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ABBREVIATIONS

Term / Acronym  Definition

RMS Root Mean Square of a given variable

PDF Probability Density Function

PDFD Probability Density Function based on the Dirlik approach

NB Probability Density Function based on the Bendat Rice approach

LAL Probability Density Function based on the Lalanne approach

STGB Probability Density Function based on the Steinberg approach

IFFT Inverse Fast Fourier Transformation

f frequency

mi i spectral moment- (0%, 1%¢, 2" or 4t")

S-N Stress versus number of cycles — fatigue curve definition for the stress life
method

RTCA Radio Technical Commission for Aeronautics

o] The mean value of a signal

FEM Finite Element Method

LALm Modified Probability Density Function based on the Lalanne legacy approach
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CHAPTER 1 INTRODUCTION

The initial research focused on a study of the legacy techniques and use of commercial software
for vibration damage estimation in the aerospace industry, based on my experience in Collins
Aerospace Company. Many civil and military projects need to meet specific requirements, taking
into account specific cases — for which commercial software is at the initial stage of development
or does not provide a solution for the considered cases (specific load combination, e.g.,
simultaneous acting sine sweep with random loading) or the provided solution is just a rough,
conservative consideration. Working for many years on numerous aerospace projects before |
started the research, | noticed that some methods used in the industry seem very conservative —
| noticed that some units required redesigning, as they did not meet the dynamic load
requirement. All the cases quoted in Collins Aerospace Company are the basis for initiating
research, which allow for more robust vibration damage prediction to limit the cost of design and
testing aerospace units, which need to meet the vibration loading requirements. This is also
needed in terms of economical and safety aspects.

The introduced research focused on creating tools and methods, which can be used commercially
for sizing aircraft and helicopter units for dynamic load requirements based on new developed
methods or legacy methods modified based on research results. The aim for new tools, algorithms
and scripts is to provide more robust techniques than currently used by the company — allowing
to predict failures more accurately, reduce the design process time and reduce the volume of cost
excessive testing of real units.

The research has been narrowed to impact stochastic dynamic loading and deterministic
harmonic loading (for combined stochastic and deterministic loading scenario) on aircraft units —
as these cases reported the highest number of issues in Collins Aerospace Company. As an
example of using developed tools and methods | chose the transmission shafts of an aircraft.
Transmission shafts are one of the most affected by the dynamic loading units of aircrafts and
helicopters. The last step of the research introduces the process of assessment dynamic load
impact on an exemplary transmission shaft using the legacy technique and new developed
techniques — based on research results presented in this document and results of tests conducted
on real shafts. The results of real shaft testing have been used to obtain a correlated FEM model.

It is worth noting that the transmission shaft example was used as demonstrational for
consideration, but the created tools and methods can be used for all aerospace units — this
generalisation is a great benefit for the whole company, as it does not narrow the research results
just to the Actuation System Department (which is responsible for High Lift System aircraft
transmission shafts).

The research focused on dynamic loads affecting transmission shafts in the slat and flap
transmission systems (see Figure 1-1) — one slat transmission shaft was chosen as an example.
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Figure 1-1 Transmission shafts architecture in a slot and flap system [1]

The RTCA aviation standard DO-160G [2] (Environmental Conditions and Test Procedures for
Airborne Equipment) regulates the requirements of individual aircraft also with regards to
vibration in individual zones of the aircraft. As mentioned above, this document focuses on two
load cases random vibration cases on an aircraft related to take-off, flight and landing described
by the function of power spectral density and deterministic harmonic loading (used for a
combined stochastic and deterministic loading scenario).

Tools and methods developed in this document aim to assess the impact of dynamic loads on the
transmission shafts of an aircraft as an exemplary usage. Transmission shafts are a torque
transmitter from a power drive unit to the panels of slats and flaps. The example of the
architecture of both systems (see Figure 1-1) shows the arrangement of transmission shafts
connected to individual angular and planetary gears of the slat and flap systems. The significance
of this system is important for the aircraft to obtain lift force during take-off and landing. These
systems allow to increase the lift force of the aircraft at low speeds, making it easier for the
aircraft to take off and maintain stability when approaching landing. In addition, these systems
allow for the braking distance to be reduced, due to the aerodynamic drag caused during landing,
which translates into less effort on the landing gear and the aircraft brakes, and a reduction in the
braking distance.

Random vibrations are normally described in the form of the Power Spectra Density (PSD)
function, separately for each vibration zone of the aircraft in the form of appropriate curves (see
Figure 1-2 as an example). In the case of transmission shafts, C / C1 curves (blue dash curve in
Figure 1-2) are used for locations in the aircraft fuselage, while for location on the wing of the
aircraft more restrictive E / E1 curves (red curve in Figure 1-2) are used, which is due to the
greater susceptibility of the aircraft wing to vibrations of different sources. The component
exposure time to individual load profiles is 3h for each orthogonal direction.
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Figure 1-2 Spectral density of signal strength for individual standard curves, ref [2]

The more critical E / E1 curves indicate the maximum spectral density of the signal power in the
200 — 500Hz frequency bandwidth, equal to 0.16g? / Hz. In this document different values of the
PSD input curve were used to obtain the various PSD responses based on one transfer function —

limiting the research time.
Research presented in this document has been divided into two parts:

1) Vibration damage assessment under stochastic loading — used in civil and military aircrafts.
2) Vibration damage assessment under combined stochastic and deterministic loading — used in

military aircraft and helicopters.

Research introduced in this paper focuses on modification of the legacy technique for vibration
damage estimation using the Dirlik, Bendat, Lalanne and Steinberg methods introduced in
Chapter 2. Additionally, the research expands Dirlik’ s considerations — focusing on assessment of
vibration damage using the Monte Carlo and IFFT methods. All the considerations aim to provide
a more robust technique of vibration damage prediction for stochastic loading and enabling
estimation of the mean value of damage and the damage range for considered probability and
IFFT frequency resolution — rather than evaluating just the mean value of damage — an approach

used by legacy methods.
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In terms of the second aspect of the research (vibration damage assessment under combined
stochastic and deterministic loading) an algorithm was created for the legacy technique — based
on frequency domain consideration. Justification will be presented that the frequency method
used for this load scenario implies conservativism in damage estimation. The next step of the
research is developing a new and more robust method for vibration damage assessment under
combined stochastic and deterministic loading. Use of combined frequency and time domain
consideration is proposed, in order to superimpose a random and deterministic signal and process
Rainflow Cycle Counting algorithm in the time domain for final damage estimation (not using
Rainflow Cycle Counting in the frequency domain as for the legacy method). Additionally, for the
new method, we also provide the opportunity to assess the mean damage and damage range
(which depend on IFFT block size — N — see equation Eq. 4.5 ).

The considerations presented in this document allow for the development of a more robust
technique for vibration damage estimation under random loading and combined random and
deterministic harmonic loading, which can be adopted for commercial usage in Collins Aerospace
Company, and which will be the basis for creation of in-house software.
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CHAPTER 2 VIBRATION FATIGUE DAMAGE PREDICTIONS UNDER STOCHASTIC
LOADING IN THE FREQUENCY DOMAIN THEORETICAL BACKGROUND

This section presents the review of the frequency domain-based methods for vibration damage
estimation, which are now the basis for the commercial software and tools used for commercial
application. The aim of this research is to develop a methodology that would allow for the
prediction of vibration damage, help to understand the testing of civil as well as military aircraft
systems, and assess the possibility of under-testing. The research and conclusions presented in
publications [3], [4], [5], [6], [7], [8], [9], [10], [11], [12], [13] and [14] are focused on a combined
computer techniqgue method and FEM analysis predicting the vibration damage. The above
referenced papers are milestones in this field of study and help to implement theoretical
considerations initiated by precursors like Bendat [15], [16] and [17], Dirlik [18] and Rice [19],
Lalanne [20], [21] and [22] and Steinberg [23]. The Steinberg method was developed for electronic
applications [23], while the Wirsching [24], Chaudhury & Dover [25] and Hancock [26] methods
are used for offshore applications. The Tunna method of vibration damage estimation under
stochastic loading was developed for railway engineering equipment in the United Kingdom [27].
A summary of the solution methods for vibration damage estimation under stochastic loading for
applications is presented in Table 2-1.

Solution method for applications

Railway
General Use Electronic Equipment Offshore Engineering
Equipment
Dirlik Steinberg Wirsching Tunna
Lalanne Chaudhury & Dover Hancock -
N B
arrow a.nd Chaudhury &
(Bendat/ Rice - -
Dover

Method)

Table 2-1 Solution method for application summary

This paper focuses on further developing the Dirlik approach by using two combined methods:
Monte Carlo and FEM simulation on predefined samples and Python programming language,
which is the basis for this study. The research combines the Dirlik theoretical consideration on
signal statistics in a time and frequency domain with studies made by Bishop and Halfpenny, who
were the precursors of theoretical consideration in commercial software such as MSC CAE Fatigue
[28] and [29] and HBM-nCode [30]. Therefore, research is focused on developing the theoretical
background to describe the vibration damage phenomena under stochastic loading and
developing code that allows for the use of commercial software such as Abaqus to evaluate the
transfer function of the system. The transfer function can be multiplied by the PSD input to derive
a system response using interpolation in the frequency domain and then estimate the damage
based on the material allowable and exposure time to random loading. Another crucial aspect will
be the introduction of complex time domain considerations using the Monte Carlo simulation
approach (see Chapter 4) to benchmark the legacy methods and provide a new opportunity for
precise vibration damage estimation for aircraft duty and test duty used during testing real units.
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2.1 Narrow Band method - developed by Bendat and Rice

In the 20™ century in the early sixties, Julius Bendat [15], [16], [17] developed a theory that was a
milestone for the vibration fatigue prediction for systems exposed to stochastic loading. The
Bendat method was used by Dirlik during the development of semi-empirical theory for more
general use (from narrow band to white noise signals).

In the early 1950s, Rice [19] provided proof that the Probability Density Function (PDF) of peaks
in vibration narrow band spectrum matched the Rayleigh distribution, defined by equation Eq.
2.1 as the bandwidth reduced.

—a? Eq.2.1

where:
o — the signal standard deviation value
o —an independent variable e.g., complex Huber Mises Hencky stress

Two signals (with frequency f; and f,) superposed to one — the red curve Figure 2-1 results in a
time domain signal with frequency (f;+ f,) for narrow band solution, which is attenuated by a low
frequency beat signal with frequency (f;- f,). The oscillation equation and the beat frequency
equation can be demonstrated by trigonometry identities Eq. 2.2 [6].

f, — f f; +f Eq.2.2
sin(2mf;t) + sin(2nf,t) = 2 cos (21‘[t ! 5 2)sin (2‘1‘['[ ! > 2) q
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Oscillator: £ = f + f, Beatwave: f, =7 -1,

Figure 2-1 Narrow Band solution — all positive peaks are matched with corresponding troughs of
similar magnitude, hence the green signal is transformed to the red signal, [6]

Following this assumption Bendat derived that the PDF function of Rainflow ranges of a signal also
follows the Rayleigh distribution, and therefore the Rainflow range of a signal is defined by twice
the peak amplitude. The narrow band solution assumes that all positive peaks are matched with
corresponding troughs from a signal with similar magnitude, hence the green signal is
transformed to the red signal — see Figure 2-1. This causes the PDF of Rainflow to be twice the
PDF of the peaks. This approach used for the wide band process will therefore be conservative,
and for some commercial software, such as CAE Fatigue [29], the number of peaks is replaced by
an upward zero crossing variable to reduce the pessimism in the damage estimation [29].
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The second step of the Bendat solution [19], [31], [32] and [33] is to use a series of equations in
order to estimate the number of cycles per unit (e.g. second) of exposure to the signal. Rice
defines the number of peaks E[P] and upward zero crossings E[0] for signal statistics in the
frequency domain as per the following equations Eq. 2.3, Eq. 2.4:

m, Eqg. 2.3
E[0] = |—
my
Where:
m,— is the second spectral moment
my—is the zero spectral moment
m, Eq.2.4
E[P]= |—
m;

Where:
m,— is the fourth spectral moment

The spectral moments: m,, m,, m, are the O, 2", 4th and are the area under the PSD response of
the system. These can be derived by integration of the general equation for spectral moment as
defined in the following equation Eq. 2.5:

% Eq. 2.5
my = f - S(P)df

Where:
m,—is the n spectral moment
f —is the considered frequency

S(f) —is the PSD Response Function of the system or the single side PSD of stress amplitude at a
particular frequency [Hz] f; € (finins fmax)-

Note: the zero spectral moment represents the mean square value of the time domain signal or
the RMS (Root Mean Square).

Bendat’ s final narrow band solution of the Rainflow range histogram based on PDF can be
expressed by the following equation Eq. 2.6:

—s? Eq. 2.6

NB(S) = (— e®mo) - dS

4m,
Where:
S —is the stress at the considered histogram bin

Therefore, the number of cycles can be defined by equation Eq. 2.7:
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Nyarrow Band = NB(S) T E[P] Eq. 2.7
Where:
T- is the time of exposure on random loading

The first element of equation Eq. 2.6 is the Rayleigh probability distribution. T is the total time of
exposition to a random load with predefined PSD input.
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2.2 The Dirlik method — a general solution for the narrow and wide band processes

Following the Rice [19] approach the PDF of peaks can be derived from the weighted sum of the
Gaussian and Rayleigh distribution. In his thesis Dirlik reasoned that the PDF of peaks is not equal
to the PDF of Rainflow ranges and derived separate equations for both variables [18]. Dirlik
proposed an empirical solution to estimate the desired PDF of Rainflow ranges based on extensive
computer simulation using the Monte Carlo technique. Nevertheless, Dirlik’ s solution was derived
on a relatively short record of data, i.e., 10 times for each considered predefined spectrum. This
approach doesn’t tell us much about the stochastic process and can therefore miss the proper
estimated lives. Additional research in this matter has been introduced in section Chapter 4.

The Dirlik method also defines the PDFD(S) function based on a series of empirical estimated
variables defined as in equation Eq. 2.8:

4 -z2 -z Eg. 2.8
PDFD = (Zee+ 222 ezsp, 7072 ) - -2 a
Q R 2RMS
The variable definition is as follow:
Irregular factor Eq. 2.9:
m; Eq. 2.9

V=T
1/m0'm4

The normalised Dirlik stress variable (note: Dirlik’ s normalised stress variable is two times that of
Bendat’ s normalised stress variable) Eq. 2.10:

7= S Eq. 2.10
2 /m,
The ‘mean frequency’ Eqg. 2.11:
m,  |m, Eq. 2.11
Xm - _ . |[=
my [My
The remaining Dirlik empirical variables Eq. 2.12 through Eq. 2.16:
D — 2(Xm — 7% Eq.2.12
! 1+y2
D _1-y-D,+D;%) Eq. 2.13
2 1+y2
by =1-D, =D, Eq.2.14
_ 125 (r=D;"R=Ds) Eq. 2.15

D,
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po Y~ Xn=D:%)
1—y—D, +D,?

Eq. 2.16

The Dirlik method is based on research and development made by Rice and Bendat, and therefore
the Dirlik PDF (PDFD) is also based on the weighted sum of the Gaussian and Rayleigh exponential
probability distribution. The Dirlik method has been ranked as more robust than the Narrow-Band
Bendat and Steinberg methods, and similar as with robustness as Lalanne [10].
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2.3 The Wide Band method - developed by Steinberg

As stated in section 2.1, the Narrow-Band approach for wide-band signal tends to be conservative,
therefore other techniques need to be considered for damage prediction for better accuracy and
less conservativism in the created algorithms.

Figure 2-2 presents the typical wide-band signal, where the high frequency sinusoidal signal is
superimposed with a low frequency signal. The signal has a Gaussian distribution of peaks in the
spectrum.

Peaks in time signal s
i = \ Ganssian Statistical
+ . Distribution of Peaks

Il - f i f -
a -

Amplitude

Zeto up-crossings in time signal

Figure 2-2 Wide-band time signal, which follows Gaussian distribution [6]

In that case the irregular factor Eq. 2.9 decreases and the statistical distribution from Rayleigh
Eq. 2.1 becomes Gaussian distribution as defined in equation Eq. 2.17.

—a?

e 202

Eq.2.17

1
Pla) = -7
Note: the parameter description is analogical to that in equation Eq. 2.1.

As we can see, the irregular factor y is inversely proportional to the number of peaks as seen in
equations Eq. 2.3,Eq. 2.4,Eq. 2.9, and therefore it can be defined in equation Eq. 2.18. This was
also noticed by Rice in his work and has been offered for use [19].

y = E[0] my Eqg. 2.18
E[P] \[mo 'm4

Graphically, a signal statistic in the time domain can be presented as in Figure 2-3.
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Stress (MPa)

Time History
M
W time
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@
X

= upward zero crossing
= peak

Number of upward
Zero crossings,

E[0] = 3
Number of peaks,

E[P] =6

Irregularity factor,

y = EIO

E[P]

3

6

Figure 2-3 Upward zero crossing E[P] and peaks E[P] in the time series spectrum [8]

Therefore, the PDF of peaks is related to the bandwidth of a considered signal, and furthermore
the wide-band signal peaks following the Gaussian distribution Eq. 2.17, opposed to the narrow-
band signal, which peaks follow the Rayleigh distribution Eq. 2.1.

Irregular factors for a narrow-band signal tend towards unity — in this case all peaks in the
spectrum occur above the mean of the signal, as opposed to the wide-band signal, where the
irregular factors tend to zero — peaks in the spectrum occur symmetrically around the signal mean

value.

The narrow-band process can be presented graphically as in Figure 2-4, and a typical wideband
signal can be presented as in Figure 2-5. A white noise process can be a part of the wide-band
process if the irregular factor is below 0.5, as in Figure 2-6. Figure 2-7 also shows a sinusoidal
signal when the irregular factor is equal 1.

~

0.3

Time domain

10

Frequency domain

Figure 2-4 The narrow-band signal shape in the time and frequency domains, y € (0.95; 1), [8]
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0.3

i f\ i

0 3 10

Time domain Frequency domain

Figure 2-5 The wide-band signal shape in the time and frequency domains, y € (0.5;0.95), [8]

_f

10 2

10

0 3 10

Time domain Frequency domain

Figure 2-6 The white noise signal shape in the time and frequency domains, y < 0.5, [8]

0.5 xT

| |
- - 1

T
0.5

0 5 10

Time domain Frequency domain

Figure 2-7 The sinusoidal signal shape in the time and frequency domains, y = 1, [8]

Steinberg [11] and [23] others assume that the PDF of Rainflow ranges tends to be of Gaussian
distribution. His approach was not to define PDF Rainflow ranges as a continuous histogram, but
as discrete values based on three multiples of RMS — Root Mean Square amplitudes and is widely
used in electronic equipment when there is good correlation with electronics testing. The
histogram bins are calculated at stress amplitudes S=2-RMS, S=4-RMS and S=6-RMS, the PDF of
Rainflow ranges can be define as follows Eq. 2.19:

0.683 Eq. 2.19
STGB={0.271

0.043
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Therefore, the number of cycles for the three bins defined as introduced above are defined by
equation Eq. 2.20, [23].

Nsteinberg = STGB-E[P]-T Eq. 2.20
The number of cycles histogram for the Steinberg method for an example narrow band signal is

presented in Figure 2-8.

Fatigue cycles

Number of cycles
[&*]

I

3 3
0 1x10 2x10

Cycle Stress Range [MPa]

Figure 2-8 The number of cycles histogram for the Steinberg method (3 bins method) for the
narrow band signal [6]

The Steinberg approach is more dedicated to hand calculation for electronic equipment, with
simplification made by the author to make this method relatively accurate for the single slope S-
N curve. In other scenarios a discrete value of Rainflow ranges can decrease the arbitration on
different segments with different S-N curve slopes [6].
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24 The Lalanne/Rice method - a general solution for narrow-band and wide-band
signals

In his consideration Lalanne [6], [20], [21] and [22] has a similar approach to Rice [19] and
concludes that for sufficiently long periods of time the PDF Rainflow ranges tend towards the PDF
of signal peaks. Therefore, the weighted sum of the Gaussian and Rayleigh distribution will be
correct for the derivation of the PDF of Rainflow ranges (Note: Dirlik, in his work [18], considered
two different equations for the PDF of Rainflow ranges and the PDF of signal peaks).

The PDF of Rainflow ranges or PDF of signal peaks was defined as the following equation Eq. 2.21
[6] for Lalanne approach (LAL):

=2 —s? Eq.2.21
LAL= RMS{ 12]/ e2mo(1 72)+ Y eZmO[l + erf

(i) ds

Here S is the stress for each considered bin in the histogram (centre of the bin or average value —
integral), y — the irregular factor is defined by Eq. 2.18, erf(x) is defined as the Gaussian error
function and can be written as follows Eq. 2.22:

erf(x)= % et Eq.2.22

The Lalanne and Rice approaches are treated as equally robust as the Dirlik approach [6], with
one advantage that it is less empirical than the Dirlik approach. The number of cycles for the
Lalanne method is solved numerically, like for the Dirlik method, and is based on the following
equation Eq. 2.23:

Nyaianne = LAL - E[P]-T Eq.2.23

An example of a cycle counting histogram is presented in Figure 2-9.

Fatgue cycles

Number of cycles

0 lx103 2>-<103
Cycle Stress Range [MPa]

Figure 2-9 Example of a Rainflow cycle histogram based on a PSD of signal peaks for the
Lalanne/Rice method [6]
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2.5 Review of other methods for PDF estimation

This section introduces other methods of Rainflow Cycle Counting in the frequency domain for
specific use.

2.5.1 Tunna Solution of PDF estimation

The Tunna [27] solution is similar to narrow-band, and details can be found in section 2.1. The
PDF function for the Tunna solution is presented in Eqg. 2.24. The Tunna solution was originally
developed as a railway solution and therefore will not be used in creating counting algorithms.

_e2
esmi-yz) Eq. 2.24

p(S)Tuna = (4]/27710

2.5.2 The Wirsching Method of vibration fatigue damage estimation

The number of allowable cycles for the Wirching [24] solution can be estimated using the
following equation Eq. 2.25:

E[Dlwirching = E[DInarrowpang(@(m) + [1 — a(m)] (1 — £)°0™ Eq.2.25
Where the Wirsching variable is defined as:
a(m)=0.926-0.033m
c(m)=1.587m-2.323
m — slope of the S-N cure in logarithmic coordination

E[D] variables can be defined also by equation Eg. 2.26.

T Eq. 2.26
E[D] = E[P]ESZ}I
oo 1/m Eq. 2.27

Soy =1 f S™p(S)dS]
0
Where:

K —is the constant proportionality between stress and deformation

The Wirching solution was developed as an offshore solution, therefore it will also not be a part
of the research quoted in this document.

2.5.3