fact that the digamma function is increasing
on (0, c0), we obtain that for 5 € (0, (aw — 1)/2), F'(8) > 0 and for 8 € ((a — 1)/2,« — 1),
F'(B) < 0. Hence, for § = (ov — 1)/2 the function F has the global maximum on the interval
(0, —1). Moreover, for 5 € (0,a—1), F(8) > F(0) = F(aw—1) = 0. Thus, M(«, 5) > 0.

Now, assume that 0 < @ < 1land « — 1 < 8 < 0. Using the same notation as in the
previous case we get that for § € (o — 1, (o — 1)/2), F'($) > 0 and for 5 € ((a — 1)/2,0),
F'(B) < 0. And then we conclude that again for 5 = (o — 1) /2 the function F’ has the global
maximum on the interval (o« — 1,0) and moreover, F'(8) > 0 for § € (o — 1,0). Hence,

M(a, ) > 0. O






Chapter 6
Function spaces and the Dirichlet form

In this chapter, we prove the Hardy inequality for K in case o # 1 and investigate the Dirichlet
form & corresponding to the process X. We also prove various characterizations of the domain

of the form &.

6.1 Dirichlet form

From Section we know that (K});>o is symmetric and strongly continuous contraction

semigroup on L?(R). Following [19, p. 3] or [33, p. 23], for t > 0,
1
ED(u,v) = ¥<u — Ky, v) 12w, u,v € L*(R),

is a symmetric form on L?*(R). From general theory (see e.g. [19], [33]) it turns out that
for u € L*(R), £®(u,u) is non-negative. Moreover, if t > 0 decreases, then £® (u,u)
is increasing (it follows from the spectral representation of (K});>o). Therefore, the limit
lim €D (u,u) = sup E® (u,u) exists, and we may then set

t—0t

F={uec L*R): lim £V (u,u) < oo},

t—0t

E(u,v) := lim £V (u,v), u,v € F. 6.1)

t—0t

Then £ becomes a closed symmetric form on L?(R) corresponding to the semigroup (K)o
(see [19, Chapter 1, p. 3]). Moreover, from Lemma it follows that for each ¢ > 0 the
operator K; is Markovian, i.e. foru € L*(R), 0 < u < 1 we have 0 < K;u < 1. Hence,
from [35 Theorem 1.4.1], the form &£ is Markovian (for the definition of Markovian property
of symmetric forms see e.g. [33, p. 4]). Therefore, the form (£, F) corresponding to the

semigroup (K)¢>o is in fact a Dirichlet form.

85
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In what follows we will use the following abbreviation: E[u] := E(u,u), u € F. We
want to extend this definition to the whole space L?(R), by setting £[v] = oo if v ¢ F. This
convention will be useful in the formulation of the Hardy inequality for the form &.

From the general properties of the Dirichlet forms we can prove the following (see proof

of the Theorem 1.4.2 in [33])): if uy, us € F, w € L*(R) satisfy
lw(x) —w(y)] < fui(@) —w(y)| + Juz(z) —u2(y), 2,y €R,
(w(@)| < Jui(z)] + [ua(z)], = €R,

then w € F and

VEW] < VE[ur] + /E[ua]. (6.2)

By taking uq,us € F and w := uy + us € LQ(R) from (6.2) we obtain the following triangle
inequality for £/2

VEuL + ug) < V/Euy] + v/ Elusl, Uy, u € F. (6.3)

Hence, from the definition of the form £ and from the property (6.3), it follows that in fact
\/S_H is a seminorm on F. From (6.3)) it follows also that F is in fact a linear subspace of
L*(R).

On the space F we define an inner product (-,-) and a norm ||-|| - by the following
expressions:

<U, U)]-— = <U7U>L2(R) + 5<U,U), u,v € f7

lullz = llull 2 + €M),  ueF. (6.4)

The fact that (-, -) 7 is an inner product is an elementary exercise, and we will not present its
details. Moreover, let us observe that the norm ||-|| ~ is norm induced by the inner product

(-,-) 7. Then from the fact that £ is a Dirichlet form, (F, ||-|| ) becomes a Hilbert space.

6.2 Hardy inequality

In this short section we prove the Hardy inequality for the Dirichlet form £ on L*(R). To
prove it, we use the methods proposed in Bogdan, Dyda, Kim [10]].

Theorem 6.1 (Hardy inequality). For u € L*(R) and o € (0,1) U (1, 2),

£lul z(ca+pa)/u2(x)|xy—adx+ca ()] dx, 6.5)

D De
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Proof. Let hg(x) = |x|f for B(a — 3 — 1) > 0 and v := u/hg, with the convention that for
hs(x) = 0 or oo, we have v(z) = 0. Of course vhs € L*(R), because |vhg| < |u|. Moreover,
from Corollary we know that vK;hs € L*(R). Therefore, for ¢ > 0 we have

1
EWvhg) = 7 (v(hp = Kihg), vho) o) +  (Eihg — Ki(vhg), vhg) 2wy =2 Ay + By.

1
t
We observe that from the inequality ab < %(a2 +0?),a,b € R, and Lemma

% / de / Ky(x, dy) v(@)hs(z)v(y)hs(y)

1 N 9 1 2 2
< 2—t/Rdx/RKt(x,dy)v (w)h,g(iv)—i-Q—t/Rdl’/RKt(%dy)v (W)h3(y)
_% RdI/RKt(x,dy) v (x)h(x) + %/qu;/RKt(x,dy) v(x)hj(x)
_ %/Rdx/RKt(x,dy) o () W3 (x)

1
< n / v*(z)hy(x) da < oo.
R

Hence, also from Lemma[3.3}

Bi= 1 [ do [ Kiady) o@hatalha)(v(w) = o(v)
— 4 [@r [ Kile.ay) P@hs@hats) - § [ do [ Kita,dy) olahste)oha)
=+ [ [ Ke.an Pwhahste) ¢ [ @ [ K. dg) olehs@rmha)
=+ [ o [ Ko dn) v )bate) (o) - vle))

Moreover, from the above equalities, we can write that

1
Bi= g [ do [ Kl dy) ha(o)bs(u) (0(0) — v(0))* 2 0.
R R
From that fact, we get the following inequality

dz.

EO[uhy] > A, = /R o2 0y () 2= Tl

From Corollary[3.21] the integrand is non-negative and then from Fatou’s lemma and Theorem

5.15/we have

dx

E[vhg] > /RUQ(x)hB(x) liminf 12 (®) = Kihs(2)

t—0t t
:Am/vz(:v)h%(x)C(a,B,x)mr“ dx.
R
Thus,

Elu] > (Cop —i—Da,g)/ u?(z)|z| " dz +Cap w?(z)|z| > dz, (6.6)
D De
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where

Cop=Ala [ofl - BB+ 1,a— ﬁ)], Dop = —Aray(a, B).
The fact that C, 3 > 0 and D, g > 0 follows also from Theorem 5.15]

Now, we will show that the constants C, 3 and D, g have the biggest values for 8 =
(av — 1)/2. Recall that

LA —1)(1 — =B
D,sg=—-Ai . dt,
B A, /o (1= t)otT

and define the function ( 5 Y 5 1)
tP—1)(1 =t P~

t) =

u(/B’ ) (1 _ t)a+1 bl

where ¢t € (0,1) and f(ov —  — 1) > 0. We will calculate the derivative

)
B

We want to use [S7, Theorem 11.5] to change the order of derivative and integral. Obviously,

8 1
D.p = _Al’a%/o u(p,t)dt.

the function (0,1) > t — wu(f,t) is integrable for each considered /5 and the function 3 —
u(,t) is differentiable for each ¢ € (0, 1). Moreover, note that for ¢ € (0, 1),

0
—u

I L1 N p
’aﬁ (B,t)' = t7 —t . (6.7)

(1 _ t)oz—i—l
We will show that, for ¢ € (0,1) and f(aw — 3 — 1) > 0,
(7 — P < 1=, (6.8)

We consider two cases. First, assume that 1 < < 2and 0 < 8 < a — 1. Then for

B € (0, ‘XT_I), to—1 < ¢o=1-28 apd

1=t =1— ' > 1= > P (1 =1 72P) = 4f Pl = | — P
Similarly, for § € [%5+, a — 1), t*~! < ¢?/~**! and
e e e e B e e O e I R A VA A

Now assume that 0 < o« < land @ — 1 < § < 0. Note that (6.8) is equivalent to the

inequality
478 — G-l < |1 - g, 6.9)

Lety:=2—a € (1,2)and 0 := —f € (0, — 1) and from the first case we get the following
inequality

)
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which is equivalent to the inequality (6.9). Thus, we have proved (6.8) in the second case.

From and (6.8)) we have

0 | In | .
— ) < ———[1 =t 6.10
0] < -y (6.10

Moreover,
1
| Int| .

I := ——— |1 =t dt . 6.11
gt el o e

We will show that again in two cases.
Assume that o € (0, 1). Note that for ¢ € (1/2,1) we have |Int| ~ 1 —tandt* ' —1 <
t=' —1=(1—t)/t. Then

1/2 1
J:/ ULﬂ(ta—l—l)dH/ M(ta_l—l)dt
0

1 — t)o‘+1 1/2 (1 _ t)a—i—l

< |Int| o' dt +/ —
/0 1/2 t(1 — )t

1/2 1 dt
5/ |1nt|ta_1dt+/ ——— < .
0 12 (L—1)~

Now let o € (1,2). Then for ¢t € (0,1), 1 —¢*~! <1 — ¢. Hence,

V2 | 1nt| U Int
I= — 1 (1= YHdt — (1 —tYHde
[ g +/1/2 gt )

1/2 L nt
5/ |1nt|dt+/ el
0 12 (L—=1t)

1/2 1 dt
~ Int|dt +/ — < 0.
/0 | | 1/2 (1 —t)t

Thus we have proved (6.1T).
Therefore, from [57, Theorem 11.5] we obtain that

0 V' Int
—Dog=A1, | ———[t Pt %l dr.
Bk B 1, /0 (1 _ t)a—H [ }

Note that for § < (a —1)/2, %Da’g > 0 and for § > (o —1)/2, %Da75 < 0. Hence,
D, s has the biggest value for 5 = (o — 1)/2. Moreover, from the proof of Theorem|5.15} it

follows that the constant C,, g has the biggest value also for § = (o — 1)/2.

Thus, by taking the maximum over 3 € (0,« — 1) in (6.6) we get the desired inequality:

Elu] > (Caya—1)/2 + Day(al)/g)/ u2(x)|x|_°‘ dz +Ca7(a1)/2/ uz(:v)|x|_°‘ de. O
D

Above we have proved the Hardy inequality for o € (0,1) U (1,2). In case a« = 1 the
above proof is also valid, but with this method we will obtain only trivial inequality of the
form E[u] > 0, u € L*(R).

From Theorem [6.1] we have obvious corollary.
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Corollary 6.2. Foru € L*(R) and o € (0,1) U (1, 2),

/Ruz(x)mo‘ dz < Eul.

6.3 The characterization of a domain of the Dirichlet form

Recall that D = (0, 00) and define the form £p on L*(R) with its natural domain D(Ep) as
follows:

E(u,v) = / / o (1)~ ) o)Ay, v € ),

and
D(Ep) :i={u € L*(R) : Ep(u,u) < oo}

Similarly, we write Ep|u] := Ep(u, u). Note that the set R x R\ D¢ x D¢ in the definition of
Ep is equal to the sum (D x D) U (D x D) U (D¢ x D).
We want to define a norm on the space D(Ep). For this purpose we prove the following

lemma.
Lemma 6.3. A function p : D(Ep) — R defined by p(u) := \/Eplu] is a seminorm.

Proof. The absolute homogeneity follows immediately from the definition of the form &p.
We will prove the triangle inequality for p, i.e. the inequality p(u + v) < p(u) + p(v),
u,v € D(Ep). We will use the analogous methods as in the proof of the Minkowski inequality
(see Stein and Shakarchi [[64, Theorem 1.2]).

Let u,v € D(Ep). From the inequality (a — b)? < 2a® + 2%, a,b € R, we get
o) = [ fule)+ol) — uly) — o)) dedy
RxR\D¢x D¢
< 4Eplu] +4Ep[v] < oo,

which means that p(u + v) < co. Moreover, we may assume that p(u + v) > 0, because if
p(u + v) = 0, then the triangle inequality for p is obvious.
From the inequality |z + y| < |z| + |y

)= [ () o) - ) o)l dedy
<

, 2,y € R, and from the Holder inequality we get

< //R - lu(z) — u(y)||u(x) + v(x) — uly) —v(y)|v(z,y) dedy
+ //M\Dcwc w(z) — v()|Julz) + v(z) — uly) — v(y)|v(z,y) dz dy

< 2p(u)p(u +v) + 2p(v)p(u + v).
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Dividing both sides of the above inequality by 2p(u + v) we get a desired triangle inequality
for p. [

In what follows we will also consider the inner product (-, )¢, and the norm ||| corre-

sponding to the form £p defined by the following expressions:
(u,v)e, = (u,v) 2wy + Ep(u,v), u,v € D(Ep),

lullg, = llullzz@ + Epldl,  u € D(Ep).

In this section we propose the connection between the Dirichlet form (&£, F) corresponding

to the semigroup (K} );>o and the form (€p, F*), where

Fri= {u € D(€p) : /Ru2(l‘)|l’|_a dz < oo}

The first connection is established in the following proposition, which describes the explicit

form of the Dirichlet form £ on the smooth functions with compact support.

Theorem 6.4. Let u,v € C°(R*). Then u,v € D(Ep) N F and
E(u,v) =Ep(u,v). (6.12)

Proof. We will show that C°(R*) C D(Ep). Let u € C°(R*) and observe that it is obvious
that there exist f € C°(D) and g € C° (Ec) such that w = f 4 ¢g. From the inequality
(a+b)? < 2a* + 2b%, a,b € R, it suffices to show that f, g € D(Ep).

It is obvious that f, g € L*(R). Note that from Tonelli’s theorem,

// FW)v(z.y dxdy+/ f(2)v(z, D) da. (6.13)
DxD
From (2.13) it follows that
[ w0 I [ el de <
supp(/f)

hence it suffices to show the finiteness of the first integral in (6.13]). From the fact that f €
C2°(D) and by the symmetry it is obvious that

//DXD(JC(JU) — f(y))?v(z,y)dzdy
</ / (o D) U(DXsupm(f (2) — £(y))2v(, ) dody
B 2/suppfd“‘ / dy (f(2) = f(9)*v(,y)
~ /suppfdx /Dﬂ{y—x|<1} dy (f(z) = f(y))?v(z,y)
! /suppf o /Dnﬂy_ﬂzu dy (f(z) = f(®))*v(z.y) = A+ B.
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In case of the integral A we note that from Lagrange mean value theorem |f(z) — f(y)| =
|f'(c)||x — y|, where ¢ lies between x and y. Moreover, for |y — x| < 1, |f'(c)| < M for some

constant M > 0. Then,

AS / dx/ dy |z — y|*v(z, y) ~ / dx/ lw'™* dw < oo.
supp f {ly—zl<1} supp f {lw|<1}

Moreover,

palfll [ e ageyeis [ ar [ aglte
supp f {ly—=z|>1} supp f {lw|>1}

Thus we have proved that Ep|[f] < co.

Similarly,

Eplg] =/ g*(x)v(z, D)dx < Hgllio/ 2| dz < oo.

supp(g)

Hence, f,g € D(Ep).

Let u,v € C2°(R*) and recall that

E(u,v) = tl_i>rg1+ % : [u(z) — Kyu(z)]|v(z)dz
= tli%i % : [u(z) — Kyu(z)]v(z)dz + tl_ig{r % . [u(z) — Kyu(z)]v(z) dz
=1+ 11 (6.14)

Therefore, without loss of generality, in what follows, we may assume that ¢ € (0, 1).

Let > 0. From Corollary [3.4]
1
i [u(z) — Kyu(z))
1 I
- ;[u(x) — PPu(z)] - ;/0 dr/Ddy/cdzpf(a:,y)y(y,z)Kt_ru(z). (6.15)

We will show that

CP(u,v) ;= lim 1 [u(z) — PPu(z)]v(z) dz

t—0t ¢

- %/Dd“”/pdy (u(z) = u(y))(v(x) = v(y)v(z,y) + / u(@)o(@)(z, DY) da,

D
(6.16)

The exact form of the form C” for the process Y is commonly known (see e.g. Fukushima et

al. [35) Theorem 4.5.2, p. 185]), but we propose its proof for completion of the argument.
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Note that u(z) = u(z)pP (z, D) + u(z)(1 — pP (z, D)). Thus,

%/D [u(z) — PPu(z)]v(z) dz

- /Ddx /D dy (u() - “@)M@M + /Du(x)v(x)l_pt—(x’D) b
=: Ay + By.

From ([2:22) it follows that p;’(z, y)/t S v(z,y). Moreover, from the inequality ab < 1(a® +
b?), a,b € R, we have

[ @ [ aylute) - utg) ot 25

< |!U||oot_1/ dl’/ dy (Ju(@)] + [u(y))p (2, y)
DN supp(v) D
<ol bl [ @D [ a [ ey
DnNsupp(v) DnNsupp(v) Dnsupp(u)
< lulloo 1olloe £ [Isupp(v)] + ¢/ | supp(v)| - [supp(u)]] < oo.

From the Fubini’s theorem and from the symmetry of p”,

At:/Ddx/Ddy(u(x)_u(y))v(x)p?(fay)
_/Ddx/Ddy (u(z) —U(y))v(y)zm.

t

Hence,

—5 [ @ [ avtute) - st iote) - o) L.

Note that from the inequalities p(z, y)/t < v(z,y) and ab < 3(a® + b*), a,b € R, and from
the fact that

/ dz / dy [u(z) — u(y)|[v(z) — v(y)[v(z,y)

<5 [ o [ ) —uPrien)+ [ do [ due) - ow)ive.

<8D ]—i-gD ] o0,

it follows that we can use the dominated convergence theorem to obtain that

s =3 [ o [ )~ a0 - o) i L

t—0t+ t

_ % /D dz /D dy (u(z) — u(y))(v(z) — o(y))v(z, y).
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The latter convergence follows from Lemma 5.8

From (2.23)), (2.26)) and from Corollary [5.4]it follows that

1- D)
pt L /ds/dy/ dz pP (x, y)v(y, 2) < |z, (6.17)

and

/ w(e)o(@)|e]* dz < [lull, o]l / 2] de < oo,
D D Nsupp(u)

Therefore, again from the dominated convergence theorem, (6.17) and Lemma [5.12]it follows

that

lim B, = /Du(x)v(m) lim 1_p+($’D)dx = /Du(x)v(x)y(a:, D) dzx.

t—0t t—0t

Thus, we have proved (6.16).

Further, from the fact that | K;u(z)| < ||ul|..,t > 0, z # 0, and from Fubini’s theorem,

D=t [ [ [ aspPmts s )

1
[ [ ] [ sbi i dy] Kigooute)
0 e D
1
:/ dr | J(tr,z, z) Kyq—pu(z) dz.
0 De
m

From Corollary [5.3] and from (2.4)),
. 2| \—/2 tr
j(tT,I,Z)th(l_,«)u(Zﬂ 5 HuHoo (tr) (1 A (t?”)l/o‘) |LU _ Z|O‘+1
2] \ o/ —am
Shull (1A-7g) =2

and

1 —a/2
/ d?“/p 1/\ |1Z/|a> |z — 2|7 tdz
L 1 0
/ dr/ —z|°‘1dz+/ dr \/_|z\ o2y — 2|77t dz

§/ |z — 2|7 1dz—i—/ \/_dr/ |z|’a/2|a:—z|’o"1dz<oo.

Therefore, from the dominated convergence theorem, Lemma([5.10]and Lemma[4.13]it follows

that

lim C(t, x) / dr/ lim J(tr,z, 2) Kyq—ryu(z )dz:/ v(z,z)u(z)dz.  (6.18)
D c

t—0t c t—0t
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From Corollary [5.4 we have

I o
[ [ a [ @t e K ) S
0 D ¢

/ v(x)lz|"*dr < HUHOO/ |z| % dz < oc.
D D Nsupp (v)

Hence, from the dominated convergence theorem and from ([6.18)),

lim v(x)C’(t,x)dx:/ v(z) lim C(t,x) dx—/ d:c/cdyu wi(z,y).

t—0t D D t—0t
(6.19)

and

Combining (6.13), (6.16) and (6.19) we get
1= [ o [ dy(u@) — ue) o) = o)ta.n)
+ /D do / dy (u(2) - u(y)o(a)v(z,y). (6.20)
Now assume that z < 0. From Corollary [3.4] we have

1 — e vnD I —v(z,D)r
—[u(z) — Kyu(z)] = u(m)f - ;/0 dr/Ddye y(z,y) Ke—pu(y).
(6.21)

Moreover, from the inequality 1 — e™ < z, x > 0, and from the fact that
ue)ol@)lv(e, D) do < ul el [ 272 dz < oo,
Densupp (u)

we can use the dominated convergence theorem to obtain that

Dec

1— e—u(x,D)
im [ ulz)o@) e gy = / w(@)o(z)v(z, D) d
t—0+ Dc t
/ dx/ dy u(x z,y). (6.22)
Furthermore,

e [ ) Koyl dy < vl D)

D
1
[ @ [ arpwen sl [ <o
e 0 Densupp (v)

Then, from the dominated convergence theorem and from Lemma[.13]

lim l / dr/ dy e @Dy (2 ) K u(y )} dz
t—0t

= lim dx/ dr v(z)e @D /I/(x,y)Kt(l_r)u(y) dy
D

t—0t Dec

and

/ dz dr v(x) lim (:L‘, y) Kiya—mu(y) dy
c t*)O

/ dx/dyu y) (6.23)
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Combining (6.21), (622) and (6:23) we get
7= / da /D dy (u(z) — u(y))o(@)v(z, y). (6.24)
From (6.14), (6.20) and (629,
=5 [ o [ @) = ut)wle) = vlo)ia.y

4 /D dz / dy (u(2) - uly)o(x)v(z,y)

+ / da /D dy (u(x) — u(y))v(@)v(z,y). (6.25)

Note that from the inequality ab < %(a2 + %), a,b € R, it follows that

/dx/cdyM(:ﬁ) —u(y)||v(x)|v(z,y)
/dx/cdy u(y)) V<x,y>+%/Dv2(x)y(x,DC) dz

< Eolul + 3 [l / 2] < oo
D Nsupp(v)

Thus, from the Fubini’s theorem and the symmetry of v we get

[ ae [ ay(uta) = ue@te) = [ dy [ do(ut@) — u)o@)
- [ ds [ dytute) - wtetoiz. ).
Hence,
[ de [ ay(ute) ~ ut)otape.)
=5 [ [ v —u@rien - [ @ [ ayu) -

(6.26)

Similarly, we prove that

[ o [ av o) et
_ %/Cdx/Ddy (u(z) — u(y))v(z)v(z,y) — %/Ddx/cdy (u(x) — u(y))o(y)v(z, y).

(6.27)

Combining (6.23)), (6.26) and (6.27) we get (6.12), which completes the proof. ]

The above result gives us explicit form of the Dirichlet form £ only for the smooth func-
tions with compact support. To extend this result for a larger set of functions, we will study

equivalent definitions of the domain F.
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Lemma 6.5. For u € L*(R), Eplu] < E[ul.

Proof. From Lemma [3.10] we have

£0[y] % /R [u(@) Ky, R) — Ku(z) + u(@)(1 — Ki(z,R))]u(z) de

=4 [ o [ Kwdy) o)~ ut)ute) + [ @) (1~ Kifo R) do
> / da / Kol dy) (u(e) — uly))u(z). (6.28)

Moreover, [, u?(x)K;1(z)dz < oo and then from Lemma 3.5]

[ o [ Kited) ule) = atwute) = [ o) Kin)de — [ uto)Kiale) da

/Ktu da:—/ ) Kou(z) da

_ / dz / Ky(z, dy) (u(y) — u(z))u(y).
R R
Hence,

[ [ Eua) (ute) = atwute) = 5 [ de [ Kwdy) (06) —u). 629

Recall that K; 1 (z, D) = 0 for z > 0 and K, ;(z, D¢) = 0 for z < 0. Combining (6.28)) and
(6.29) we obtain that

/dx/m . dy) (u(e) = uly)
o [ aypPeute) —u)? + 5 [ do [ Kusle,dy)(uto) - uiw)
/ Ko, dy)(u(e) = u(y)

g [u]

v

Sl 51— ]

\\\

v

\
o
<
Sy
%%
<

<y,D><t—r>}

1
/dx/dy ;/dr/dbe” xbpt,,(by)}
0 D
L

From the Fatou’s lemma, Lemma [5.8] and

l\DIH[\p
\
\
H~|H
O\ @
Q.

=
S
o,

S

'ﬁ

<

E%

Q

which is our claim. ]
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Foru € L*(R) and A C R we set

u(z), =€ A,

0, r ¢ A

ua(z) == u(x) 1, (x) =

Of course uy € L*(R) and u = up + upe a.e. With such definition, we have the following

lemma.
Lemma 6.6. Let u € F*. Then each of the functions up and upe belongs to D(Ep).

Proof. From (2.13) we have

Eolun] =5 [ [ (ule) — ) Puta)dedy+ [ vl D) da

< Eplu] +/ w?(x)|z|~* dz < oo.
D

Then similarly,

Eplupe] = /cu2(x)1/(a:,D) dz %/ w?(x)|z|~* dz < oo. O

c

Lemma 6.7. Let u € L*(R). Assume that there exists a sequence (u,) C C°(R*) such that
[u = un||z — 0asn — oo, then ||u — uy,|lg, — 0asn — co. Conversely, if there exists
(un) C CF(RY) such that ||u — unl|¢, — 0asn — oo, then ||u —u,||z — 0 asn — oo.
Hence,

WMF _ W||‘“£D.

Proof. Assume that there exists (u,) C C2°(R*) such that ||u — u,|| — 0. Then (u,) is a
Cauchy sequence with respect to the norm ||-|| -, i.e. ||ty — U |% = ||t — um||i2(R) +Eun—
Um] — 0asn,m — oco. From Theoremwe get that ||u,, — umHiz(R) + Eplun — upm] — 0
as n,m — oo. Thus [ju, — unll¢, — 0, n,m — oco. From the fact that £p is closed and
symmetric form (for the proof of the closedness see Voight [65, Lemma 2.19]), it follows
that there exists U € D(Ep) such that [|u — u,||o, — 0asn — oo (see [35, p. 4]). We
have obtained so far that in particular |[u — uy|| ;2 g) — 0 and [[U — wy || 2 gy — 0, n — oc.
Hence, from the uniqueness of the limit in L?(R) it follows that @ = wu a.e. Therefore,
[w = unlle, = U = un|le, — 0asn — oo.

We know that £ is a Dirichlet form, hence it is closed. Therefore, the second implication

follows in the same way. ]

Lemma 6.8. Ifu € D(Ep) and u = 0 a.e. on D then there exists a sequence (u,) C C°(D")

such that ||[u — up||¢, — 0asn — oo.
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Proof. Note that

||u||‘2€D = /DC lu(z)]*(1 + v(z,D)) dz = / [u(a:) 1+ v(z, D)}2 dz. (6.30)

Dc

Let f(x) := u(z)\/1+ v(z, D) for € D°. Then from (6.30) it follows that f € L*(D").

From Lemma 3.1 in 63 p. 222] it follows that there exists a sequence (f,) C C2(D") such
that || f — fall 2¢) — 0 as n — oo. Therefore,

I = £l / @)= fu@Pdo = [ [uta)/ T D) - fofo)]

2
_ / [ (x) — un(ﬂ:)] (1+ v(z, D)) dz — 0, 6.31)
where u,(z) = % for z € D°. It is an easy exercise to show that u, € C=(D").

From (6.30) and (6.31)) we get
lu—ualz, = / [u() — un(2)]” (1 + v(z, D)) dz — 0,
asn — oo. [
Theorem 6.9. For o € (0,1) U (1,2) we have the following equalities between the domains:
F o e - oo e - gE@

Proof. Note that the inclusion W”IH; C F is obvious by the definition. Therefore, from
Lemmait suffices to show the following inclusions: F C F* C W”"‘g’?.

Assume that u € F,ie. u € Lz(]R) and E[u] < oco. Then from Lemmal6.5] £plu] < occ.
Moreover, from Corollary. Jp v?(2)|z|~*dz < E[u] < co. Hence, u € F*.

Assume that v € F*. From Lemma it follows that up and upe belongs to D(Ep).

— %//RXR(u(x) —u(y))v(z,y) dz dy,

and by Fiscella et al. [34, Theorem 6] it follows that there exists a sequence (f,,) C C°(D)

Note that

such that [lup — full o) + Sé/Q[uD — fa] = 0asn — oo. Therefore, |lup — fulls, — 0as
n — co. Moreover, from Lemma (6.8 for uze there exists a sequence (g,) C C°(D°) such
that [lupe — gullg, — 0asn — oco. Forn € Nletu, := f, + g, and note that u,, € C°(R").

Furthermore,

lv = unlle, = (up = fu) + (upe = gn)lle, <llup = fallg, + llups = gnlle, =0,

asn — oo. Thus u € C’g"(R*)”.HgD. O
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For an analogous result to this one given in Theorem [6.9]see [[14] Proposition 6.3].

In terms of Dirichlet forms, we may then say that the form (€, F) is in fact regular. Indeed,
by the general theory of Dirichlet forms (see [35, p. 6]) it follows that the symmetric form &
is called regular if there exists a subset C of F N C.(R*) such that C is dense in F with norm
||-|| = and dense in C,(R*) with uniform norm. The set C is then called a core of the form £.
From Theorem [6.9]it follows immediately that C = C2°(R*) is a core for (€, F). According

to this, we get the following corollary.

Corollary 6.10. For o € (0,1) U (1,2) the form (€, F) is regular.

The next proposition describes the explicit form of the form £ on the larger class of func-
tions than in the Theorem

Theorem 6.11. For o € (0,1) U (1,2) and u € WMF’
Elu) = Eplul.

Proof. Let u € Cgo(]R*)H'”F . Then there exists a sequence (u,) C C°(R*) such that
| — tnl|z = 0, n — oo. From (6.3)), (6.4) and from Theorem|[6.4]it follows that

VE] = VE[(u—un) + un] < V/Eu—un] + V/E[un] < [Ju— Unl 7 + /Eplun).

By taking n — oo, we get

VEu| < li_)m VEp|un]. (6.32)

We will show that Eplu,] — Eplul, n — oo. Indeed, from Lemma [6.7] it follows that

[ — g, — 0asn — oo and then from Lemma 6.3] by the inverse triangle inequality for

VEp|], we have
‘\/5D[u] - \/SD[unH < V&plu —uy] < ||u—uplle, — 0, (6.33)

as n — oo. Thus, from (6.32) and (6.33) we get the inequality E[u] < Ep[u]. Which together
with Lemma [6.5]ends the proof. O




Chapter 7
Boundary problems

This chapter is devoted to finding the direct solutions of two nonlocal boundary problems.
For this purpose, we use the Dynkin characteristic operator, which is defined in Section 7.1.
The first problem involves the A-potentials (or the resolvents), see. Corollary [7.2|below. It is
a well-known formula for the Feller generators (see e.g. Dynkin [31, Theorem 1.1, p. 24])
and we prove that it holds in our case also for the Dynkin characteristic operator. The second
problem is the main result of this chapter — we prove that with certain assumptions on the

function f, the solution of the Neumann boundary problem

(_A)a/2u = f7 in D7
Nojpu = f, in D’

is given by the Green operator GG of K.

7.1 Dynkin characteristic operator

The Dynkin characteristic operator for the process X = (X;);>o is defined by the following

expression

Di(e) = tim 22 Ermen) = /(@)

r—0+ EITB(%T)

, v #0. (7.1)

Here z € R* and a function f are such that the limit exists.

Assume that z > 0 and a function f are such that the limit exists. Then, from the
construction of the process X, from Lemma 3.8 and from the Ikeda—Watanabe formula (2.25)
it follows that B, f (X, ) = EY f(Ys,, ) and E,7p( ) = E} 7p(,). Hence,

Y _
Df(z) = lim B /o) ﬂgj), x> 0.

r—0t E;/TB(J;W)

101
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Moreover, from Kwasnicki [47, Lemma 3.3] it follows that
Df(x) = —(=A)**f(z) = p.v. /(f(y) — f@)v(z,y)dy, x>0, (7.2)
R
i.e. the operator D, for x > 0, is the fractional Laplacian on R.
Now, assume that f is bounded and let x < 0 and r € (0, |x|). Then, from the construction

of the process X, it is obvious that

v(z,y)
B f(Xoye) = [ Fkody) = [ 1) 252y
plen D D v(z, D)
and
B 1
2 TB(z,r) = ~ 7 v
Blmr) v(z, D)
which follows from the fact that for z < 0, 7p(,, is the random variable from the exponential
distribution with mean 1/v(x, D). Hence,
Df(e) = ~Nopf(0) == [ (fa) = f@wle)dy. <0, 03
D
1.e. the operator D, for x < 0, is the nonlocal normal derivative (see e.g. Dipierro et al. [29]).

Further, note that from (7.3)), we also have the following equality:

Df(x) =vf(z) = f(x)v(z, D). (7.4)

7.2 The \-potentials

Here assume that f € C,(R*) and define the A-potential, A > 0, of the semigroup K =
(K)e=0 by
Upf(z) = E, / M F(X,) dE = / MK f(x)dt, x40,

0 0
Then of course U, | f| < oo for all A > 0. Indeed, for z # 0, from Lemma 3.10]
Glfl) = [N EI@ <l [ e ) d
0 0
<Ml [ et =2l < .
0

Proposition 7.1. Let o« € (0,2), A > 0 and f € Cy(R*). Then, u = U, f is the solution of the
equation (D — \)u = —f in R*.

Proof. For A > 0 and f € Cy(R*), u = U, f is well-defined. From [31, Theorem 5.1] it
follows that

]EQ; (e_ATB(m,T)U(XTB(l"T))) = u(l‘) — ]E:E/ 7 e_Atf(Xt) dt.
0
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Recall that we may use cited theorem, because from Chapter 3.3 in Dynkin [31] it follows
that each right-continuous process is strongly measurable.
Hence, for = # 0,
EQ} 1 - e_ATB($’T) u X’T 1 TB(z,r)
Du(z) = lim I JuXrnan)] lim —F, / e MF(X,)dt
0

r—0t E:vTB(a:,r) r—0t E:ETB(z,r)

= 1 1II. (7.5)

Assume that z > 0. Since 7p(;,;) < C(l), we have X; = Y; for t < 7p(,,). Therefore,

from Fubini’s theorem,

TB(z,r) TB(z,r)
E, / e Mf(X,)dt =EY / e Mf(Y;) dt
0 0
=E) / e M F(Y2) Yooy (TB(ay) dE
0
= / ]E;/ [e_ktf(}/t) 1[,5700) (TB(x,r))} dt
0

= / Eq [e7f(z + Y1) Lpoo) (TB0m)] dt.
0
From the scaling property of (Y, 7g(.,)) With respect to PY (see (2.6)) and again from the
Fubini’s theorem,

TB(z,r) S
E?:/ G_Atf(y;t) dt = / E(})f [B_Atf(l‘ + TYT—at) 1[15700) (TOCTB(OJ))} dt
0

0

TTB(0,1)
=EY / e M f(x 4+ 1Y) dt.
0
Using the substitution s = %t we get
TB(z,r) TB(0,1) o
EY / e MY dt = r*EY / e M f(x +rYy) ds.
0 0

Moreover, from the shift invariance of the process Y, EY 75,y = E§ 70, = r*E} 75(0,1)-

Hence, from the dominated convergence theorem,

1 TB(z,r)
II = lim ——E) / e Mf(Y,) dt
(z,r) 0

r—ot EY7p

1 TB(0,1) o
= lim —Eé// e f(x + 1Y) ds = f(x). (7.6)
(0,1) 0

r—0+ ]EO B
In case of the limit / we proceed similarly: from (2.7)),

Eg |:(1 - 67ATB(IJ)>U(}/TB(9:,T))j|

I =l
rir[?'*‘ E;/TB(QU r)
BV ey 4 1Y, )]
r—07t ro EO TB(0,1)
1 1— —Ar%TB(0,1)
lim EY ‘ u(@ +1rYr0,)

E TB(0,1) r—0+ re
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Note that u(x fo ‘“Kt (x)dt is bounded, which follows from the fact that f is
bounded. Moreover, from Theorem [3.16] it follows that the function R* > z +— wu(x) is
continuous. Hence, from the inequality 1 — e™* < z for z > 0, it follows that we can use the

dominated convergence theorem to obtain that

1 v [, 1—e?B0n
= EYTB(O 1) Ho rlgélJr ro u( + TYTB 0,1)

)| = Au(x). (7.7)

Combining (7.3), (7.6) and (7.7) we obtain the equality Du(z) = Au(x) — f(x), 2 > 0.

Now assume that 2 < 0. From the construction of the process X and from Lemma [3.§]it

follows that
E.[(1 — e M)u(Xp, )]
E,.R;

= v(z, D)E,[(1 — e M )u(Xp,)]
= v(z, D) / ds/ dy e Pl u (2, y) (1 — e )u(y)
:/0 v(z, D)e P (1 — ‘AS)ds/Dv(x,y)u(y) dy

I =

A
=—V . 7.
e T (7.8)
Similarly,
1 Sy
1] = E —dt
f($> Ele x/(; ‘
= f(z)v(z, D)X\ 'E,[1 — e "]
= f(x)v(z, D))\l/ vz, D)e’”(x’D)s(l —e ) ds
0
v(z, D)
_ 7.9
05 By 7.9
Combining (7.3), and (7.9) we obtain the equality
A N v(z, D)
D = — - —_— 0. 7.10
) = s ule) — fa) A 1.10)
From (7.4)) the equation (7.10) takes the form
A v(z, D)
D =—7—|D D)| — —_— 7.11
ula) = iy [Puta) +ule)vle, D)) = fla) o0
which is equivalent to the equation Du(x) = Au(x) — f(z), z < 0. O

From Proposition [7.1], (7.2) and (7.3)) we have the following corollary.
Corollary 7.2. Let o € (0,2), A > 0 and f € Cy(R*). Then, w = U, f is the solution of the

following Neumann problem for the fractional Laplacian
[(=A)*2 4+ MlJu = f, inD,
[(Nojz+MJu =f, inD".
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7.3 The 0-potential

In this section, we assume that f € C.(R*), i.e. f is a bounded continuous function with

compact support. We define the 0-potential or the Green operator of the semigroup K =
(Kt)e=0 by

_IE/ F(X,)dt = /Kt z 0. (7.12)
Lemma 7.3. Forz # 0, a € (0,2), B(a— 5 —1) > 0, G|z|’~* < .

Proof. Let z # 0. Recall that hg(z) = |z|°. From Theorem

tim W Do) g a5 )y > Gl B w A0, (L13)

t—0+ t

where Ci(a, 8) :== A o[at = B(B+1,a — B)]. For s,t > 0, from Corollarym hg —
Kihs > 0and K,[hg — Kihg|(z) > 0. Hence, from (7.13) and from Fatou’s lemma,

mwﬂzft/&@@mwws

/ /K (2. dy) lim, hs(y) — Kihs(y)

t
< (Ci(e, B)) " lim inf /O Tk, {M] (z)ds

t—0+ t

1 o0
~ lim inf ;/ [Kshs(x) — Kopihg(x)] ds
0

t—0t

1 00 it
= lim inf — Kh — Koh ds. 7.14
it [ et = Keante] 7.14)

Again, from Corollary 3.21 for s,¢ > 0, K;y,hs(z) = K,(K;hs)(z) < K,hg(z), hence the

function s — K hg(x) is non-increasing. Therefore, from (7.14),

t—0t

G|x|ﬂ < liminf - Z/( K- 1thﬂ( ) — K(i+1)th5(:):)] ds
i— 1

=liminf > [K(i1yihs(x) = Kiyyihs(r)] (7.15)

Note that for every n € N,

n

ha(w) + Kihg(x) = Y [Kinihp(x) — Kginphs(@)] + Kuhs(r) + Kpihs(e),
=1
SO

hs(z) + Kihg(x Z (i-1ihs(x) — Kpayihs ()] (7.16)

From (7.13), and from Theorem@],
Glz|f~ < limigf [hs(x) + Kihg(z)] = 2hs(z) < oo. O
t—0
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The following corollary is an immediate consequence of the previous lemma.

Corollary 7.4. Let © # 0, a € (0,2) and f(ov — 5 — 1) > 0. If f is a function such that
[f(@)] < ||, then G|f

() < oo. In particular,
e G(1+ |z|)7 " < oo for every k > 0,
* if f is a bounded and compactly supported function on R, then G| f|(z) < oc.

Proof. We will prove that G(1 + |z|)™'™* < oo for every x > 0. The other statements of the
Corollary are obvious.

We observe that for every a € (0,1)U(1,2) and x > 0 there exists 3 such that (o —  —
1) >0and f > a — 1 — k. For such /5 we have

L+ < A+ o)) < ol 2 #£0,
and the Corollary follows from Lemma(7.3] O

Proposition 7.5. Let o € (0,1) U (1,2), f € C.(R*). Then, w = Gf is the solution of the
equation Du = —f in R*,

Proof. From Corollary u = G f is well-defined. From [31), Theorem 5.1] it follows that

TB(z,r)
E,u(X,,. ) =u(z) ~E, / F(X)) dt. (7.17)
0
Hence, for x > 0,
D 1 L ow [ ) a

— _ lim b |:]Ez /OTB(W) (f(Xy) = f(2)) dt + f(2)EaTp(an

r—0+ ExTB(ac,r)

1 TB(z,r)
= — — lim ——FE X;) —
f(l') rir(r)l‘F ExTB(x,T) I/O (f( t) f(x)) d
I Lo 777 d |
= —f(z) = lim EY /0 (f(Yy) = f(x)) dt. (7.18)
Note that from Fubini’s theorem,
) 1 >
Du(z) = —f(z) - lim m/o E; [(f(Y)) = f(2)) Lpoo) (TBn)] dt

= —f(r) — lim Y—m/o Ey [(f(z+Y,) = (%)) L) (TB0m)] dt.
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From the scaling property of (Y}, () with respect to Py (see (2.6)), Fubini’s theorem and

by the substitution s = r~“t we get

Du(z) = —f(x) — Tl_i>1’51+ m/() Ey [(f(z +rYe-ar) = [(2)) Ljoo) (F*TB01))] dt
' 1 v r*TR(0,1)
= —f(z) - lim MEO /0 (f(a +1Y-ap) = f(a)) dt
= 1@ lim B [ (a4 Y) - p(0)) d.
r—0+ EB)/TB(O,l) 0

Hence, from the dominated convergence theorem,

E%/TB r—0t

Du(e) = —f(z) %EY / " i (fla 4 rY2) - () ds = — f(a).

Now, consider z < 0. From (7.17) and from the construction of the process X, it is

obvious that
1 TB(z,r)
Du(x) = — lim —]Ex/ f(Xy)dt = —f(z). O
) 0

r—0t E:L’TB(:L‘,T
From Proposition (7.2)) and (7.3) we obtain the following theorem, which is our main

result of the thesis.

Theorem 7.6. Let o € (0,1)U(1,2) and f € C.(R*). Then, for x # 0 we have G| f|(x) < 0o

and u = G f is the solution of the following Neumann problem for the fractional Laplacian

(=AY = f, inD,
Na/gu = f, in 56.
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