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Report on the PhD thesis
“Fractional Sobolev spaces and Hardy inequalities”, by M. Kijaczko

The thesis studies fine properties of fractional Sobolev spaces; an important class of functional
spaces that has been widely studied during the 20th and 21st century. In addition to their
intrinsic interest, these spaces have important connections to integro-differential operators (most
notably, the fractional Laplacian (—A)® with s € (0,1)), as well as to stable Lévy processes in
probability theory.

Fractional Sobolev spaces extend (and interpolate) the notion of classical Sobolev spaces
WEP(Q) := {u € LP(Q) : D%u € LP(Q) Vl|a| < k}.

A classical result in this context is the Meyers-Serrin Theorem, which states that C* func-
tions are dense in W*P(Q) for any domain Q C R"™. Such density property is very useful in
applications, since often computations are easier for smooth functions.

The first part of the PhD thesis of M. Kijaczko studies the same question in case of fractional
Sobolev spaces
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WeP(Q) = {u € IP(Q) - /
Q
with 1 < p < 0o and s € (0,1), or their weighted version

Ws,p(_(z,w) = {u € LfOC(Q) : /Q 2 %ﬁﬁw(w)w(y) drdy < oo} .

The thesis includes several new and interesting results in this direction, most notably the
following:

e If w is locally comparable to a constant and fQ mwgc—(]—ﬁ—m dx < 00, then C'* functions are

dense in W*P(Q,w), for any domain Q C R™.
e Under some geometric conditions on <2, a new characterization of W;* () is established.

e The same question is investigated for

wePab(Q) = {u el (): /Q i Bfaf)_;]—%% d(z)~%d(y) P dz dy < oo} :

where d(z) := dist(z, 0Q).



To establish these results, he uses a variety of tools, and shows that has a very good general
knowledge of several areas of mathematical analysis. More precisely, he uses tools like Whitney
decomposition from harmonic analysis, smoothing operators and other tools from functional
analysis, and various notions of dimension of rough sets from geometric measure theory.

The second part of the PhD thesis of M. Kijaczko studies fractional Hardy inequalities. In case
of the classical Sobolev space W1P((Q2), the Hardy inequality reads as
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Moreover, for any bounded convex domain Q C R"™, one has

lu(z)|P
dr < C VulPdz,
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where d is the distance to the boundary.

This part of the thesis includes some new results for fractional versions of these inequalities,
more precisely:

e A fractional Hardy-type inequality for Sobolev-Bregman forms in a half-space.

e A version of it for general domains 2 C R™.

These results are interesting and establishing them also requires mastering several tools from
mathematical analysis.

Summarizing, the thesis includes several new and interesting results, mostly studying two types
of questions: the density of C*° functions in these spaces, or the finding of new Hardy-type
inequalities associated with these spaces.

Moreover, the candidate had to develop new ideas and go beyond the current state of the art in
the topics that he studied. This clearly shows his ability to conduct independent scientific work,
as well as the original solution of several open problems in the context of weighted fractional
Sobolev spaces.

Overall, I believe this is a very good PhD thesis. Please do not hesitate to contact me if you
have further questions.

Sincerely,

Xavier Ros=Oton
ICREA Research Professor at UB



