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Chapter 1

Introduction

1.1 Summary of the work

The aim of this work is to study the cardinal invariants associated to various types of trees
and of definable ideals on countable sets. The work consists of three main chapters. The first
chapter contains all types of tree we will be interested in, together with their basic properties and
calculation of cardinal invariants related to Borel ideals associated to these trees. These trees are
generalizations of Sacks, Miller and Laver trees as well as some pseudo-trees related to the ideal
of closed sets of measure zero. The second chapter contains a study of the cardinal invariants of
(non-Borel) Marczewski-like ideals related to our tree types. We focus on additivities, covering
numbers, cofinalities, incompatibility shrinking numbers and antichain numbers. The third
chapter contains a study of cardinal invariants related to ideals on countable sets. We focus
on the +-covering numbers and antichain numbers. We also study the splitting ideal. This
work continues some investigations of Brendle, Hrusak, Khomskii, Sabok, Spinas, Steprans,
Rostanowski, Wohofsky and Zapletal.

This thesis is made of two parts, first one about cardinal invariants of (Marczewski-like)
ideals related to trees (chapter 2 and 3), second one about cardinal invariants related to ideals
on countable sets (chapter 4). Mostly, these two parts can be read independently. However,
sometimes each part needs certain invariants, definitions, or some simple facts from the other.

In chapter 1, we review the main classical definitions and notions that appear throughout
this thesis. In particular we discuss classical cardinal invariants of the reals and relation systems,
basic definitions regarding ideals on countable sets, and, basic notions regarding trees, descriptive
set theory or forcing.

Chapter 2, contains basic definitions and properties regarding trees and the ideals related
to them. In the first section, we discuss the notion of a tree ideal Z(T), its Borel part Zp(T)
and their basic properties. In the second section, we go through the tree types in which we are
interested in this thesis.

— two tree types for adding bounded infinitely equal real - I[Er and Sg,

— two tree types for adding infinitely equal real on w* - IE and FM,

Miller and Laver trees which split positively according to an ideal 7 - M 7 and L 7,

the tree type SP for adding splitting real and ED g for adding bounded eventually different
real,

— Hurewicz schemas - a pseudo-tree notion for the ideal £ of closed measure zero sets.



For each of these tree types we discuss fusion, continuous reading of names, related perfect set
dichotomy and cardinal invariants of the Borel ideal Zg(T) related to them.

Chapter 3, contains a study of cardinal invariants of the tree ideals. In the first section, we
deal with covering numbers. We prove a general theorem saying that a tree type adds a real
of a certain kind (dominating, Cohen etc.) in continuous way, naturally gives an upper bound
for the covering number. Later, we discuss which types of reals, each of the tree types add and
which they do not. In particular, we show that L7 never adds random reals and that Lep,,,
has Laver property. We also show that, for a meager ideal J both L7 and M s increase the
groupwise dense number which, as a corollary, gives the consistency of cov(T) < add(M) for
the two. In the second section, we discuss the incompatibility shrinking number is(T) i.e. the
cardinal invariant which measures how many small sets do we need to intersects every positive
set. This number will later play an important role on the discussion of additivities, cofinalities
and antichains of tree ideals. In this regard, we show that:

— 3s(T

— 15(T) > min{b, cov(Zg(T))} for M 7.

In the third section, we study the antichain numbers a(T) for our tree types i.e. the smallest
cardinality of an uncountable maximal antichain in T. We prove the following inequalities:

cov(M) < a(Sp), a(IER),

min{is*(EDg), cov(M)} < a(EDp),
— min{b, cov(Zp(M 7))} < a(My)
- p <aPe).

In the fourth section, we discuss the additivities of tree ideals. The results of this section are
generalizations of known methods. Under the assumption cov(M) = ¢, we prove a general
theorem saying that an existence of a projection of a tree onto a relational system R, naturally
gives an upper bound for add(Z(T)) of the form b,(R). Then we show that:

— IEr and S have both b-projection and s-projection,
— M and L7 have both b-projection,
— M has an s-projection,

We also mention related results from the literature and corollaries. In the fifth section, we
establish more bounds regarding the additivities of our tree types. All of them are generalizations
of the known arguments for classical tree types like Sacks, Miller or Laver. First, we show that
t < add(Ly) for F,-ideals J. Then we show that nowhere-distributivity of T gives a natural
upper bound for add(Z(T)) and, we show that

— [Er and Sg are b-nowhere distributive,

— My and L s are hs-nowhere-distributive for a meager ideal J with a base tree.



We apply these (and results from the third section) to show the consistency of add(Z(T)) <
cov(Z(T)) for various tree types. In the last, sixth section, we use the methods developed in
[BKW17], to analyse the cofinalities of the tree types. In particular, we mention related results,
prove the constant or 1-1 property for L7 where J is nowhere-maximal P-ideal and, as a
corollary, we obtain cof(Z(T)) > ¢ for such trees.

Chapter 4 contains a study of cardinal invariants of ideals on countable sets. In the first
section, we gather all ideals important to this work. We will focus on Borel and analytic ideals
with a special emphasis on the F,-ideals. We will collect known results on cardinal invariants
add*, cov*, non*, and cof* as well as their w-versions. We also discuss the Katetov order between
our examples. In the second and third section, we investigate two ideals on w, the splitting ideal
and the infinitely equal ideal. We study their cardinal invariants and the position in the Katetov
order. As a result, we obtain a new upper bound of the covering number of the density zero
ideal. In the fourth section, we investigate the cardinal invariant cov’} and continue the study
of covering numbers for selected ideals. In the fifth section, we study the antichain numbers of
the algebras P(w)/J. As a result, we obtain a strengthening of Steprans lower bound of the
antichain number for the nwd ideal.

I must state two comments regarding certain results of other mathematicians, I was not
aware of during the work on this thesis. First, when I was working with Arturo Martinez-Celis
on the subject of cofinalities of Marczewski-like ideals, we calculated some w-versions of cardinal
invariants of ideal on countable sets. When we finished our work, I realized (by an e-mail
conversation with Rafal Filipéw) that some of those invariants were already calculated in papers
of mathematicians from Gdansk. Second, in the last year of my Ph.D. studies, I had a pleasure
to join Barnabas Farkas and Lyubomyr Zdomskyy on their project on +4-covering numbers of
ideals (continuation of their work [FZ22]). During my stay in Vienna, in October 2024, I proved
a couple of inequalities, which few months later turned out to be already proven in the work
[BF17] of Brendle and Flaskova in the dual form. However, I decided to include these results in
this thesis as they were part of my Ph.D. studies and I did not know about them at the time.

The main contribution of this work is:

e the isolation and investigation of the incompatibility shrinking numbers, a calculation of
which gives a partial answer to the problem of Brendle, Khomskii and Wohofsky,

e the study of the cardinal invariants of the tree types M 7 and L 7,
e the study of the cardinal invariants of Marczewski-like tree ideals,
e the study of w-invariants of ideals on w,

e the investigation of antichain numbers of the Boolean algebras P(w)/J for a wide class of
ideal. In particular we show that a(nwd) > add(M). This improves a result of Steprans
and give another proof of the inequality than the one of Cancino Manriquez,

e the study of the splitting ideal, which leads to a new upper bound of the covering number
of density zero ideal.
1.2 Preliminaries

1.2.1 Reals and trees

A Polish space X is a non-empty, separable, complete metric space X. Elements of such spaces
will be revered as reals. There are several important classes of subsets of Polish spaces we will



frequently refer to. The o-algebra of Borel sets in X (the smallest o-algebra containing all open
sets) will be denoted by Borel(X) and the collection of all analytic subsets of X (the continuous
images of Polish spaces) will be denoted by ¥1. A subset M of a Polish space X is nowhere-
dense if every non-empty open subset of X contains non-empty open set disjoint from N. A set
M C X is meager if it can be covered by a countable union on nowhere-dense sets. A subset Y
of a Polish space is said to have Baire property if it can be expressed as UAM for some open
set U and a meager set M. In context of forcing, we will often identify Borel set with its code.
For an extensive study of these notions, we refer to Kechris’ book [Kec77].

In this thesis, we will mostly work with Polish spaces of the following particular form. Assume
that F' = {F(n):n € w} is a sequence of non-empty sets. We define

IIF =: M, F(n)

For such F, we will use the symbol Seq(F') to denote the set of all finite sequences in IIF
ie. Seq(F) = Upe, HjLoF(i). We consider ILF' to be a topological space with the product
topology with each F'(n) treated as a discrete space. In such a case, the sets of the form
[0] == {z € IIF : 0 C 2} where o € Seq(F'), form a clopen basis of the topology. When F' is a
constant sequence with the value ¢, we will write ¢ instead of IIF' and, ¢<“ instead of Seq(F).
In particular, w* stands for the standard Baire space and 2¥ for the standard Cantor space.
Similarly, w<% and 2<% stand for Baire and Cantor tree. Convergence in spaces of this form
can be conveniently formulated as follows: limpcoxy, = « if and only if for every N € w, for
almost all n € w we have x|y C z,. For 0,7 € Seq(F) we will use the symbol ™7 to denote
the concatenation of the two.

If F' is such that every F(n) is finite, we consider the space IIF with the standard product
measure p: the one such that for o € Seq(F') we have u([o]) = Hi<\0|u«“7%i)|' In particular, on
the Cantor space 2“ this defines the standard Lebesgue measure.

Other shorthand notation that we will use is V*° and 3°° to abbreviate “for all but finitely many”
and “there are infinitely many”, respectively.

Let F' be as above. A tree on IIF is a non-empty subset of Seq(F’) closed under taking initial
segments. A tree T' is pruned, if for every o € T there is 7 € T that properly extends o. For a
tree T and o € T we will use the following standard notation:

— [T] ={z € IlF : ¥n € w z|, € T} is the set of branches of T i.e. the body of T,
~Tlp={r€T:0C7V7TCo} is the restriction of T to o,
— succr(o) ={i € F(|o|) : 071 € T} is the set of immediate successors of o in T,

— the notion split(T) will mean different things for the tree types Sp, M7, L7 and FM]
however, split, (T') will denote the set {o € split(T) : |split(T) N {o|; : i < |o|}| = n},

— if sucer(o) = (), then we call o a terminal node of T" and denote these as term(T),

— stem(T') be the shortest splitnode of T'. Sometimes, when several trees with the same stem
are considered, we will simply write stem,

- If F,G C Seq(F), G C F are finite trees, we will say that F' is an end-extension of G if
every o € F'\ G extends a terminal node of G.

A couple of times in this thesis we will mention multidimensional trees i.e. trees on the set
of form A™ where A has at least two elements. Suppose that T is such a tree. If ¢ € T and
o ={a; : i < |o|} where each a; € A", we will treat o as a sequence o = {0; : i < |o|} where
o; € Al°l is such that 0,(i) = a;(n).

If T is a tree type on IIF and n > 1, then by T™ we will denote a tree type on (IIF')™ consisting
of products of T-trees i.e. S € T™ if there are {S; : i < n} C T such that S is a product of S;’s
in the sense that S = {o € Seq(F)™ : there are {o; : i < n} C Seq(F) such that all o;’s are of
the same length, o; € S; and 0 = {0 : i < |o|}}.



1.2.2 Forcing

We will not reconstruct the entire method of forcing with details here, however, most notations
and notions we will going to use are standard and follow the classical text books on the subject
like [Ken83|, [Jec02] or [BJ95]. Let us briefly recall the most important terminology and
notations. Let P = (P, <) be a partially ordered, or in general, a preordered set. We will
usualy refer to P as the underlying set, e.g. we will write p € P instead of p € P.

Elements of P will be called conditions. If p < ¢ then we say that p is stronger than ¢ or
that p extends gq.

p,q € P are comparable if p < g or ¢ < p, and p, ¢ € P are compatible if r < p, ¢ for some
r € P. The latter will be denoted by p||g. Otherwise the two conditions are incompatible
which we will denote as p L q.

For p € P the P|, denote the restriction of P to p i.e. all ¢ € P below p.

D C P is dense if for every p € P there is d € D such that d < p. O C P is open if it is
downward closed, that is, if p € O and ¢ < p then ¢ € O.

A C P is an antichain if p 1L ¢ for any two distinct p,q € A. An antichain A C P is
maximal if every p € P is compatible with some ¢ € A.

Let k be a cardinal. We will say that P has k-c.c. if |A4| < & for every antichain A C P. If
Kk = wy we will say c.c.c. instead of wi-c.c.

G C Pis a filter in P, if G is nonempty, upward closed (p € G and p < ¢ implies ¢ € G)
and for every p,q € G there is r € G with r < p, q.

Let D be a family of subsets of P. A filter G C P is D-generic if G N D # () for every
D € D. In particular, if D consists of all open dense subsets of P of some model of set
theory M, such filter will be referred to as M-generic.

A forcing notion P has axiom A if there is a sequence {<,,: n € w} of orderings on P such that:

(1)
(2)
(3)

(4)

<0==<,
P <n+1 q implies p <, q for every n € w,

If {p, : n € w} C P is such that p,+1 <, p, for every n € w, then there is a p € P such
that p <, pn for every n € w.

For every maximal antichain A in P, for every p € P and n € w, there is a ¢ <,, p such
that {r € A: r||¢} is countable.

All of the forcing notions we are going to use, have the axiom A. It is well-known that, when
we force over a model of CH with a forcing notion having axiom A, all cardinal numbers are
preserved.



One of the crucial notions in this thesis is the following.

Definition 1.2.1. Let X be a non-empty set. A collection T C P(X) is an ideal on X if T is
closed under subsets and finite unions. A o-ideal on X is an ideal on X closed under countable
unions. We will always assume that ideals are proper (X ¢ I) and {x} € T for every z € X.

An important role will be played by the idealized forcing approach, an extensive theory
developed by Zapletal in [Zap08] and [Zap04].

Definition 1.2.2. Let 7 be a o-ideal on a Polish space X. Define the forcing notion Pz =
Borel(X) \ Z of all Z-positive Borel subsetes of X ordered by inclusion.

If G is a Pz-generic filter, then there is a unique real 74, € V[G] such that for all Borel
sets coded in V, 7gep, € BVIGl if and only if BY € G. This real will be called the generic real.
By previous equivalence, the generic filter can be recovered from the generic real. It follows
that V[G] = V[igen]. Also, every Z-positive set B forces that e, € BYIGl. When T a tree
forcing and G C T is a generic filter, the generic real can equivalently be defined as | Jpc stem(T).

Definition 1.2.3. A forcing notion Pz (tree forcing T) is homogenoueus if for each B € Pz
(T € T) there is a homeomorphism h : IIF — B (h : IIF — [T]) such that a set X C IIF is
Z-positive if and only if h[X] is (X CILF contains body of a T-tree if and only if h[[T]] does).

The following property will play an important role in this thesis.

Definition 1.2.4. A forcing notion Pz (tree forcing T) has the continuous reading of names if
for every B € P (T € T) which forces an & to be an element of 2¥, there is a C € Pz, C C B
(S €T, S<T)and a continuous function f: C — 2% (f : [S] — 2¥) mapping the generic real
onto .

Remark. If a tree type T with c.r.n. is homogeneous, then in the definition of c.r.n. the
function f may be assumed to be defined on the entire space on which T lives. The same is holds
for Pz’s.

Zapletal showed (see [Zap08]) that every proper forcing of form Pz has the Borel reading of
names. It is worth pointing out that the continuous reading of names depends on the presentation
of forcing notion. It might be the case that to forcing notions are forcing equivalent (in the sense
that they produce the same forcing extension) yet one has the continuous reading of names while
the other does not. An example of such forcing is the Steprans forcing, on which more details
can be found in [Zap08|.

For most of the forcing notions of form Pz we deal in this thesis with the case that closed sets
are dense in Pz. This will be due to a perfect set style dichotomy:

There is a collection T of trees such that for every analytic A C X
either A € Z or there is T € T such that [T] C A.

In such a situation, the assignment 7' — [T'], T € T is a dense emending of T into Pz. It follows
that T and Pz are forcing equivalent. The fact that even compact sets are dense in Pz has the
following forcing consequences. Recall that a forcing notion P is w*-bounding if every f € w®
in VF is dominated by a ground model g € w*. We have the following useful result

Theorem 1.2.5. (Zapletal, [Zap08]) Under the presence of continuous reading of names, the
forcing notion Pz is w*-bounding if and only if compact sets are dense in Pz.

A very important and well-understood class of Pz’s is the one where the o-ideal Z is generated
by closed sets, meaning that every Y € 7 can be covered by a countable union of closed sets
from Z. Recall that a forcing notion P preserves Baire category if P I 72NV ¢ M”.



Theorem 1.2.6. (Zapletal, Theorem 4.1.2 in [Zap08]) If the ideals T is generated be closed sets
the forcing notion Pz is proper, has continuous reading of names and preserves Baire category.

Recall that a forcing notion P has Laver property if for any f € w¥in VP bounded by a
ground model function, there is a slalom S : w — [w]|<¥, |S(n)| < n such that f(n) € S(n) holds
for almost all n € w.

1.2.3 Classical cardinal invariants of the reals

If 7 is a o-ideal on X, then the standard cardinal characteristics associated with Z are defined
as follows:

— add(Z) = min{|F|: FCZ and UF ¢ I},

— cov(Z) =min{|F|: FCZ and JF = X},

—non(Z) =min{|]Y|: Y C X and X ¢ T},

—cof(Z) =min{|F|: FCZandVY €¢Z3FY' e FY CY'}.

These cardinal invariants are refered to as the additivity, covering, uniformity and cofinality
respectively. As Z is close under countable unions, they all are uncountable. The cardinal
invariants of any o-ideal satisfy

non(.J)
N
) cof (J)

~N 7

cov(J)

add(J

where the arrows point towards the greater cardinal invariant. For f, g € w* we write f <* g if
g eventually dominates f i.e. f(n) < g(n) for almost all n € w. A family F C w* is dominating
if for every g € w* there is f € F which dominates g. A family F C w* is unbounded if there
is no g € w*” which dominates every f € F. The (un)bounding number is defined as

b = min{|F| : F C w® is an unbounded family}
and the dominating number as
0 = min{|F| : F C w” is a dominating family}

It is well known that both b and 0 are uncountable, b is regular cardinal and that b < cf(9) <0
holds ([Bla09]). There is another, useful, presentation of the these invariants. Let IP be the
collection of all partitions of w into finite intervals. If I = (I)new, J = (Ji)rew are such
partitions we overload the symbol <* and write I <* J if for almost every k € w there is n € w
such that I, C Ji. Then b is equal to the smallest number of interval partitions which are not
<* bounded by a single interval partition. Similar, 0 is the smallest number of such partitions
needed to dominate any interval partition (see [Bla09]).

Let A, B € [w]¥. We write A C* B if A is almost contained in B i.e. A\ B is finite. We
say that A splits B is both AN B and B\ A are infinite. We say that A reaps (unsplit) B if A
does not split B i.e. either B C* A or AN B is finite. A family F C [w]® is splitting if for every
A € [w]¥ there is a member of F that splits A. A family F C [w]* is reaping (independent) if
for every A € [w]“ there is B € F that reaps A. The splitting number is defined as
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s = min{|F| : F C [w]¥ is a splitting family}
and the reaping number as
v =min{|F| : F C [w]¥ is a reaping family}

It is well known that b <t and s < 0.

A set D C [w]“ is dense if for every A € [w]|¥ there is an B € [w]Y, B € D with B C* A. A
set D C [w]¥ is open if A € D and B C* D, B € [w]¥ implies that B € D. The distributivity
number is defined as

h = min{|F| : F consists of open dense subsets of [w]*“ and (| F = 0}

It is well known that p < b < min{b,s}. A tower is a sequence 7 = {7, : @ < k} C [w]¥ such
that T,, C* T whenever a < 8 and there is no 7' € [w]“ such that T' C T, for all « < k. A
family F C [w]® is centered if every finitely many elements of F have an infinite intersection.
The tower number is defined as

t=min{|7]|: T is a tower}
and the pseudointersection number as
p = min{|F| : F C [w]“ is centered with no pseudointersection}

It is a well-known result of Milliaris and Shelah (see [MS16]) that p = t. We will also make use
of another characterization of p by the means of Martins numbers. Let P be a class of forcing
notions (c.c.c., countable, o-centered). Then define the martins number of P as

mp = min{|D| : D consists of dense subsets of some P € P
and there is no filter in P intersecting them all}

It is well-known result of Bell, that m,_centered = P and Meountable = cov(M) (see [Bla09]). The
invariant m¢ .. is known as the Martins number and is usually denoted by m. It is well-known

that m < min{p,add(N)} (see [Bla09]).
As usual, M stands for the o-ideal of meager sets in X and - in case X is compact -
N for the o-ideal of sets of Lebesgue measure zero. The ZFC-provable inequalities between

these invariants are summarized in the following extended version of what is widely known as
the Cichori’s diagram (the interested reader may consult [BJ95] or [Bla09]). The arrows point

towards the larger cardinal invariant.

cof (M) ——— cof (N)

|
L

[

COV

non(M)
T
b
|

— add(M) cov

e

HOH
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1.2.4 Ideals on countable sets

In this thesis, we will often consider ideals on countable sets. If 7 is an ideal on w, then by Z*
we will denote the dual filter i.e. 7% = {w\ X : X € Z}. Sometimes we will write w for the
countable set on which J lives even if it is not formally w. Subsets of w that are not in J are
referred to as J-positive sets or simply positive if the ideal is known from the context. Similarly,
sometimes we will refer to elements of 7 as being J-small or simply small. For A, B C w the
symbol A C; B means that A\ B € J. Since every ideal can be considered as a subset of the
Cantor space 2, we can talk about descriptive or topological properties of such ideals.

Definition 1.2.7. An ideal J is tall if every infinite A C w contains an infinite B € J. An
ideal J is a P-ideal if every sequence of J-small sets has a pseudounion in J i.e. there is set in
J, which almost contain every member of the sequence. An ideal J is a P -ideal if, for every
almost decreasing sequence of J-positive sets, there is a J-positive pseudointersection i.e. an
A € [w]¥\ T almost contained in every element of the sequence. An ideal J is nowhere-mazximal
1s every J -positive set can be decomposed into two [J-positive sets.

Recall the standard cardinal invariants associated to an ideal J:
— add*(J) = min{|F|: FC J and VX € J IF € F (F ¢* X)},
—cov¥(J)=min{|F|: FC J and VX € [w|* IF € F (|[FN X| =w)},
— non*(J) =min{|F|: FC [w]¥ and VX CJ IJF € F (FNX =*0)},

cof (J) =min{|F| : FC J and VX € J IJF € F (X C* F)}.

They are called the additivity, the covering, the uniformity and the cofinality of the ideal J
respectively. The following diagram contains well-known ZFC relations between these invariants

non*(J)

N

add*(J) cof*(J)

~N 7

cov*(J)

As usual, the arrows point towards the greater cardinal invariant. This cardinal invariant has
been extensively studied. The interested reader can consult [Hrull] or [MAQ9]. In this thesis,
we will be also interested in the w-versions of these:

—add () =min{|F|: FCJ and {X,, :new} CJ FJA€ FV¥necw (A Z* X,)},
— non’(J) = min{|F| : F C [w]* and VA € [J]* IF € FYVA€ A (ANF =* )},
— cof’(J) =min{|F|: FC[J)¥ and VA € [J]* IF € FYAc AIF € F (AC* F)}.

Clearly, the relations between the w-versions are the same as for the original ones and additionally
we have that inv*(7) < inv} (J) for every inv € {add, non, cof}. The reason for not considering
the w-version of the covering number is the later Theorems 2.2.42 and 2.2.33. We have the
following simple observation.

Proposition 1.2.8. If J is a P-ideal, then inv*(J) = inv} (J) for inv € {add, non, cof}.

12



Proof. We only have to prove that the w-version invariant is lesser or equal to the original one.
To prove that add),(J) < add*(7) let {X, : @ < k} C J with k£ < add}(J). There are
then {Y,, : n € w} C J such that each X, is almost-contained in one of the Y,,’s. Then, any
pseudo-union Y € J of the Y,,’s is a pseudo-union of the X, ’s which finish the proof of the first
inequality.

To prove that non’ (J) < non*(J) let F C [w]¥ be a witness for non* (7). We claim that it is
also a witness for non’,(J). Assume towards a contradiction that for some {4, :n € w} C J
we have that for each F' € F there is n € w with |FFN A,| = w. Then, any set C € J that
almost contains all A,,’s satisfies |C' N F| = w for all F' € F, meaning, that F was not a witness
for non*(J) in the first place.

To prove that cof’ (J) < cof*(J) let {4y : @ < cof*(J)} C J be a witness for cof*(J). We
claim that {A, : a < cof*(J)}, where A, is a constant sequence with value A,, is a witness
for cof’,(J). To see this let {B, : n € w} € [J]¥. As J is a P-ideal for some C' € J we have
B, C* C, n € w, and then C C A, for some a < cof*(J) which finishes the proof of the last
inequality. O

Another invariants (of an ideal [J) that will play an important role in this thesis are the
following.

Definition 1.2.9. Let J be an ideal on w. The following is the +-covering number of an ideal.
— cov’(J) =min{|F| : F C J and every X € J infinitely intersects some F € F}.

We also define the hereditary version of 4+-covering number as
— h-cov’(J) = min{cov’ (J|x): X € T}

The first invariant has been investigated in [FZ22]. Its dual, which we will investigate in
the chapter 4 were studied in [BF17]. Because of the applications to incompatibility shrinking
numbers and to antichains of P(w)/J, we will be mostly interested in cov? (J) instead of its
dual. Clearly, h-cov’ (J) < covi(J) and the two are equal if J is homogeneous. A simple
observation shows that

Proposition 1.2.10. add"(J) < cov’ (J) < cov*(T).
The main tool to study relations between ideals is the following notion of Katetov reducibility.

Definition 1.2.11. Suppose that Jy and J1 are ideals on w. We will write Jy <g J1 and say
that Jo is Katetov reducible to Jy, if there is a function 7 : w — w such that 7~ 1[A] € Jy for any
A€ Jy. If such a function is finite-to-one, then we call this Katetov-Blass reduction and write
Jo <kB Ji. The ideals Jy and Ji are Katetov equivalent when both Jy <g J1 and J1 <g Jo
hold. Similary for Katetov-Blass preorder.

The following is a well-known consequence of the existence of such reductions.
Proposition 1.2.12. (folklore, [Hrul1]) Suppose that Jo and Jy are ideals on w. Then
- Jo <k J1 tmplies that cov*(J1) < cov*(Jp) and cov*+(J1) < cov*+(J),

- Jo <k Ji implies that non*(Jp) < non*(J1), non,(Jo) < nonl(J1) and non’ (Jy) <
non’, (J1).

Definition 1.2.13. The ideal J is homogeneous if for every J -positive set X, there is a bijection
m:w — X such that Y C w is J-positive if and only if 7[Y] C X is.

We will also need the following well-known characterization of ideals with Baire property.

Theorem 1.2.14. (Talagrand) For an ideal J on w the following conditions are equivalent:
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- J is meager,
— J has Baire property,

— there is a partition of w into finite intervals {I, : n € w} such that if X C w contains
infinitely many of these intervals then X is [J-positive.

1.2.5 Relational systems

A convenient way to express various cardinal characteristics is via relational systems which we
will briefly cover right now.

Definition 1.2.15. A relation system is a triplet R = (X, C,)) where X and ) are nonempty
sets and C is a relation between X and Y. A set X C X is C-unbounded if there is no single
y €Y such that x Ty for allx € X. A set Y C Y is E-dominating if for every x € X there is
y €Y such that x C y.

For most systems we are going to consider, both sets X,) are Borel subsets of some
uncountable Polish spaces and the relation C is such that the set {x € X : x C y} is Borel
for every y € ). We call such system Borel. We define the cardinal invariants of relation
systems

b(R) = min{|X|: X C X is C -unbounded },
9(R) =min{|Y|: Y C Y is C -dominating }

Note that b(fR) is undefined if and only if 9(R) = 1 and ?(%R) is undefined if and only if b(R) = 1.
A wuseful tool for proving inequalities between invariants of two relation systems, is the notion
of Tukey reducibility.

Definition 1.2.16. Assume that Ry = (Xp, Co, Vo) and Ry = (X1,C1, Y1) are two relation
systems. We will write Rg <7 R if there are functions ¢ : Xy — X1 and ¥ : Y1 — Yy such that
for all X C Xy and y € Yy if [ X] C1 y then X T ¢(y).

The following fact is a well-known consequence of the Tukey reducibility.
Theorem 1.2.17. The reduction Ry <p R implies that b(R1) < b(Ry) and d(Ro) < (K1)

If we are given a relation system R = (X, C,))) there is a natural way to define its dual,
i.e. the relation system "1 = (¥,C+, X) where the relation y CL 2 means that = = C y. The
duality of this is given by the following simple observation.

Proposition 1.2.18. For a relation system R = (X, C,Y) :
- (%L)J— =R,

a set X C X is C-unbounded if and only if it is C--dominating,

a set Y C Y is C-dominating if and only if it is C--unbounded,
~ b(R) = o(R) and d(R) = b(R1).

In this thesis, we will need the o-versions of all of the notions defined above. The set Y C )
is C-o-dominating is for every {z,, : n € w} C X there is y € ) such that z,, C y holds for every
n € w. Aset X C X is C-o-unbounded if there are no countably many {y, : n € w} C Y such
that for every x € X there is n € w such that x C y,.

by (M) = min{|X|: X C X is C-o-unbounded },
0,(R) = min{|]Y|: Y C Y is C-o-dominating }.
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Note that b,(R) is undefined if and only if 9(R) = w and 9,(R) is undefined if and only if
b(R) = w. A relation system R = (X, C,)) will be called o-directed if for every {y, : n € w} C Y
there is y € Y such that for every x € X we have: if x C y, for some n € w, then x C y.

Proposition 1.2.19. If a system R is o-directed, then b(R) = by (R) and d(R) = 0,R).

Definition 1.2.20. Suppose that P is a forcing notion and R = (X,C,)) is a Borel relational
system. We will say that P adds an R-unbounded real, if it adds a real © € X which is not
C-dominated by any y € Y from the ground model. We also say that P adds R-dominating real,
if it adds a real § such that x C g for any ground model x € X.

Several times in this note we will use the notion of composition of two relation systems.

Definition 1.2.21. (Blass, [Bla09] Section 4) Suppose that Ry = (Xp, Xo,Co) and Ry =
(X1, X1,C4) are relation systems. The composition of Ry and Ry is the system Ry ® R1 =
(X x X%’O,yo X WV1,Cg) where for x € Xy, F € X%)O, y € Yo and z € Y the relation
(x, F) Cg (y,2) means that x Ty y and F(y) C; z.

The invariants of the composition can be directly calculated from the coefficients of the
factors

Proposition 1.2.22. (Blass, [Bla09] Theorem 4.10) If Ry = (Xo, Xo, Co) and Ry = (X1, X1,C1)
are relation systems, then b(Ro ® R1) = min{b(Ry),b(R1)} and 9(Ro @ R1) = 2(Rop) - 2(R1).

Below we state the relation systems that will be important to us:

e The bounding/dominating systems:
Consider the relational systems (w*, <*,w*) and (IP, <* IPP). Both systems is o-directed.
Its cardinal characteristics are b(w®,<* w®) = b(IP, <*,IP) = b and d(w¥,<*,w¥) =
o(IP, <*,IP) = 9. The (w*,<*,w*)-unbounded and (w*,<* w®)-dominating reals are
simply unbounded and dominating reals in the classical sense (see [BJ95] or [Bla09]).
Similarly, (w*, <* w®)-unbounded and (w*, <*, w*)-dominating subsets of w* are simply
unbounded and dominating set in the classical sense.

e The reaping and splitting systems:

Consider the relational systems ([w]¥,reaps, [w]*) and ([w]?, splits, [w]*). The relation
'A reaps B’ means AN B = () or A C B and 'A splits B’ means that both A N B
and B C A are infinite. Clearly, b([w]¥,reaps, [w]¥) = o([w]¥, splits, [w]¥) = s and
o([w]¥, reaps, [w]*) = b(Jw]“, splits, [w]“) = v. The characteristics b, ([w], reaps, [w]*) =
0, ([w]v, splits, [w]¥) and 0, ([w]*, reaps, [w]¥) = by ([w]*, splits, [w]*) are known in literature
as s, and t, respectively. It is an old open problem whether s < s, or v, < v is consistent.
For a real r € [w]“ being ([w]*, reaps, [w]*)-unbounded and ([w], reaps, [w]*)-dominating
reals are in literature known as being a reaping (unsplit) and splitting real respectively.
The notion of being ([w]¥, reaps, [w]*)-unbounded coincide with being ([w]“, splits, [w]“)-
dominating and is usually referred to being a ’splitting’ family. Dually, the notion of
being ([w]¥, reaps, [w]¥)-dominating coincide with being ([w]*, splits, [w]¥)-unbounded and
is usually referred as being a 'reaping’ (unsplit) family.

Next, we list couple of relation systems related to the combinatorics of measure and category.
For more information the reader may consult [AA23].

e The systems related to infinitely equal and eventually different system:
Consider the relational systems (w*, =", w*) and (w*, #*,w*). Here the relation f = ¢
means that f(n) = g(n) for infinitely many n € w and f #* g means that for some
N € w, f(n) # g(n) for alln > N. A well-known Theorem of Bartoszynski-Miller ([BJ95])
says that b(w®, =", w") = d(w¥, #"*,w*) = cov(M) and d(w*, =", w") = b(w*, #*, W) =
non(M). The (w*,#* w*)-unbounded real (which is also (w*,=°°, w*)-dominating) is
referred to as infinitely-equal real.
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e The bounded inf. equal and event. diff. systems:

Consider the relational systems (IIF, =% IIF) and (IIF,#* IIF). The relations =* and
#* have the same meaning as in the previous relation systems but below the function
F. Tt is known (see [AA23]) that d(ILF,=>°IIF) = b(ILF,#*IIF) < non(M) and
both are greater-equal cov(N) for sufficiently fast F. Dually, cov(M) < b(IIF,=>°
JIF) = o(ITF, #*, 1IF) and both are less than or equal non(N') for sufficiently fast F.
The (IIF,#*,I1F)-unbounded real (which is also (IIF,=° IIF)-dominating) is refereed
to as F-bounded infinitely-equal real. The (IIF, #* I1F)-dominating real (which is also
(ILF, =°°,I1F)-unbounded) is refereed to as F-bounded eventually-different real.

In the last chapter, in the section regarding covering and +-coverings numbers we will consider
two more relational systems related to slaloms. The cardinal invariants of ideals on w and o-
ideals of reals also can be presented in this fashion. For Z being a o-ideal of reals and J being
an ideal on w we consider the following relation systems

e The systems related to o-ideals on IIF"
Let Z be a o-ideal on ITF'. Consider the relational systems (Z, C,Z) and (IIF, €,7). Clearly,
b(Z,C,7) = add(Z), b(IIF, €,7) = non(Z), o(IIF, €,7) = cov(Z) and ?(Z,C,T) = cof(Z).
As T is closed under countable unions, the w-versions are equal to the original ones for
both systems. A (IIF, €, M)-unbounded real is usually called a Cohen real.

e The systems related to the ideals on countable sets:

Let J be an ideal on w. Consider the relational systems (J,C*,J) and ([w]“,N>,J).
The relation AN B means that the intersection AN B is infinite. Clearly, b(J,C*,J) =
add*™(J) and o(J,C*, J) = cof*(J). Also b([w]¥, N>, T) = non*(J) and d([w]“, N>, TJ) =
cov*(J). Adding a ([w]“, N>, J)-unbounded real is referred in literature as destruction
of an ideal. Therefore, to destroy an ideal J means to add an A € [w]* which is almost
disjoint with every ground model X € J. Consider also the relational system (J*,N>, 7)
where for A € J+ and B € J, the relation A N> B again means that the intersection
AN B is infinite. Clearly, 9(J",N>,J) = covi(J). Adding a (J+,N>, J)-unbounded
real is referred in [FZ22] as +-destruction of an ideal.
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Chapter 2

Tree types and tree ideals

2.1 Tree types and tree ideals

Definition 2.1.1. A collection of pruned trees T on ILF is a tree forcing (a tree type) if:
— foreveryT € T, T|, €T foralloeT.

Additionally a tree type T will be called a combinatorial tree forcing if:
~ for every T € T there is {Sq CT : o« < ¢} C T such that [So] N [Sp] =0 for a # .

The first property is sometimes referred to as arboreal tree type. The second one asserts
that below any tree there is a large disjoint antichain. In particular, a c.c.c. tree type cannot
be combinatorial. A tree type T will always be considered as a forcing notion with the order:
S<Tif SCT.

With every tree type T there are two associated notions of smallness.

Definition 2.1.2. A set X C IIF is a T-nwd set if for any T € T there is S <T, S € T such
that [S]N X = (. The tree ideal associated to T, denoted by Z(T), is the o-ideal generated
by the T-nwd sets. The ideal Zg(T) is the Borel part of Z(T), that is the o-ideal generated by
Z(T) N Borel(ILF).

In general, the T-nwd sets may not form o-ideal for a combinatorial tree type. Notice also
that if a tree type T is combinatorial, then non(Z(T)) = ¢: if X C IIF is of cardinality lesser
than ¢, then the disjoint antichain below any 7' € T must contain an element disjoint with
X. It is worth pointing out that in general Z(T) may not have a Borel basis (more on that in
the section about the cofinalities of tree ideals). However, a basis of Z(T) can be conviniently
described using maximal antichains in T.

Proposition 2.1.3. If T is a combinatorial tree forcing and A C T, we define the following set:
X(A) :=IIF\ UpeulT]
Then the following observations hold:

- if A is a mazimal antichain (or open dense) in T, then X(A) is in T-nwd,

— every set in Z(T) can be covered by countably many sets of form X (A) for some mazximal
antichain (open dense) A C T.

Moreover,

—if Ay refines Ay, then X(Agp) C X(A1),
— If T is a dense subset of T, then the tree ideals of the two are equal.

17



Proof. For (1) let T € T. As A is maximal there are R € A and S € T such that S < R and
S < T. But then [S] € g 4[R] so [S] € X(A) = 0. The (2) follows directly from the definition
and (1). To see the last part note that if A; refines Ap!, then Urea, [T] € Ureq,[T] and thus
X(Ap) € X(Ar). O

It follows that the sets of form X(A) where A C T is either maximal antichain, dense or
predense, form a basis of the ideal Z(T).

Corollary 2.1.4. If a combinatorial tree forcing T is a c.c.c. tree type, then Z(T) = Zp(T).

Proof. If an antichain A is countable, the set X'(A) is Borel as a countable intersection of open
sets. O

2.2 Catalogue of tree types

We list here all the tree types which are related to this work. For each tree type, we discuss
satisfying the definition of being the combinatorial tree forcing with c.r.n., fusion argument and
the corresponding perfect set style dichotomy. We also mention related results and calculate the
cardinal invariants of the Borel part. We start with the compact trees.

2.2.1 Bounded infinitely equal trees

Throughout this section we will consider two generalizations of Sacks forcing. Both forcings will
be parametrized by a function F' € w®. For such function, we will always assume that F' is
increasing and strictly above zero in all considerations in this thesis.

Definition 2.2.1. A tree T C Seq(F') is F-bounded Sacks if every o € T has an extension
T € T such that succer(t) = F(|7|). The collection of F-Sacks trees will be denoted by Sp.

Definition 2.2.2. A tree T C Seq(F) is F-bounded infinitely equal tree if every o € T
there is Nyp(o) > |o| such that for every i € F(Nr (o)) exists T € T, 0 C 7, || > Nr(o) with
7(N7 (o)) =i. The collection of all F-infinitely equal trees will be denoted by IEf.

We will always assume that, in the definition of such tree, the value Ny (o) is the smallest one
with the required property. Notice that if F' is constant with the value 2, the Sp-trees and IE p-
trees are simply Sacks (perfect) trees on 2¢. Notice also that in Sp dense is the set of all trees
T € Sp that split only when they split fully i.e. for all ¢ € T we have |succr(o)| € {1, F(|o])}.
Similarly, in IIEg dense is the set of all T' € IIEg such that the 'full-splits’ are realized without
repetition i.e. for all o € T and every i € F(Np(o)) there is unique 7 € T|, such that
7(Nr(0)) =i. For T € Sg, by split(T) we will denote the set {o € T : |sucer(o)| = F(|o])}.
The following proposition gathers the basic properties of tree types Sp and IEp.

Proposition 2.2.3. The following hold:
— both Sp and IEp are combinatorial,
— both Sg and IEr have continuous reading of names,
— both Sp and IEp have aziom A,
— both Sp-nwd sets and IEp-nwd sets are closed under countable unions.

Proof. ® We prove the first item only for the tree type IEr, as the argument for Sg is almost
identical. Let T' € IEp. For every x € 2“ we construct T, € IEp, T,, C T as follows: inductively
construct a sequence {F? : n € w} such that for every n € w we have:

L A, refines Ag is every element of A; is below some element of Ag
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(1), FY? is a finite subtree of T,
(2)n Fj7.; is an end-extension of F};,

(3)n for every o € term(F7) there is unique 7 € F7 | such that o C 7, |7| = Nr(0) 4+ 1 and
7(Nr(0)) = 2(n),

(4), for each o € term(F};) exists N > |o| such that for every i € F(N) there is 7 € F7 ,,
with |7| = N + 1 such that 7(N) = i.

Start the induction with F§ = {0}. Assume that F? has been constructed. For every o €
term(Fy) pick 7, € T, 0 C 74, |7,| = Np(0) 4 1 such that 7,(N7(0)) = 2(n). Let then F7 ;| be
the tree generated by the set {p € T : p extends some o € term(F?) and |p| = Nr(75)} + 1.
When the induction is finished, define T, = J,, FY. Because of the conditions (4),, n € w
we have that T, € IEp. We claim that for z # y in 2 we have that [T,] N [Ty] = . Let
z € [Ty] N [T,] and let n € w be the smallest such that z(n) # y(n). Note that F* = F/ for
every i < n. Let o € term(F}") = term(F}) be such that o C z but then by the condition (3),
we get that y(n) = z(Np(o)) = x(n), which is impossible.

e Both have the continuous reading of names because of the Theorem 1.2.6 and the fact that
the Borel parts Zg(Sp) and Zp(IEg) are generated by closed sets (see the Theorem 2.2.4 and
the Theorem 2.2.5).

e As for Sp this has been shown in [NRa93|, we focus only on IEr. For T' € TEp define
an increasing sequence {kl : n € w} of natural numbers as follows: let kI = 0 and if kI has
been defined let k!, = max{Ny(c) : 0 € T, |o| = kI'} + 1. Define now T' <,, Sif T < S
and T NwSkr = §NwSka. In particular T' <,, S implies k:ZT = k:ls for i < n. It is easy to see
that for n € w and T € IEpr with T IF 72 € V” there is S <,, T and a countable X such that
SI-7% € X”: for every T € T of length |7| = kL find S, < T|, such that S, IF & = x,” for some
zr. Then S = UTETﬁwkTT; Sy is such that S <, T and SIF72 € X" for X ={z,: 7€ TN wkg}.
We will check that for a sequence {7}, : n € w} C IEp such that T,,11 <,, T}, for all n € w, there
is T € IEp with T <,, T), for all n € w. Define T' = (),, T,,. First we will check that T' € [Ep. Let
o € T. We want to show that there is M > |o| and {7; : i < F(M)} C T such that 7;(M) = i for
every i < F'(M). Let N € w be such that |o| < kJ:C,N. As o € Ty, there is M > |o|, M < k:f,ﬁ_l
for which there is {7; : i < F(M)} C Ty|o NwM*! such that for all i < F(M), 7;(M) =i. On
one hand for every n > N, T,,11 <,, T}, implies that {r; : ¢ < F(M)} C Tp4+1. On the other
hand, if n < N, then T C T}, so also {7; : i < F(M)} C T,. It follows that T' € IEp. The
relation T <,, T}, holds by the definition of T'.

o Let {X,, : n € w} C [Ep-nwd and T' € IEp. Inductively, we construct a sequence
{T), : n € w} CIEp such that for every n € w we have:

(1)71 Tn+1 Sn Tna
(2)71 [Tn+1] nNX, = 97

Start the induction with Ty = T'. Assume now that T}, has been built. For every o € T}, N wkzn
find S, < T|, such that [S,] N X, = (. Let then T, = | J{Ss, : 0 € T, Nw**}. By the
conditions (1),, n € w we get that S € IEp. By the conditions (2),, n € w we get that
SNy, X» = 0. O

For these two tree types there are known an appropriate perfect-set style dichotomies. The
first one is from a work of Rostanowski and Newelski.
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Theorem 2.2.4. (Rostanowski and Newelski, [NRa93]) For every analytic A C IIF, either there
is T € Sg such that [T] C A, or for some ¢ : Seq(F) — w with ¢(co) € F(|o]), A is contained in
the set of form

Dy :={x € lIF :Y*n c w x(n) # ¢(x|n)}.

Theorem 2.2.5. (Khomskii and Laguzzi, [KL17]) For every analytic A C IIF, either there is
T € IEr such that [T] C A, or for some f € IIF, A is contained in the set of form

E¢:={x € lIF :¥*®n cw x(n) # f(n)}.

It follows that the tree types Sp and IEf are forcing equivalent with Borel(ILF') \ Zp(Sr)
and Borel(ITF) \ Zg(IEr) respectively. Clearly Zg(IEr) C Zp(Sp). When F is constant with the
value 2 both dichotomies simplify to the classical perfect set theorem for analytic sets. Notice,
that the Borel parts of Sg’s and [Ep’s, are o-generated by closed sets and are properly contained
in the o-ideal of meager sets.

The following proposition collects the cardinal invariants of the Borel parts.

Proposition 2.2.6. The following holds:

add(Zg(Sr)) = add(Zp(IEr)) = wi,

~ cof(Z5(Sk)) = cof (Ts(TEx)) = ¢,

= cov(M) < cov(Tu(Sp)) < cov(Ts(IEr)) = b(ILE, =, TIF),
- A(IIF, =, IIF) = non(Z5(IEx)) < non(Zs(Sk)) < non(M).

Proof. The additivities and cofinalities of the Zz(Sr) have been calculated in [NRa93]. The same
arguments work for Zg(IEr) as abserved in [KL17]. The inequalities cov(M) < cov(Zg(Sr))
and non(Zg(Sr)) < non(M) hold because Zp(Srp) € M. The inequalities cov(Zp(Sp)) <
cov(Zg(IEr)) and non(Zg(IEr)) < non(Zp(Sr)) hold because Zg(IEr) C Zp(Sr). The equalities
cov(Zg(IEr)) = b(I1F, =°,11F) and o(ILF, =*°,IIF') = non(Zg(IEr)) follows from the definitions.
O

2.2.2 Splitting trees

Another tree type which is gaining some popularity in recent years is the Splitting tree forcing.
This forcing was independently discovered by Shelah ([She92]), Spinas ([Spi04]) and Schilhan
([Sch22]) for the perpouse of adding splitting reals in a minimal way (see also [LMSR23], [HS20]).

Definition 2.2.7. A tree T C 2¥ is a splitting tree if for every o € T there is Np(c) > |o]
such that for every k > Np(o) and i € 2 there is T € TN2F, o C 7 satisfying 7(k — 1) = i. The
collection of all splitting trees is denoted by SP.

Proposition 2.2.8. The following hold:
— SP is combinatorial,
— SP have the continuous reading of names,
— SP-nwd sets are closed under countable unions.

Proof. e The fact that SP is combinatorial has been shown in [LMSR23] (For a different proof
the reader may also see the Proposition 2.2.54).

e SP has the continuous reading of names by the Theorem 1.2.6 and the Theorem 2.2.12.

e Tho show that SP-nwd sets are closed under countable unions we will need the following claim
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Claim 2.2.9. For every T € SP, m € w and X € SP-nwd, there is S < T, S € SP such that:
- [S]nX =10,
— for each 0 € T N 2™ we have Nr(o) = Ng(o).

proof of the claim. Let T € SP, m € w and X € SP-nwd. Fix ¢ € T'N2™. Pick any ox* €
T N 2N For every 7 € T|, N 2N7(%) such that o C 7 is not true, find a tree RZ < T,
R? € SP with [RZ] N X = 0. Let ky = min{Npgs(7) : 7 € T|, N 2N7(@) and it is not the case
that ox C 7}. For every p € Ty« N2k find Ry < T|,, RS € SP such that [R7] N X(. Let then
R? be the union of all RY’s and R]’s defined above. Unfix o € TN2™ and let S = (J, cprom R
Clearly [S] is disjoint with X as each R? is. We will now show that for every o € T'N2™ we have
Nr(o) = Ng(o). Clearly Np(o) < Ng(o) because of S < T. To show the opposite inequality,
let 0 € TN2™ and i > Ng(o). We want to show that we can find pf), pj € SN 2! such that
po(i) = 0 and pj(i) = 1. If ¢ € [Np(o), Nr(ox)), then there are required pf, p| because no
changes has been made to the tree T, N 2SNT(@%) If § € [Np(o%), ky), then there are required
P, Py because of the tree T,.. If i € [k,,00), then there are required pj, p| because of the trees
R? for 7 € T|, N 2N7(@*) This finishes the proof. O

When the claim has been proven, let {X,, : n € w} C SP-nwd and 7" € SP. We will
inductively construct {7, : n € w} C SP and {m,, : n € w} € w* such that for every n € w we
have:

(1), Tne1 < T, and myiq > my,
(2)n for every o € T,, N 2™ we have N, (0) = Nt,,,(0),
B)n [Tap] N X = 0.

The inductive construction is straightforward. Start with Ty = 0, arbitrarily mg, and at each step
of the induction use the claim to get another 7,,. When induction is over, we define S =, T5,.
Because of the conditions (1),, n € w and (2),, n € w we get that S € SP. By the conditions
(3)n, n € w we have [S]NY,, Xn = 0. O

The following problem regarding homogeneity seems to be open.
Question 2.2.10. Is the tree type SPP homogeneous?
Similar argument as in the proposition above, exposes the fusion technique for splitting trees.
Proposition 2.2.11. (Laguzzi, Mildenberger, Stuber-Rousselle, [LMSR23]) SP has aziom A.
The following perfect-set style dichotomy comes from the work Spinas.

Theorem 2.2.12. (Spinas, [Spi04]) For every analytic A C 2¥, either there is T € SP such
that [T] C A, or A is not w-splitting i.e. there is a countable collection {Cy, : n € w} C |w]¥
such that A is covered by the sets Fc, where for an infinite C C w

Fo={zxe2v:27 {1} C* C or z~ {1} NC =* 0}

It follows that the tree type SP is forcing equivalent with Borel(2¥) \ Zp(SP). Notice also
that the Borel part Zp(SP) is generated by a collection of closed sets and is properly contained
in the o-ideal of meager sets. Note also that A C B implies Fig C F4. The cardinal invariants
of the o-ideal of not w-splitting sets behave as follows.

Proposition 2.2.13. The following holds:

~ add(Zg(SP)) = w,
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- cov(Zp(SP)) = t,,
- non(Zg(SP)) = s,,
— cof(Zp(SP)) = ¢.

Proof. The equalities cov(Zg(SP)) = t, and non(Zg(SP)) = s, follow directly from the definitions.
To show the remaining equalities let A C [w]¥ be an maximal almost disjoint family of size .
The add(Zp(SP)) = w; will come from the fact that for every A" C A of size w; we have
Uuea Fa & Is(SP). Suppose that (Jsec 4 Fa € U, F'B, for some countably many infinite B,’s.
Without loss of generality, we may assume that each B, is a subset of some A, € A'. Let
Ae A\ {A, :n € w}. We claim that Fy is not covered by J, .., FB,- Notice that if 2 € 2*
is the characteristic function of w \ A, then z € Fa \ U, ¢,, FB,. To show that cof(Zs(SP)) = ¢
assume that £ < ¢ and every element of Zz(SP) can be covered by a countable union of sets
Fe,, where {C, : o < k} C [w]¥. Again, we may assume that each C, is contained in some
Ay € A. As k < ¢ we may pick A € A\ {4, : o < k}. We claim that for any {a,, : n € w} C Kk
the set F4 is not contained in the set | J,, o, . The argument is identical as in the case of the
additivity. O

2.2.3 Eventually different trees

We will briefly discuss a certain tree type for adding bounded eventually different reals. For these
trees, we will always assume that F' is increasing and strictly above zero for all considerations
in this thesis.

Definition 2.2.14. A tree T C Seq(F') is an F-bounded eventually different tree if for
every N € w, almost all o € T satisfies |sucer(o)| > N. The collection of all F-bounded
eventually different trees is denoted by EDp.

It is easy to see that dense in EDf is the set of all trees such that longer node in the tree
has greater (or equal) number of successors. Without loss of generality, we may work with such
trees only. For any T' € w we define an increasing sequence of natural numbers {Mp(n) : n € w}
as follows: let Mp(0) = 0 and let Mp(n + 1) be the smallest number m > Mp(n) such that for
every o € T, if |o| > m, then |succr(o)| > n + 1. Let also for n € w and S,T € EDp we will
write S <, T if S < T, My (i) = Ms(i) for every i <n and S NwMr() =T A Mr®),

Proposition 2.2.15. EDg has axiom A.

Proof. The axiom A of EDp has been shown by Herndndez-Herndndez and Hrusék in [HHHO7]
and by Zuchowski, Khomskii in [KZ]. It is also proved along the lines of the next proposition. [

We gather the basic properties of the tree type EDp.
Proposition 2.2.16. The following hold:

— EDg are combinatorial,

- EDg have the continuous reading of names,

— EDp-nwd sets are closed under countable unions,

Proof. @ Let T € EDp. Let {N,, : n € w} be such an N,, = Mrp(2n) for every n € w. For
each x € 2¥ let T, € EDp, T, C T be the unique tree such that stem(T") C stem(T) and for
o € T, with n € w we have that: if |o] € [Ny, Nyy1), then sucer, (o) consists of first half of
the elements of sucer(o) if x(n) = 0 or, sucer, (o) consists of second half of the elements of
sucep(o) if x(n) = 1. The first and the second half we mean in the increasing order of sucer(o).
Notice that because of the choice of {N,, : n € w} we have that for every n € w and o € T,
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with |o| € [Np, Npt1), |sucer, (o)] > n. It follows that T, € EDp for every z € 2. We claim
that for « # y in 2¢, [T] N [T,] = 0. Let z € [T;] N [Ty] and let n € w be the smallest such that
z(n) # y(n). Notice that T, Nw<Nr = T, Nw<N". By the construction of Ty, the z(n) should
belong to the first half of the elements of sucer(z|,). Similarly, because of the construction of
Ty, the z(n) should belong to the second half of the elements of sucer(z|,). As the two sets are
disjoint, we get a contradiction.

e The continuous reading of names has been shown by Khomskii and Zuchowski in [KZ].

e Next we prove that EDg-nwd sets are closed under countable unions. We will need the
following lemma.

Lemma 2.2.17. For every number n € w, set X € EDp-nwd and a tree T € EDpg there is
S <, T|, with the stem o, such that [S]NX = 0.

proof of the lemma. We will say that a tree T € EDp an n-tree with the stem ¢ € T if
|sucer(7)| > n for every T which extends the stem(T) = 0. For n € w and T' € EDf define rank
function rank, : T — w as follows:

rank(c) = 0 iff there is n-tree S < T, stem(S) = o such that [S]N X = 0,
rank(c) < k+ 1 iff not rank(c) < k and |{i € sucer(o) : rank™ (07i) < k}| > L|sucer(o)).

We will show that rank is defined on every element of 7. Assume that for some o € T the
rank(c) is not defined. Note that the set {i € sucer(o) : rank(c™1) is not defined} has to be
of cardinality greater-equal %]succzp(aﬂ. Using this observation, we can inductively construct a
tree S < T, such that stem(S) = o, for every 7 € S extending o, rank,(7) is not defined and
|suces(7)| > %|sucer(r)|. As X € EDp-nwd, there us R < S with [R]NX = (). By the definition
of EDf there is p € R such that R|, is an n-tree. This contradicts the fact that rank,(p) is
undefined.

For any o € Thw we will construct an n-tree Ry C T with the stem 0. Fix o € TnwMr(2n),
We will consider two cases:

First, that rank(c) = 0. Then by the definition of rank, there is n-tree R with the stem o such
that [R] N X = (). Let then R, be such R.

Second, that rank(c) > 0. Then, one can find a finite tree F' with that stem o such that:

MT (2n)

- V71 € term(F,) rank(t) =0,
~ V1 € F\ term(F), if ¢ C 7, then |succp(t)| > §|succp(7)|

Note that in the second condition |succp ()| > §|succp(r)| > 32n = n. For every T € term(F),
as rank(t) = 0, we find an n-tree R” with the stem 7 such that [R"] N X = (. Define then
R, = UTEterm(F) RT.

Unfix 0 € TNwMr) and let S = Usernwiiren Ro. Clearly, SN X =0, S is an EDp-tree and
S <, T. This finishes the proof of the lemma. O

To show that EDp-nwd sets are closed under countable unions, let {X,, : n € w} C EDp-nwd
and T € EDp. We will inductively construct a sequence {7}, : n € w} C EDp such that for every
n € w we have:

(1)n Tn+1 Sn Tna
(2)p [Ths1] N X = 0.

Start the induction with Ty = T' and at each step use the Lemma 2.2.17 to obtain 7,1 from
T,,. When the induction is over let S =, T,. Clearly we get that [S]N|J,, X, = 0 so we check
that S € EDg. To see this notice that for every n € w, if o € T is such that |o| > My, (n), then
|succg(o)| > n. This means that only for finitely many o’s in 7' we have that |succg(o)| <n. O
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The homogeneity of EDg is not clear to me. Consider now an ideal on IIF, o-generated by
the sets of form

Ey={x € IIF : 32 z(n) = ¢(x|n)}

where ¢ : Seq(F') — w is such that ¢(o) € F(|o]|) for every o € Seq(F'). Denote this o-ideal by
Tgp, . Despite some effort, the following basic question remains open.

Question 2.2.18. Does EDg stand with the ideal Igp, in a perfect set-style dichotomy?
In case of cardinal invariant of the ideal Zgp,. the following result is known.
Theorem 2.2.19. (Zuchowski, [KZ]) The following holds:
— add(Zgp, ) = w1,
- b(IIF, =, 11F) < non(Zgp,.) < non(N) for such F € w* that En% < 00,

— cov(N) < cov(Zgp, ) < (IIF,=>,1IF) for such F € w* that Enﬁ < 00,

— cof (Zgp, ) = ¢.

In [HHHO7] the authors showed that EDg is w“-bounding. Zapletal ([Zap08]) showed that
such trees always preserve t.

Question 2.2.20. Is there a tree type which stands in a perfect set like dichotomy with the ideal
on ILF generated by the sets of form Ey = {x € ILF : I5L jx(n) = f(n)} for f € IIF?

2.2.4 Full-Miller and infinitely-equal trees

The following two tree types has been investigated in the work of Khomskii and Laguzzi [KL17].
The first has been also investigated in the work [NRa93] of Rostanowski and Newelski.

Definition 2.2.21. A full-Miller tree is a tree on w<% such that for every o € T there is
T €T, 0 C 71 such that T splits fully in T, i.e. succp(T) =w. The collection of Full-Miller trees
will be denoted by FM.

Definition 2.2.22. An infinitely-equal tree is a tree on w<% such that for every o € T there

is N > |o| such that for any i € w there isT € T, o C 7, |7| = N+ 1 with 7(N) = i. The
collection of all infinitely-equal trees will be denoted by IE.

Dense in FM is the set of those FM-trees such that sucerp(o) is either a singleton or entire w
for every o € T. We will always assume that we work with such trees. For T' € FM, by split(T')
we will denote the set {¢ € T : succr(o) = w}. The following proposition gathers the basic
properties of tree types FM and IE.

Proposition 2.2.23. The following hold:

both FM and IE are combinatorial,
— both FM and IE hove the continuous reading of names,

— FM is homogeneous,

both FM and IE have axiom A,

— both FM-nwd sets and IE-nwd sets are closed under countable unions.
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Proof. The proof that both tree types are combinatorial is almost identical to the one for M 7-
trees (see the Proposition 2.2.30). Both have the continuous reading of names because of the
Theorem 1.2.6 and the fact that the Borel parts Zg(FM) and Zg(IE) are generated by closed
sets (see the Theorem 2.2.25 and the Theorem 2.2.26). The fact that the tree type FM is
homogeneous has been proved in [KL17] and the argument is similar to the one for J-Miller
trees (for IE see the question below). The fact that FM has axiom A has been shown been
proven in [NRa93|. The fact that IE has axiom A is similar to the one for J-Miller trees and
[Eq-trees. Because of this we skip it. The argument that FM-nwd sets and IE-nwd sets are
closed under countable unions is also almost identical to the argument for M s-trees (see the
Proposition 2.2.30). O

Question 2.2.24. Is the tree type IE homogeneous?

Also, the tree type FM adds Cohen reals (see [NRa93]) while IE adds Cohen reals below
certain conditions. It is worth noticing that IE adds infinitely equal real on w* (see [KL17]).
However, it is not clear whether there is a tree 7' € IE such that the restriction IE|7 does not
add Cohen reals. In such case, this would lead to another solution of long standing problem
called ’half-Cohen’ problem: is there a forcing notion P which adds infinitely-equal real but no
Cohen reals. This question has been answered in positive by Zapletal using forcing of form
Borel(X) \ Z for some Polish space X and a peculiar o-ideal Z. However, this o-ideal comes
from infinitely-dimensional topology, making it natural to ask if there is such forcing with a
more combinatorial definition. In this context, it would be nice to know the answer for the tree
type IE.

We have the following two perfect-set style dichotomies.

Theorem 2.2.25. (Rostanowski and Newelski, [NRa93]) For every analytic A C w®, either
there is T € FM such that [T] C A, or for some ¢ : w<* — w, A is contained in the set of form

Fy:={zr ew’ :V®n cw z(n) # ¢(z|,)}.

It follows that the sets Fy, ¢ : w<“ — w form a basis of the Borel part Zg(FM). The second
dichotomy comes from Spinas [Spi08] with a correction from Khomskii and Laguzzi [KL17].

Theorem 2.2.26. (Spinas, [Spi08]; Khomskii and Laguzzi, [KL17]) For every analytic A C w®,
either there is T € IE such that [T] C A, or for some f € w®, A is contained in the set of form

Ef:={rcw’:¥®ncwx(n) # f(n)}.

It follows that the sets Eyg, ¢ : w<“ — w form a basis of the Borel part Zg(FM). Clearly,
both Borel parts are generated by closed sets and contained in the ideal of meager sets.
In the following proposition, we collect the values of cardinal invariants.

Proposition 2.2.27. (Rostanowski and Newelski, [NRa93]; Khomskii and Laguzzi, [KL17]) The
following holds:

add(Z5(FM)) = add(Z(IE)) = w1,

~ cov(Z(FM)) = cov(Z5(IE)) = cov(M),
~ non(Zs(FM)) = non(Zs(IE)) = non(M),
— cof (Zg(FM)) = cof (Zp(IE)) =
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2.2.5 J-Miller trees

The following generalization of Miller trees has been considered by Sabok and Zapletal in the
article [SZ11], in the context of o-ideals generated by closed subsets of Polish spaces.

w

Definition 2.2.28. Suppose that J is an ideal on w. A J-Miller tree is a tree on w<“ such
that for every o € T there is 7 € T, 0 C 7 such that sucer(t) € JT. The collection of all
J-Miller trees will be denoted by M 7.

Note that Miz;, is just standard Miller forcing, sometimes called superperfect or rational-
perfect forcing. Note also that dense in M7 is the set all those trees that split J-positively
whenever they split i.e. for every o € T we have sucer(o) is either a singleton or [J-positive.
We will always assume that we work with such trees. For T' € M 7, by split(T) we will denote
the set {o € T : sucer(o) € T}

Proposition 2.2.29. M7 has aziom A for any ideal J.

Proof. The proof is identical as the one for classical Miller trees: for 5,7 € My and n € w we
define the relation T' <,, S if split;(T") = split;(S) for every i < n. O

Proposition 2.2.30. The following holds:
- My is combinatorial for any ideal T,
— M has the continuous reading of names no matter the ideal J,
- M is homogeneous whenever J is,
- My-nwd sets are closed under countable unions for any ideal J .

Proof. @ Let T € M. For any x € 2% we we define a tree T, € M7, T, C T to be the unique
tree such that stem(T,) = stem(T) and we have that: if o € T} is such that succr(o) € J* and
the number N, = |[{m < |o| : sucer(o|n) € T} is odd, then sucer, (o) = sucer(o); if o € Ty,
is such that sucer(o) € J* and the number N, is even, then sucer, (o) consists only of the first
element of sucer (o) if z(£2) = 0, and only of the second element of sucer(o) if z(8e) = 1. We
will show that for [T,] N [T},] = 0 for = # y in 2¥. Assume that z € [T;] N [T,] and let n € w be
the smallest such that x(n) # y(n). Let m € w be such that N, is even and % =n. Then
z(m) € sucer, (z|m) N sucer, (2m). As x(n) # y(n), z(m) should be equal to both the first and
the second element of the set succr(z|p,) in the same time, which is impossible.

e Continuous reading of names follows from the Theorem 1.2.6 and the fact that Zg(My) is
generated by the closed sets by the Theorem 2.2.31.

e To prove that M s is homogeneous, assume that 7' € M s and that J is homogeneous. For
any o € T denote by SuccSplitr(o) the shortest J-splitnode of T' that extends o. For any
o € split(T) fix a bijection by : w — succr(o) such that X C w is J-positive iff by [X] is J-
positive. Recursively we define b’ : w<* — split(T) as follows: h'(()) = stem(T) and h'(c7"i) =
SuceSplitr(h'(0) by () (i)). Note that, as every b, is a bijection, h' is as well a bijection. Define
now h : w* — [T] such that for z € w* we have h(z) = |J,, #'(z]n). As I’ is a bijection, h is
also a bijection. Note also that for o € w<“ we have that h[[o]] = [T] N [V (0)]. It follows that
h is a homeomorphism between w* and [T]. We will show that if S € My, S C w<“, then
R[[S]] = [R] for some R € My, R C T. Because of the similar argument, if R C T, R € M7,
then h~1[[R]] = [9] for some S € M7, S C w<¥. This will finish the proof. Let then S € M,
S C w<¥. Define R C T to be the unique M s-tree such that split(R) = h'[split(S)]. Then
R € M7 and h[[S]] = [R].

e To show that M 7-nwd sets are closed under countable unions let {X,, : n € w} C Z(M ) and
T € M. We will construct a sequence {7, : n € w} C M7 such that for each n € w we have:
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(), Th41 <T, and [T, N X, =0,

(2)p, splity (1)) = splity,(Th+1).

Let Ty = T and assume that 7}, has been constructed. For every o € split,(T;,) we find
Se € M7, So < Thlo, [So]NXnt1 = 0 and we let Tp, 11 = U, Sy Having {7}, : n € w} constructed
we define R = (0, ., Tn. Clearly R < T. By (1)n, n € w we have that [R] N J,c, Xn = 0 and
by (2)n, n € w we have that R € M 7. This finishes the proof. O

The Borel part Zg(M ) admits a neat combinatorial characterization due to Sabok and
Zapletal:

Theorem 2.2.31. (Sabok and Zapletal, [SZ11]) For every analytic A C w®, either there is
T € My such that [T] C A, or for some ¢ : w<* — J, A is contained in the set of form

My :={zx e w”:¥°n € w x(n) € ¢(x|,)}.

This implies that the Borel part Zg(M7) is the o-ideal generated by the sets F,-sets M, for
¢ w<¥ = J and the forcing notion M7 is forcing equivalent to Borel(w*) \ Zg(M7). By the
Theorem 1.2.6 the tree type M7 has continuous reading of names for any ideal 7. A well-known
instance of the above is when J = Fin. In such case the dichotomy is a well-known result of
Kechris where the Borel part consists of o-compact sets. In such case it is well-known that

add(Zp(Mri,)) = non(Zg(Mgiy)) = b and cov(Zg(Mziy,)) = cof (Zg(Mgin)) = 0.
Proposition 2.2.32. Suppose that J, Jy and J1 are ideals on w. Then the following holds:
— cov(M) < cov(Zg(My)) <0,
- b <non(Zg(Mys)) < non(M),
- Jo <k Ji implies that cov(Zg(Mz,)) < cov(Zp(My,)).

Proof. e cov(M) < cov(Zg(My)) <0
The first inequality follows from the fact that My’s are meager. For the second notice that
if {fo : @ <0} C w* is a dominating family, then the sets My , where ¢, is defined as
bal(0) = fallo]), covers w®.

e b <non(Zp(My)) < non(M)
This is just a dualization of the argument above. A family {f, : @ < non(Zg(My))} which
witnesses for non(Zg(M 7)) then it must be unbounded, otherwise it would belong to the ideal
IgMz). If {foa : @ < non(M)} witnesses for non(M), then it witnesses for non(Zg(My))
because sets My are meager.

o Jo <k J1 implies that cov(Zg(My,)) < cov(Zp(My,))
Let m : dom(J1) — dom(Jy) be Katetov reduction and let x < cov(Zg(My,)). Given a family
{po : a € Kk} such that ¢, : dom(Jo)<¥ — Jo, define ¢, : dom(J1)<¥ — J1 as Yu(0) =
7 pa(m(0))] € Ji. Now, if z ¢ U, My, then mox ¢ |J,, Mg, which finish the proof. O

Theorem 2.2.33. Suppose that J is an arbitrary ideal on w. Then
- min{b,add’,(J)} < add(Zp(My)) < min{?,add,(7)},
— min{b, cov*(J)} < cov(Zg(M7)),
-~ non(Zs(My)) < max{o, non3 ()},

)
— max{b, cof’,(J)} < cof(Zp(My)) < max{d, cof’,(J)}.
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Proof. Before the proof, let us introduce the following notation. If ¢ : w<% — J is a constant
function with the value B € J, then we will write Mp for the set My from the dichotomy for
M7 trees (Theorem 2.2.31).

e add(Zp(My)) < cov(Zp(My)) <0 and b < non(Zp(My)) < cof(Zg(My))
The comparisons with b and ? follows from the proposition 2.2.32 above.

e add(Zp(My)) < add},(J),
Let {B, : o € K} be a witness for add},(J). We claim that {J,., Mp, ¢ Zs(My). Aiming for
a contradiction, assume that for some ¢ : w<¥ — J we have and Uae,$ Mp, € My. Find o € K
such that for all o € w<* the set B, \ ¢(0) is infinite. Recursively construct = : w — w such
that, for all n € w we have z(n) € B, \ ¢(z|,). Clearly, then x € Mp, \ M.

o cof(7) < cof (Ts(My)),
Let {My, : a < k} be a basis of Zg(M 7). For each a € k define B, = {¢o(0) : 0 € w<¥} € [T]“.
We claim that the collection {B,, : a < k} witnesses cof* (7). Towards a contradiction, assume
that for some A = {A; : i € w} € [J]¥ we have that for each o < cof(J) there is an i, € w
such that for all ¢ € w<* the set A;, \ ¢a(0) is infinite. We will show that | J,;.,, M4, is not
contained in any My,. To see this fix a € x and inductively construct an increasing x € w®
such that for each n € w we have z(n) € A;, \ ¢a(x|,). Then we have x € My, \ My, .

e min{b,add,(J)} < add(Zp(My)),
Let £ < min{b,add},(J)} and assume that we are given a collection {My, : o € k} such that
Ga WY — J. For each 0 € w<¥, as k < add};(J), there is a sequence {CJ : n € w} C J
such that for each a < £ there is n?, € w with ¢a(0) C* C7;. We may assume that each such
sequence is increasing. For each a < k we define functions g, : w<% — w and f, : W< — w
as follows: for o € w=* let go(0) = ng and let fo(0) € w be such that ¢n(c) C Cro U fa(0).
As k < b we may find g : W< — w and f : w<¥ — w such that g dominates all g,’s and f
dominates all f,’s. Let ¢ : w<¥ — J be defined as ¢(o) = Cooy Y f(o) for 0 € w<¥. We will
finish the inequality by showing that |J, Mg, € My. Let a € k and let « € My, . Then for

almost all n’s we have z(n) € ¢, (z|,) C clny fa(z|n). But for almost all out of those almost

z|n
«

all n’s we have that C*" U falz|n) C i
n”n g(x‘”

increasing. This in fact ‘shows that z € M.

e min{b, cov*(7)} < cov(Zp(My)),
Let k < min{b,cov*(J)} and assume that we are given {My, : a < r} C Ig(My). As
k < cov*(J) there is an infinite set A almost disjoint from all of the sets ¢, (o) for o € w<“ and
a < k. For a < k define f, : o< — w in a way that AN ¢, (0) C fo(o) for every o € w<¥. As
k < b, there is g : w<* — w that dominates all f,’s. Inductively construct an increasing x € w*
such that for all n € w we have x(n) € A\ g(z|,). This is possible as A is infinite. We will
finish the proof of the inequality by showing that « ¢ My for each o < k. If for some o < K we
would have x € My, then for almost all n’s we have x(n) € AN ¢a(z|n) € fo(z|n). But then
for almost all of those n’s we have z(n) € g(z|,) which contradicts the definition of the z.

e non(Zg(Mys)) < max{d,non’(J)},
Let {fy : v < 9} be a dominating family of functions from w<* to w and let {F, : a < K} C [w]®
be a collection of sets that witnesses for non’ (). For every a < k and v < 0 we inductively
construct a point 7 € w® such that z*7(n) € F, \ fy(z*7],) for every n € w. This is
possible because F,, is infinite. We will show that the set {z®7 : o < K, v < 0} witnesses for
non(Zg(My)). To see this, let ¢ : w<¥ — J. Then there exists o < x such that F, N ¢(o) is
finite for every o € w<¥. Let then g : w<* — w be defined in a way that F, N¢(c) C g(o) for all
o € w<¥. Then there is v < k such that g <* f,. We claim that 27 ¢ My. Assume towards a
contradiction that this is not the case, i.e. x7(n) € ¢(x™7|,) for almost all n’s. Choose n € w
large enough so that g(z®7|,) < fy(x*7],). But then 2*7(n) € F, N ¢(x*7|,) C g(x*7|,) C
fy(z*7|,,) which contradicts the definition of %7 (n).

o cof (Zg(M 7)) < max{d, cof,,(J)},

U f(z]n) = ¢(z|,) because CZ‘"’S, for k € w, are
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Let {f. : 7 < 0} be a dominating family of functions from w<* to w and let {A, : @ < cof’ ()}
be a witness for cof?,(J). Assume that for each o € cof’,(J) we have A, = {A :i € w} € [T]“.
We may also assume that each f, is increasing along branches i.e. ¢ C 7 implies that f,(0) <
fa(T). For every o < cof,(J) and v < 0 define ¢oy : WS — J as ¢ (0) = U{;E)U) AU fy(o)
for o € w<¥. We will finish the proof by showing that the collection {My,  : a < cof(J)
and v < 0} is a basis of the ideal Zg(Mys). Take any set My where ¢ : w<* — J. Let
o < cof,(J) be such that for each o € w<¥ there is iy € w with (o) C* A . Define then
functions g : W< — w and h : WY — w as follows: for o € W< let g(0) = i, and let h(o) € w
be such that ¢(c) € A? Uh(c). There is a v < 0 such that f, dominates both g and h. We
claim that M, C My, . If x € My, then z(n) € ¥(z]n) C Ag’;‘n U h(z|p) for almost all n’s. But

then for almost all of those almost all n’s we have that AZ-O;‘ - Ulflgc‘") AXUh(z|n) = dan~(2]n)
which in fact shows that z € My, . O]

Let us now summarize the values of discussed cardinal invariants for for ideals.

Corollary 2.2.34. The following holds:

add(Zs(Mep)) = add(Zp(Mep,,, ) = add(Zp(Mg)) = add(Zs(Ms)) = add(Zs(Meons)) =

= add(Zp(Mw)) = add(Zp(Msp)) = w1,

cof (Zp(Mgp)) = COf(IB(Mngm)) = cof (Zg(MRp)) = cof(Zp(Ms)) = cof (Zp(Meony)) =
= cof (Zp(Myy)) = cof (Zp(Msp)) = ¢,

p < add(Zg(Myuq)) < add(M) and add(Zs(MFinxFin)) = b,
— cof (M) < cof (Zg(Mya)) and cof (Zg(Mginx Fin)) = 0,

- add(WV) < add(Zp(M7)) < b and 0 < cof(Zp(M 7)) < cof(N) for all analytic P-ideals,

add(Zp(My)) = add(N') and cof (Zp(M7)) = cof (N) for the ideals L1, tr(N) and Z.

2.2.6 J-Laver trees

Definition 2.2.35. Suppose that J is and ideal on w. The J-Laver tree is a tree on w<* such

that for every o € T which extends the stem(T), we have that sucer(o) € J*. The collection
of all J-Laver trees will be denoted by L.

Note that Lz, is simply the standard Laver forcing for Borel conjecture. Let split(T) =
{oc €T : sucer(c) e T}

Proposition 2.2.36. L s has aziom A for any ideal J .

Proof. The argument is identical to the one for classical Laver trees. We only sketch the proof.
For T,S € Ly and n € w define: T <,, S'if T' < S and split,(T) = split,(S). In particular
T <o S means that T' < S and both trees have the same stem. O

Before establishing the basic properties of the tree type L s we will need the following
important property of J-Laver trees.

Proposition 2.2.37. (Pure decision property) If T € L is such that T I+ & € 2 then there is
S <o T which decides the value of & i.e. either SIF"2=0" or SIF7z=1".
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Proof. The proof is almost identical to the original one. Because of this we only sketch the proof.
Assume towards a contradiction that there is no such S <y T and let Ty = T'. Inductively, we
construct a sequence {7}, : n € w} C L such that for every n € w we have T,,;1 <, T,, and
for every o € split,,(T') there is no S < T),|o deciding the value of #. Assume that 7}, has been
constructed. For each o € split,(T) the set A, =: {i € succr, (o) : 3S <o Ty|s~i deciding &}
is in J. We then construct 1,41 by letting succr, (o) = sucer, (o) \ A, for o € split, (T).
Finally, if S is the fusion of T,’s then there is no R < S deciding . T. O

Proposition 2.2.38. The following holds:
— Ly is combinatorial for nowhere-mazimal 7,
— L7 has the continuous reading of names no matter the ideal J,
— L7 is homogeneous whenever J is,
— Ly-nwd sets are closed under countable unions for any J .

Proof. e Suppose that J is nowhere-maximal and T' € L 7. For each o € T with stem(T) C o,
because of nowhere-maximality of 7, there are disjoint sets A2, AL € JF such that succr(o) =
AQUAL € JF. For each z € 29 let T,, C T be the unique L 7-tree such that stem(T}) = stem(T)

and for every o € Ty, sucer, (o) = AZ7D " We will show that for X # y in 2¥ we have
[T.) N [T, = 0. Let z € [T;] N [T] and let n € w be the smallest such that z(n) # y(n). Then

z(n) € sucer, (z|n) N sucer, (2]n) = AI‘(n) N AQC'(y) = (. A contradiction.

e To show that Lz has the continuous reading of names let T' I & € 2*. Inductively we construct
a sequence {7}, : n € w} C Lz such that Tp = T, for every n € w Tp,41 <, T,, and for every
o € split,(T), there is x, such that T,|o IF "&|, = z,”. Then, if S is the fusion of T,’s we
define f : [S] — 2* as f(y) = Jzy,. Clearly, f is continuous and maps generic real into .

e Now the continuous reading of names. Let T IF & € 2“. Inductively, we construct a sequence
{T), : n € w} C Ly such that To =T, for every n € w Ty11 <,, T), and for every o € split,(T}),
Typlo - &|, = 2. Then, if S is the fusion of T),’s we define f : [S] — 2¥ as f(y) = Uz, The
function f is clearly continuous and maps generic real onto the .

e We will now show that L 7 is homogeneous whenever 7 is. Let T' € L 7. As J is homogeneous,
for every o € T with stem(T") C o, there is a bijection b, : w — sucer(o) such that X C w
is J-positive iff b,[X] is. Define a function b’ : w<“ — {0 € T : stem(T) C o} such that for
o € w<¥ the value /() is defined inductively such that

(o) = stem(T) " bry((0)) " br, (0(1)) ... "br,_, (o(lo] = 1))

where for i < |o|, i = W' (0)||stem(r)|+i- Note that, as every b, is a bijection, ' is a bijection.
Define now h : w* — [T] such that for x € w* we have

hx) = U, b (z]n)

As I/ is a bijection, h is also a bijection. Note also that for ¢ € w<* we have that h[[o]] =
[T] N [h(0)]. Tt follows that h is a homeomorphism between w* and [T]. We will show that if
Sely, SCw<¥, then h[[S]] = [R] for some R € L7, R C T. Because of the similar argument,
if RCT, R €Ly, then h~![[R]] = [S] for some S € L7, S C w<*. This will finish the proof. Let
then S € Ly, S C w<¥. Define R C T to be the unique tree such that stem(R) = h/(stem(S))
and for every o € R that extends the stem, succr(o) = by-1(4) [succs(h'~%(c))]. Then R € Ly
and h[[S]] = [R].

e We now show that L s-nwd sets are closed under countable unions for any J. The identical
argument as in the proof of pure decision property shows that, if T € L7 and X € Z(LL7), there
is S <o T, S €Ly such that [S]N X = (. To prove the last item let {X,, : n € w} C L s-nwd
and T' € L 7. We will inductively construct a sequence {7, : n € w} C L7 such that for every
n € w the following two conditions hold:
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~ T, N wSlstem(T)|+n — Tpit N wg\stem(Tﬂ—‘rn’
- [Tn+1] N XTL == @

Assuming that 7;,’s has been constructed let S be a fusion of T},’s i.e. S = (), T,. Clearly
S C T, also, the first condition implies that S € Ly and the second that [S] N, X, = 0.
The induction proceed as follows: let Ty = T" and assume that T, has been constructed. For
every o € T, of length |stem(T')| + n using the observation find S, < T,|, with stem(S,) = o
and that [S,] N X,, = 0. To finish the induction step define T,,y1 = J{Ss : ¢ € T, and
lo| = |stem(T)| + n}. O

Note that if an ideal J is maximal, then L is o-centered and thus a c.c.c.forcing notion.
The Borel part Zp(LL7) admits a neat combinatorial characterization due to Miller:

Theorem 2.2.39. (Miller, [Mil12]) For every analytic A C w®, either there is T € Ly such
that [T] C A, or for some ¢ : w<* — J, A is contained in the set of form

Ly:={xecw”:I% cw z(n) € ¢(x],)}.

Let us make here a couple of observations. First, note that Ly’s are Gs-sets. However, as L 7
always adds a dominating real (see the Proposition below), the ideal Zz(IL7) is not ¥i-on-ITj
(see [Zap08]) and thus cannot be o-generated by closed sets. Second, from Miller’s dichotomy it
follows that the Borel part Zg(LL7) is a o-ideal has a basis made of the sets Ly for ¢ : w<¥ — J
and the forcing notion L7 is forcing equivalent Borel \ Zg(L 7).

If 7 = Fin, then the Borel part Zg(L7) is known as the o-ideal of not strongly dominating
subsets of w“, investigated in [DR13]. In this paper, the authors prove that add(Zg(Ly)) =
cov(Zg(Ly)) = b and 0 = non(Zg(Ly)) = cof (Zg(Ly)).

Proposition 2.2.40. Suppose that J, Jy and J1 are ideals on w. Then the following holds:
- cov(Zg(Ly)) <b,
- 0 < non(Zp(Ly)),
- Jo <k Ji implies cov(Zg(Ly,)) < cov(Zp(Ly,)).

Proof. To show that cov(Zg(L7)) < b let {fo : @ < b} C w* be an unbounded family. then the
sets Lg,, where ¢ is defined as ¢n(0) = fa(|o|), covers w®.

To show that @ < non(Zp(Ly)) let {fa : @« < non(Zp(Ly))} € w* be a witness for non(Zp(L7)).
Then it must form a dominating family. This is because if f is not bounded by any f,, then
{fo : a <non(Zp(Lyg))} C Ly, where ¢y is defined as in the previous point. The proof of the
last point is analogous to the version for J-Miller trees. See Proposition 2.2.32. O

Before the next theorm we will need the following simple observation about basis of the Borel
part.

Proposition 2.2.41. For every {¢, : n € w}, ¢ : WY — J, there is ¢ : w<¥ — T with
Un Lo € Lo

Proof. For o € w* define ¢(0) = UJ;<|, ¢i(0). Clearly ¢(0) € J and also if for some z € w”
and n € w the z(k) € ¢n(x|r) holds for infinitely many k’s, then for almost all of these k’s we
have z(k) € ¢(x|), which proves the inclusion. O

Theorem 2.2.42. Suppose that J is an arbitrary ideal on w. Then
- add(Zp(Ly)) = min{b, add},(J)},

~ cov(Zg(L 7)) = min{b, cov*(J)},
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-~ non(Zs(Ly)) = max{o, nont, ()},
- cof(Zp(Ly)) = max{0, cof,,(J)}.

Proof. Before the proof, let us introduce the following notation. If ¢ : w<* — J is a constant
function with the value B € J, then we will white Lp for the set Ly from the dichotomy for
Ly trees (2.2.39).

e add(Zp(Ly)) < cov(Zp(Ly)) < b and 0 < non(Zg(Ly)) < cof(Zg(Ly))
The comparisons with b and 0 follows from the proposition 2.2.40 above.

e add(Zs(Ly)) < add’y(7),
Let {B, : o € k} be a witness for add},(J). We claim that (J ., L, ¢ Zs(Ls). Aiming for
a contradiction, assume that for some ¢ : w<* — J we have and (J,c, LB, € Ly. Find a €
such that for all o € w<* the set B, \ ¢(o) is infinite. Recursively construct = : w — w such
that, for all n € w we have z(n) € B, \ ¢(x|,). Clearly, then x € Lp, \ Lg.

o cov(Zs(Ly)) < cov* (),
Let {By : @ € £} C J be a witness for cov*(J). Let C,, = {& € w¥ : rng(z) C n}. Note
that each C), is a compact set, and thus belongs to the ideal Zg(L 7). We claim that w* =
Ua LB, UU,, Cn. To see this let z € w®. If rng(z) is bounded, then z € C), for some n € w.
If not, then rng(z) as an infinite subset of w must have infinite intersection with some B, i.e.
there is A € [w]¥ such that x(n) € B, for every n € A. But this means that z € Lp,_.

e non’,(7) < non(Zs(Ly)),
Let {zo : @ € K} C w” be a collection of points that witnesses for non(Zg(Ly7)). Without
loss of generality we may assume that for each x, we have rng(zy) € [w]“. We claim that
{rng(za) : a € K} C [w]® witnesses for non} (7). To see this let B = {B; : i € w} € [J]* and let
a < k be such that z, ¢ |J; Lp,. Then, by the definition of Lp,, we have that the intersection
B; N rng(zy) is finite for every ¢ € w which finishes the proof of the inequality.

o of,(T) < cof (Zs(Ly)),
Let {Lg, : @ < £} be a basis of Zg(IL7). For each a € k define B, = {¢o(0) : 0 € w<¥} € [T]*.
We claim that the collection {B,, : @ < k} witnesses cof’,(J). Towards a contradiction, assume
that for some A = {A; : i € w} € [J]¥ we have that for each o < cof(J) there is an i, € w
such that for all o € w<* the set A;, \ ¢o(0) is infinite. We will show that (J;c,, L4, is not
contained in any Lg,. To see this fix a € k and inductively construct an increasing x € w“ such
that for each n € w we have x(n) € A;, \ ¢a(z]n). Then we have that x € La, \ Lg,.

e min{b,add,(J)} < add(Zp(Ly)),
Let £ < min{b,add},(J)} and assume that we are given a collection {Ly, : & € K} such that
¢ : WY — J. For each 0 € w<¥, as k < add},(J), there is a sequence {CJ : n € w} C J
such that for each a < k there is n?, € w with ¢a(0) C* C7;. We may assume that each such
sequence is increasing. For each a < k we define functions g, : w<% — w and f, : W< — w
as follows: for o € w<* let go(0) = ng and let fo(0) € w be such that ¢n(0) C Cro U fa(0).
As k < b we may find g : W< — w and f : W< — w such that g dominates all g,’s and f
dominates all f,’s. Let ¢ : w<¥ — J be defined as ¢(o) = Cooy Y f(o) for o € w<v. We
will finish the inequality by showing that |, L¢, € Lg. Let a € k and let & € Lg,. Then for

infinitely many n’s we have z(n) € ¢q(x|,) C ) fa(z|n). But for almost all out of those
n,

xz|n
U f(z]n)] = ¢(x|,) because C’,f"”s,

infinitely many n’s we have that [C’xalﬁn U fa(z]p)] € [ng;m
for k € w, are increasing. This in fazg shows that = € L.
e min{b, cov*(J)} < cov(Zg(Ly)),

Let £ < min{b,cov*(J)} and assume that we are given {Lg, : o < K} C Ig(Ly). As k <
cov*(J) there is an infinite set A almost disjoint from all of the sets ¢, (o) for o € w<“ and
a < k. For a < k define f, : 0S¥ — w in a way that AN ¢,(0) C fo(o) for every o € w<¥. As
k < b, there is g : w<* — w that dominates all f,’s. Inductively construct an increasing = € w®
such that for all n € w we have x(n) € A\ g(z|,). This is possible as A is infinite. We will
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finishe the proof of the inequality by showing that « ¢ Ly, for each o < k. If for some a < K
we would have x € Ly, then for infinitely many n’s we have z(n) € AN¢q(x]n) C fo(z|y). But
then for almost all of those n’s we have x(n) € g(z|,) which contradicts the definition of the x.
e non(Zg(Ly)) < max{d,non’(J)},
Let {f, : v < 9} be a dominating family of functions from w<* to w and let {F, : a < k} C [w]¥
be a collection of sets that witnesses for non, (7). For every a < k and v < 0 we inductively
construct a point *7 € w* such that z*7(n) € F, \ f,(z*7|,) for every n € w. This is possible
because Fy, is infinite. We will show that the set {7 : o < k, v < ?} witnesses for non(Zg(L7)).
To see this let ¢ : w<¥ — J. Then there exists a < k such that F, N ¢(o) is finite for every
o € w<¥. Let then g : w<* — w be defined in a way that F, N¢(c) C g(o) for all o € w<*. Then
there is 7 < s such that g <* f,. We claim that 7 ¢ Lg. Assume towards a contradiction that
this is not the case, i.e. x*7(n) € ¢(x*7|,) for infinitely many n’s. Choose n € w large enough
so that g(z*7|,) < fy(z*7],). But then 2%7(n) € Fy N o(z®7],) C g(x™7]n) C fy(z*7],)
which contradicts the definition of 7 (n).
o cof(Zp(Ly)) < max{9,cof},(J)},

Let {fs : 7 < 0} be a dominating family of functions from w<* to w and let {A, : a < cof’(J)}
be a witness for cof?,(J). Assume that for each o € cof’,(J) we have A, = {A :i € w} € [T]*.
We may also assume that each f, is increasing along branches i.e. ¢ C 7 implies that f,(0) <
fa(T). For every o < cof,(J) and v < 0 define ¢y : WS — J as ¢ (0) = U{lgj) AXU f(0)
for o € w<¥. We will finish the proof by showing that the collection {Lg, . : a < cof;,(J) and
7 < 0} is a basis of the ideal Zg(L 7). Take any set L, where ¢ : w* — J. Let o < cof(,(J)
be such that for each o € w<* there is i, € w with 9(0) C* Af. Define then functions
g:ws¥ = wand h:w< — w as follows: for o € w<¥ let g(0) = i, and let h(o) € w be such
that ¥(o) C AY Uh(o). There is a v < 0 such that f, dominates both g and h. We claim that
Ly C Ly, .. If x € Ly, then 2(n) € ¢(z|,) C Af;ln Uh(z|,) for infinitely many n’s. But then for

almost all of those infinitely many n’s we have A”chn - U{;gc‘") A U h(z|n) = ¢aq(x|,) which
in fact shows that x € Ly, . O

Let us now summarize the values of discussed cardinal invariants for selected ideals.
Corollary 2.2.43. The following holds:

add(Zs(Lep)) = add(Zp(Lepy,,)) = add(Zs(Lr)) = add(Zs(Ls)) = add(Zp(Leonw)) =
= add(IB(Lw)) = add(IB(]Lgpl)) = w1,

cof (Zp(Lep)) = COf(IB(LgDﬁn)) = cof (Zp(ILr)) = cof (Zg(Ls)) = cof (Zp(Leonw)) =
= cof (Zp(Lyw)) = cof (Zp(Lsp)) = ¢,

p < add(Zg(Lywae)) < add(M) and add(Zp(LrinxFin)) = b,
cof (M) < cof (Zg(Lywa)) and cof (Zg(Lrinxrin)) =0,
add(N) < add(Zp(Ly)) < b and 0 < cof(Zp(LL 7)) < cof (N) for all analytic P-ideals,
- add(Zg(Ly)) = add(N) and cof (Zg(LL7)) = cof (N) for the ideals L1, tr(N) and Z.
Corollary 2.2.44. The following holds: "
— cov(Zg(Lgp)) = b and non(Zp(Lep)) =0,
- cov(Zp(Lepy,,)) = min{b, cov*(£Dyin)} and non(Zp(Lep,,,)) = max{d, non*(EDyin)},

cov(Zg(LrinxFin)) = b and non(Zg(LrinxFin)) = 0,

min{b, cov(N)} < cov(Zp(Ly)) < b and 0 < non(Zp(Ly)) < min{d,non(N)} for analytic
P-ideals,

— cov(Zp(Lpywa)) = add(M) and non(Zp(Lyywa)) = cof (M).
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2.2.7 Hurewicz schemas and closed sets of measure zero

In this section we will investigate the ’tree type’ related to o-ideals generated by closed sets, in
particular to the ideal £ of closed sets of measure zero in 2¢. We will say that an ideal Z on a
Polish space X is of external nature if there is an ideal Z’ such that Z C 7', for every B € 7T
there is a Borel C' C B with C € 7'\ Z and that Z' N F,, forms a basis of Z. In particular, £ is
of external nature with N as a witness. First, we observe the following simple fact saying that
there is no tree type T, that stands with the ideal £ in a perfect-set-style dichotomy.

Proposition 2.2.45. If the ideal T is of external nature, then closed sets are not dense in Pz.
Proof. Notice that if B € 7'\ Z, then all closed subsets of B are in Z. O

In particular, we get an observation of [SZ11] Sabok and Zapletal, that the ideal of countable
subsets of 2% or the ideal of o-compact subsets of w* are not of external nature.

Corollary 2.2.46. If T is of external nature, then the forcing Pz adds an unbounded real.

Proof. By Theorem 1.2.5, Pz is w*”-bounding if and only if compact sets are dense in Pz. But
by the previous proposition, even closed sets are not dense in Pz. O

We will now generalize the inequalities cov(€) < max{d,cov(N)} and min{d,non(N)} <
non(€) obtained by Bartoszynski and Shelah (see [BJ95]) for any o-ideal of external nature.

Proposition 2.2.47. Suppose that T is of external nature with ' as a witness and that Z' has
a Borel basis. Then

— max{cov(Z'),cov(M)} < cov(Z) < max{d,cov(Z’)},
— min{b,non(Z’")} < non(Z) < min{non(Z’), non(M)}.
In fact, the Tukey reduction (R,Z,€) <r (R,Z',€) ® (w*,w*, <*) holds.

Proof. The inequalities max{cov(Z"),cov(M)} < cov(Z) and non(Z) < min{non(Z’'),non(M)}
simply follows from the fact that Z C M NZ’. To prove the remaining inequalities we will show
that the Tukey reduction (R,Z, €) <7 (R,7’, €)® (w¥,w*, <*) holds. Then the result will follow
from the Proposition 1.2.22. As 7’ has Borel basis and every Borel set is continuous 1-1 image
of the Baire space for each X € 7 we fix continuous hx : w* — R such that X C hx[w®] € Z/
We define the functions ¢ : R — R x (w*)? and ¢ : T/ x w® — T as follows: for r € R let
¢(r) = (r, F,) where F, : ' — w® is defined as F,(X) = hy'(r); for X € I/ and f € w® let
(X, f) =hx[{g € w : g <* f}]. First, notice that (X, f) € Z because it is a countable union
of continuous images of compact sets. To see that ¢ and 1 provide the Tukey reduction assume
that for r, X, f as above we have ¢(r) Cg (X, f). Then r € X and h~![r] = F.(X) <* f thus
re (X, f). O

There are many interesting examples of o-ideals generated by closed sets. Some of them
we already discussed in the Section 2.2 (as the Borel parts of some of our tree types). These
are: the bounded infinitely equal ideals related to the tree types Sg, IEg; the o-ideal generated
by not countably splitting sets on 2¢ (related to the tree type SP); the Borel ideals related to
M 7, in particular the ideal of o-compact sets on the Baire space w*; the infinitely equal ideals
related to the trees FM and IE. Also, in [La96] Labedzki investigated the o-ideal related to
c.c.c. eventually different forcing? and its restriction to F,-sets. For more interesting examples,
the reader may consult the survey article [MZ07]. We will mention three more examples of such
ideals, starting with the following, well-known one.

Let £ be the o-ideal generated by closed sets of measure zero on 2%. Clearly, £ C M NN, the

2this forcing is not related to EDpg’s
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inclusion is proper (see [BJ95]). As & is of external nature, by the Proposition 2.2.45 closed sets
are not dense in the forcing Bor(2¥) \ £. In particular there is no tree which can stand with £
in a perfect set like dichotomy. The cardinal invariants are as follows

Theorem 2.2.48. (Bartoszyriski and Shelah [BJ95]) The following equalities hold:

add(€) = add(M),
— cof (&) = cof (M),
— cov(E) <t ands <non(f),

— max{cov(N),cov(M)} < cov(€) < max{d,cov(N)},

min{0, non(N)} < non(€) < min{non(N),non(M)}.

For more information about the cardinal invariants of £ as well as related consistency results,
the reader may consult [AC23] or [AC24]. The following diagram summarizes how the cardinal
invariants of £ place themselves in-between those of measure and category.

cov(N) non(M) cof (M) cof (N)

non(&)
/! \
add(N) add(M) cov(M) non(N)
5

We already know that there is no tree type associated to the o-ideal £. However, the following
dichotomy provides a pseudo-tree type for this ideal and will be crucial in several considerations.

Theorem 2.2.49. (Solecki [Sol94]) If T is a o-ideal generated by closed subsets of a Polish
space X, then the following dichotomy holds: any analytic set A C X is either in T or contains
T-positive T19-set.

Notice that if on some B € Pz the ideals of meager subsets of X and Z coincide, then for
such B the dichotomy is clear as B has Baire property. Thus, we focus on the remaining case.

The proof of the Theorem 2.2.49 distinguishes between two cases: either there is an Z-
positive Borel set on which the Z-small sets and the meager sets coincide, or every such Borel
set contains an Z-positive meager set. In the first case the requierd I13-set exists because of the
Baire property. This shows that the second case is the crucial one which motivates the following
definition.

Definition 2.2.50. Suppose that I is generated by closed sets. We will say that Pz is nowhere
meager if every I-positive Borel set contains a closed, nowhere dense, but I-positive subset.

Assuming that Pz is nowhere meager, the construction of the I13-set from Solecki’s theorem
relies on the following notion of special Luzin schema.
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Definition 2.2.51. A collection U = {U,, N, : 0 € w<“} is a Hurewicz schema if
1. {Uy : 0 € w<¥} is a Luzin schema of open subsets of X,
2. each N, is closed, nowhere-dense and Z-positive subset of Uy,
3. the set lim({Uy~y, : n € w}), defined as U, Us~n \ U,c, Uo—ns is equal Ny.

Let HS be the collection of all Hurewicz schemas. A projection of a Hurewicz schema U is defined
as

U] = Usews M Us),, = Ny U|g|:n Us.

For U is a Hurewicz schema, then let ¢y : w* — [U] be the homeomorphism associated with U

i.e. {ou(x)} =, Us,-
In this way the Solecki’s dichotomy can be stated as follows:

Theorem 2.2.52. (Solecki [Sol94]) If T is a o-ideal generated by closed subsets of a Polish
space X, then the following dichotomy holds: any analytic set A C X is either in T or there is
Hurewicz schema U such that U] C A. Every set [U] is positive according to Z. In particular,
the sets [U] where U € HS, form a dense subset of Pz.

For technical reasons, we will make some additional assumptions about the Hurewicz schemas.
For every U € HS there is V € HS with [V] C [U] such that the following conditions hold:

4. for n # m the distances dist(Uy~n, Ny) and dist(Uy~p,, Ny ) are not equal,

. 1
5. diam(Us) < smatrmamr o)

6. each U, contains open set disjoint from every U,~, for n € w.

The first assumption implies that the map o — U, is the unique order-isomorphism between
w<¥ and U (both ordered by inclusion) such that for every o € w<* we have dist(U,~p, Ny) <
dist(Uy~m, Ny) for all m < n. When U is clear from the context, we will shorten Ny to N;.

Proposition 2.2.53. For every Hurewicz schema U the set [U] is meager.
Proof. By the condition 6. stated above, the closure of [{] is nowhere dense. O
The following proposition asserts that Hurewicz schemas treated as trees are combinatorial.

Proposition 2.2.54. For a nowhere meager o-ideal I, the forcing motion Pz has disjoint
antichains of size ¢ below any condition.

Proof. Let U = {U, : 0 € w<¥} be a Hurewicz schema. For each 0 € w<* decompose w into
two infinite disjoint sets, A% and Al in such a way that for i € 2 we have

lim({Uy~p :m € AL}) = NY
For each x € 2% define V, CU, V, = {V, : 0 € w<*} such that for each o € w<* the successors

of V, = U in V, are equal to the succy, (U) = AIU(‘#(U’M)D. We claim that for all z,y € 2% if
x # y, then V] N [Vy] = 0. To see this let n € w be such that z|, = y|, and z(n) # y(n). Then
Uioj=n V&) N (Ujp=n V&) = 0 and we have [V;] N [V,] = 0. O

Remark. [t follows from the above proposition that a nowhere meager ideal T must be far from
having Fubini property, in the sense that the set B = |J,cou{2} X [Us] is a Borel subset of X x X
with T-positive vertical sections, and with horizontal sections consisting of at most one element.

36



We now consider another two examples of o-ideals generated by closed sets. First, for
F e (w)\ 2)¥, consider the o-ideal Hr on ILF, generated by the sets of form

Hyp={y e IF V2 Ji € [f(n), f(n +1)) x(i) = y(i)}

where 2 € w¥ and f € w¥ is strictly increasing. The cardinal invariants non(H ) and cov(Hp)
(in form of bounding and dominating numbers of appropriate relation systems) were investigated
in [CMRM24] in the context of null-additive and meager-additive sets.

Proposition 2.2.55. Compact subsets of ILF' are not dense in the forcing Bor(I1F) \ Hp.

Proof. Let G = {y € IIF : I y(n) = 0}. We will show that G is Hp-positive but any closed
subset of G is in Hp. To see the former fix a set H, ;. Without loss of generality we may assume
that each interval [f(n), f(n 4+ 1)) consists of at least two elements. To see that G \ Hy s # ()
let y € IIF' be such that for every n € w, y(in) = z(i,) for some i, € [f(n), f(n + 1)) and
Y(in +1)=0. Then y € G\ Hy 5.

To see the latter let D C G be closed and let D = [T for some pruned tree T' C Seq(F). As D
is compact, there are A,, C T such that for every n € w:

1. A, is a finite maximal antichain in (7, C),
2. max{|7|: 7 € Ap} + 1 <min{|7|: 7 € Apy1},
3. for every 7 € A,, we have 7(|7| —1) = 0.

Let now f € w* be such that f(n) = max{|7|: 7 € A,}. We claim that D C H, ; where x € IIF'
in constant sequence with the value 0. Clearly, if = € [T] then there is an increasing sequence
(kn)new such that x|, € A, so z(k, —1) = 0 and k,, € [f(n), f(n + 1)), which means that
S HLf. O]

We finish this section with one more example of a o-ideal generated by closed sets. In the
paper [MMR4] the authors investigated the chopped real on the Baire space ideal M_ i.e. the
o-ideal generated by the sets of form

H, 1={y€w” V2 ylr, #z[1,}

where z € w* and I = (I,)ne, is an interval partition. Clearly M_ is generated by closed sets.
The authors showed that M_ is properly contained in M.

Proposition 2.2.56. The ideal M_ does not have c.c.c.

Proof. Enumerate w<“ as {0, : n € w}. Define then F, = {n"0,i : n € w, i € 2} and for
i€2let F;={n"0,i:n € w}. Let T C w<¥ be the tree generated by finite concatenations of
elements of F5.

Claim 2.2.57. [T] is positive according to M_.

Proof. Assume that a set H 7 is given. We want to construct a point z € [T']\ H, 7. Inductively
construct an increasing sequence {k, : n € w} of natural numbers and a sequence {7, : n € w} C
T with 7, C 7,41 for every n € w. Start with 79 = (). Assume now that 7, has been constructed.
Extending 7,, if necessary, we may assume that succr(r,) = w. Choose then i, € w with
in+1 > in such that |7,| < minl;,_ . Then, by the definition of T there must be o € w<* and
m € w such that 7, m™ o € T and a|1in+1 = x|z, - Define then 7,41 to be 7"m™ 0. When
the induction is over, the point z = |J,,c,, 7 is not in the set ij because for every n € w we
have 2|7, = z|p, . O

n
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We continue the proof of the proposition. For any x € 2 consider the tree T, C T generated
by the sequences of the form py p7 ...  pm where m € w and p; € Fy; for every i € m. The
identical argument as the one used in the claim above shows that [T}] is positive according to
M_ for every x € 2¥. It is enough to show that for x # y, z,y € 2 we have [T, N [T,] = 0.
Towards a contradiction, assume that there is z € [T;] N [T})]. Let n € w be such that x|, = y|,
but xz(n) # y(n). But then, for some m € w we have z|,, = j; py z(0)"...7 4 py z(n) and
Zlm = Jo Po y(0) ... 74 pr y(n) which is a contradiction as xz(n) # y(n). O

I do not know, if trees of the form described in the proposition above (or similar), can be
put with M_ into a perfect-set-style dichotomy. This motivates the following question

Question 2.2.58. Are closed sets dense in Bor(ILF) \ M_?¢

2.3 Tree ideal may not be a o-ideal

Let us discuss certain phenomenon related to adding Cohen reals by a tree forcing. Suppose
that T is a combinatorial tree type and for the sake of simplisity assume that T lives on w".
Consider the collection:

Jc(T) = {B € Borel(w®) : =37 € T [T] C B}

For the tree types like S, [Egr, SP, M, L;, because of the appropriate perfect set dichotomy,
we have that Jc(T) is proper o-ideal and in fact Jc(T) = Zg(T). However, this is not the case
for several tree types adding Cohen reals. Let us define the following (x)-property

o : w¥ — 2% continuous VT € T int(¢pr[[T]]) # 0
Below we will show consequences of (x)-property, but first we mention the following result.
Theorem 2.3.1. (Khomskii and Laguzzi, [KL17]) IE does not have the (x)-property.

Below, using a different approach, we will obtain the same result for a wide class of tree
types, which will include both IE and FM.

Proposition 2.3.2. If T has the (x)-property, then T adds Cohen reals, Jc(T) is not a proper
ideal and T-nwd sets are not closed under countable unions.

Proof. To prove the first fact, note that |- ”¢r(7gen) is a Cohen real”. This is because if
T € T and N is nowhere dense set from the ground model, there must be an open U such that
U C ¢p[[T]] and UN N = (). Then, as T is arboreal and ¢r is continuous, S = T N ¢ [U] is an
element of T and clearly S IF " ¢7(7gen) ¢ N”. For the second part just note that if we present
2% as a disjoint union of two Borel, dense sets, then ¢ '[A], ¢ '[B] € Jc(T) and union of these
two is entire w*. To see that T-nwd sets are not closed under countable unions let {N,, : n € w}
be a sequence of nowhere dense subsets of the 2 such that (J,, N,, is not nowhere dense. Note
that because of the previous argument, ¢~1[N,,] is T-nwd set and then, if |J,, ¢~*[N,,] would be
T-nwd, the set (J,, N, would be nowhere dense set. O

The following result relies on well-known fact that 1.2, M® and B? add Cohen reals. Beacause
of this we only sketch the proof. In each case, the way that the Cohen real is produced out of
the generic real, is actually the continuous reading that witnesses the (x)-property. As these are
known results we only sketch the proof.

Proposition 2.3.3. The tree types L2, M, B? have the (x)-property.
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Proof. For the case of L2 define ¢ : w® x w¥ — 2¥ as ¢(x,y)(n) = 0 iff z(n) < y(n). It
is easy to see that ¢ witness for (x)p2. Let 7,5 € L and let x € [T], y € [S]. Then
[?b(xvy)|max{|stem(T)\,|stem(S)\}]g¢[[T]><[S}]- For tree type B? let ¢ : 2% x 2¥ — 2% be defined
as ¢p2(z,y)(n) = x(n) + y(n) mod2. It is an old theorem of Steinhaus that for any two
sets of positive measure, its algebraic sum contains an interval that witnesses (x)p. Finally,
for the tree type M3, let ¢ps : w* x w*” X W — w* be defined in the following way. Let
(0, : n < w) be canonical enumeration w<*. We write #0 = n when o = o,,. For z,y,2 € w¥
inductively build three sequences {a, : n < w},{by, : n < W} € W, {¢;, : n < w} € 2¥ to set
vz (x,y,2) = {en 1 n < w}. Start with ag = 7 and assume that a1, by, ¢, has been defined.
Let b1 = #(2lany)s Cng1 = 0 3f (F#2lp, ., < #Ylp,.,) and let anio = any1 + #2xlp,,,. It the
similar way a for L?-trees one may show that ¢y witnesses (x)ys. O

Next, we want to show that the (*)-property does not hold for the tree types FM, M4 or
L"v? even they do add Cohen reals. We have the following result

Proposition 2.3.4. If T has the continuous reading of names, then Jc(T) is a o-ideal, it is
equal to the Borel part Zg(T) and (x)-property does not hold for T.

Proof. Assume that {B, : n € w} € Jc(T) but for some T" € T we have [T] C J,, Bn. By
absoluteness T' IF "7ger, € |J,, Br”. Strengthening condition T to T'" we find n € w such that
T Ik "7gen, € Bp”. Assume now that D C w® x w® is closed set that projects onto B,,.
Strengthening 77 to S we find a T-name Z and continuous function f : [S] — w* such that
SIF7(Tgen, 2) € D A f(Tgen) = 2”. We claim that [S] C B,,. Assume towards contradiction that
there is x € [S] \ By,. We have than that (z, f(z)) ¢ D. As D is closed and f continuous there
are 0,7 € w<¥ such that o C z, 7 C f(z), f[[o]] C [7] and ([o] x [r]) N D = @. Then we have
that R =: S|, € T RIF"7gen € [0] A 2 = f(x) € [7]”. This contradicts R IF " (7gen, 2) € D. O
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Chapter 3

Cardinal invariants of the tree ideals

3.1 Covering numbers

The main upper bounds for the covering number of Z(T) comes from the types of reals (dominating,
splitting etc) the forcing T adds. We start this section with the following theorem

Theorem 3.1.1. Suppose that R = (X,C,)) is a Borel relation system and T is a combinatorial
tree type with a continuous reading of names. Then, if T adds R-unbounded real, then cov(Z(T)) <
0(R). If additionally T is homogenoueus, then the inequality holds also for the Borel part, i.e.

cov(Zp(T)) <d(R).

Remark. An example of non-homogeneous forcing for which cov(Z(T)) < 0 holds but the
inequality cov(Zp(T)) < 0 is not provable in ZFC, is the forcing notion Borel(2¥) \ €. In fact,
because of cov(N') < cov(E), the inequality < cov(E) holds in the random model.

Proof. Suppose that T lives on w®. Let X be a T-name for an R-unbounded real and let A C T
be a maximal antichain in T such that for each T' € A there is a continuous function fr : [T] — X
with T'IF 7 fr(7gen) = X7. For Y € Y define Zy = Urealz € [T] : fr(z) E Y}. Note that if
V' C Y is an R-dominating set, then w* = X'(A) U UYey’ Zy . By the Proposition 2.1.3 the set
X(A) € Z(T) so the proof will be finished by showing that Zy € Z(T) for every Y € )'. Let
S eTandfix Y €). As A is maximal, we may assume that S < T for some T € A. As X
is R-unbounded real there is R < S such that R I 7 fr(74en) is not C-dominated by Y. This
means that the Borel set [R] N f. '{X € X : X C Y}] cannot contain branches of a tree of type
T. By the Proposition 2.3.4 this means that [R] N f7'[{X € X : X C Y}] € Zz(T). Clearly then
we can find R’ < R of type T such that [R']Nf7'[{X € X : X CY}] = 0 and then [R'|NZy = 0.
This finishes the proof of the first inequality.

To prove the second inequality, note that by the Remark 1.2.2 we may assume that X is produced
out of 74en, by a map f which is defined on the entire w“. Then, similar argument as above
shows that the sets {z € w* : f(2) C Y}, where Y € )/, are in Zp(T) and covers entire w*. [J

For the rest of this section we will discuss what types of reals are added by the tree types
form the catalog. Starting with the compact ones, we have

Proposition 3.1.2. Both Sp and IEr add F-bounded infinitely equal real.

Proof. We will give the proof for the tree type IEr only. We will show that the generic real
is infinitely equal below F. Let T € IErp and f € IIF. We will construct S < T s.t. S IF
"7 gen N f| = w”. Inductively we construct a sequence {71}, : n € w} of IEp-trees and a sequence
{kn, : n € w} of natural numbers such that for every n > 1 we have:

(1)y, Tpa1 < Ty and Ty NwSke = T, NwShkn,

(2)n kn S kn+17
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B)n Th 730 > n 7ger(i) = f(7)”,
(4)n, Yo € T, Nwkn 3k € (|o|, kpy1] Vi € F(k) 31 € Tpia, |7l =k, 0 C 1, 7(k) = i.

The induction goes as follows: we start with 7o = T and kg = 0. Assume that T}, and k, has
been constructed. As T, € IEg, for each 0 € T), Nwkn there is N, € w and 7,, € T}, with o C Ty
lo| = N, + 1 such that 7,(N,) = f(N,). Then, for each o € T}, N w*" there is M, > |7,| such
that for every i € F(M,) there is p € Ty, 7, C p, |p| = My, + 1 such that |p(M,)| = i. Let
kny1 = max{M, :0 €T, N wk“} + 1 and let

Thi1 ={1€T,: 30 cT,Nnwk"3p e Ty, |p| > kns1,7 C p, 75 C p}.

Clearly, T}, 41 and k1 satisfies the items above. This finishes the inductuctive step.

When the sequences are constructed we define S as (), T,,. Notice that S is as required: by (1),
and (4),, we have S € [Ep and, by (2), and (3),, we have S forces generic real to be infinitely
equal to f. O

By the Theorem 1.2.5 both of the tree types Sp and IEp are w“-bounding and by the
Theorem 1.2.6 both preserves Baire cathegory. It follows that in the model obtained by c.s.i.
of length ws over a model of CH, with Sp or IEr standing as each iterand, we obtain model of
cof (M) < b(ILF, =, IIF).

Similarly to the Proposition above, the forcing notions FM and IE adds infinitely equal real on
the Baire space

Proposition 3.1.3. The following holds:
— The tree type FM adds Cohen reals,
— The tree type IE adds infinitely equal reals,
— There is T € IE such that IE|7 adds Cohen reals.

Proof. The first item has been shown by Rostanowski and Newelski in [NRa93]. The second
one, by Khomskii and Laguzzi in [KL17] (the proof is similar to the one for EDp). The last on
is an unpublished result of Goldstern and Shelah (see the discussion in [KL17]). O

By the Theorem 1.2.6 both FM and IE preserves Baire cathegory. It is well-known that if
P adds infinitely equal real then two-step iteration of P adds a Cohen real. It follows that in
the model obtained by c.s.i. of length ws over a model of CH, with FM or IE standing as each
iterand, we obtain model of non(M) < cov(M).
Moving towards J-Miller and [J-Laver trees we have the following

Proposition 3.1.4. The following holds:
- L7 adds dominating real no matter the ideal J,
- My adds unbounded real no matter the ideal J,
— For any ideal J, the tree type L7 destroys J i.e. Ly adds %Z—unbounded real.

Proof. The argument for the first and the second item is identical to the one for the classical
Laver and Miller trees. In this cases the generic real is dominating or unbounded respectively.
The last item is a folklore resutl: Let X be a L-name for the set rng(Tgen). Then for every
T € Ly and ground model A € J, if S < T is such that succg(c) N A = @ for each 0 € S
extending the stem of S, then S IF 7| X N A| < w”. O

For J-Miller trees, characterization of what types of reals these trees add is much more
difficult task.
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Theorem 3.1.5. (Sabok and Zapletal, [SZ11]) Suppose that J is a tall Borel ideal on omega:
- My does not add Cohen reals iff J|x ;\/_AK nwd for each X € JT,
- My does not add splitting reals iff J|x ?x SPL for each X € J+,
— My does not preserve Lebesgue measure iff J|x Fx S for each X € JT.

As Ly always adds dominating real, it always adds splitting real, thus in this context the
ideal Spl play no important role for characterization of adding splitting reals by Lsy. The
following result has been obtained by Osvaldo Guzmén and Francisco Santiago during the work
on this thesis.

Theorem 3.1.6. (Guzmdn and Santiago, [GS24]) If J is a tall Borel ideal on w, then Lz does
not add Cohen reals iff J|x }_‘K nwd for each X € J+.

In the context of adding Cohen - or random - reals, we will focus on the Laver property of
the forcing notion L 7 in two particular cases. The general case seems to be open.

Question 3.1.7. It possible to characterize these ideals (Fy ideals, fragmented ideals) J such
that L(J ') has Laver property?

Proposition 3.1.8. The forcing Lep,,, has Laver property.

Proof. We need to show that for any Lgp,,, -name & for a real bounded by some ground model
[ € w¥ there is a slalom S : w — [w]<¥, size of which is bounded by F, which almost covers .
First, a couple of observations: define a function F' € w* such that F(0) =1 and F(n+ 1) =
(n +1)F(n). Also, notice that any £Dy,-positive set contains a set of form E = |J,, E, such
that |E,| = n, each E, contains elements of w? with the same first coordinate, say e,, and that
en < enpt1 for every n € w. In such a case, call E, the n’th chunk of F. A simple density
argument shows that any T' € Lgp,,, contains a Lgp,, -tree which splits into the sets exactly
of this form. Now let T' IF " < f”. Inductively we construct a sequence {T,, : n € w} of
Lep,,,-subtrees of T', a sequence {Hy, : n € w} of finite trees and a sequence S = {S,, : n € w}
such that for every n € w we have:

(a), H, is a finite subtree T),,

)n

(b)n Thy1 <71, and Hy, C Hyq1,
() Su C F(n) and |S,] < F(n),
)n

(d)n T IF i(n) € Sy”.

Start with Ty = T, Hy = {stem(T)} and S(0) = 0. Assume that T,,, H, and S,, have been
constructed. Let H,41 = {07¢ : 0 € Hy, and 7 is in n’th chunk of sucer(i)}. For every tree
o € H, +1let T consists of these ¢ € T;, such that the only elements of H,,;1 which ¢ extends
are the ones contained in 0. Notice that there are F'(n+1) many such trees. For every o € Hy 41
use pure decision to find R” <y T)Y which decides the value of #(n + 1). Then let T}, 4; be an
amalgamation of R%’s.

When inductive construction is over define T = (), T},. is an L(EDy;y,)-tree . By the conditions
(d)n, n € w the tree T" forces that & is almost covered by the slalom S. O

Remark. The same proof can be adapted for the van der Wearden ideal (by defining the n’th
chunk as arithmetical sequence of length n).

Let us now discuss the the question wheatear L 7 - even when it doesn’t have Laver property
- may add random reals. We have the following.

42



Proposition 3.1.9. IL; does not add a random real for any ideal J.

Proof. Let T € L(J) and T IF 77 € 2¥”. We will construct S < T and a measure zero set
N C 2% such that S IF 77 € N”. Fix a bijection b : w<* — w. Inductively we will build a
sequence {T), : n € w} of L z-trees, and {7, : 0 € w<¥} C 2<% of different lengths, such that for
each n € w we have:

(1)n T, N wistem(T)[+n — Tt N w\stem(T)|+n7

(2)n for every o € T;, Nwse™ DI+ we have Ty 41|, IF T lpo) = To”-

Start with Ty = T. Assume that T}, has been constructed. For each o € Tnﬂw|8t6m(T)‘+” use pure
decision (the Proposition 2.2.37) to find R, <¢ T, |, which decides the value of 7|, to be certain
7 € 2% which we declare as the 7,. Let then Tpy1 := | J{Ry : 0 € T}, Nwlste™DI+71 - Thig
finishes the induction step. When T},’s are built, let S = (), T), and let N = {z € 2¢ : 37, C x}.
We claim that S and N are as required. For each [ € w there is at most one 7, of length [, and
then it is well known that the set N is of measure zero (see Lemma 2.5.1 in [BJ95]). By the
conditions (1), n € w we have that S € L7 and, by the conditions (2),, n € w we have that
S "Vnew Tigenl, © 775 80 in particular S I- 735 7, C 77, O

For the next proposition, we will use the Z& ¢ ideal on the countable set w<“. This ideal will
be discussed in the section 4.3.

Proposition 3.1.10. Suppose that F' € w is increasing. If ZEp <gx J, then Ly and My add
F-bounded infinitely equal real.

Proof. We prove the proposition only for M s as the Laver case is identical. Fix F' € w*. Let
7 :w — Seq(F) be a function which witnesses ZEp <y J. In VM7 define a real

¢ = 7m(7gen(0)) " (Fgen(1)) ...

Let ¢ be a name for this real. We claim that ¢ € IIF and that M forces ¢ to be infinitely
equal to any ground model ¢ € IIF. To see the former, denote by [, the length of the
T(7gen(0)) ... " (Fgen(n)). Let i € [I,,,1n41) and let j be such that ¢ = [, + j. Then because of
j < i and the fact that F' is increasing, we have

¢(i) = e(ln +j) = m(Pgen(n +1))(4) < F(j) < F(i)
To prove the latter, it will suffice to show that for every g below F' and every N € w the set
Dgn={T € My : T I-"¢(i) = g(i) for some i > N}

is dense in M 7. Let S € M. Let M be length of ¢ already decided by S, i.e. M =
|7 (stem(S)(0)] + ... + |w(stem(S)(|stem(S)| — 1))|. Without loss of generality we may assume
that M > N. Because 7 is Katetov reduction the set 7[succg(stem(S))] is ZE p-positive. Thus it
contains a o € m[succg(stem(S))] such that o ¢ Ej, o where h € w* is defined by h(i) = g(M +1)
for i € w. Let then T' = S|sem(s)~; Where j € w is such that 7(j) = 0. Then T' IF"¢(i) = g(i)
for some i € [M, M + |o|)” and i > N. O

Question 3.1.11. For increasing F' € w, does ZEF <g J characterize whether tree types L7
and M7 add F-bounded infinitely equal real?

We will now show that L ;s and M s increase the groupwise density number if the ideal J
is meager. We say that a set D C [w]¥ is groupwise dense if it is open (A € D and B C* D,
B € [w]¥ implies that B € D) and for every partition {I,, : n € w} of w into finite intervals, there
is an infinite B € [w]* such that (J,,c5 In € D. Denote by GID the collection of all groupwise
dense sets. We recall the definition of the groupwise density number
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g =min{|F|: F CGD and N F =0}

It is known that h < g < ? (see [Bla09]). Consider the relational system (jw]*,C, GD) where
for A € [w]* and D € GD the relation A C D means that A ¢ D. Notice, that by the
definition, ?(jw]*,C,GD) = g. A forcing notion P adds a ([w]“, C, GD)-unbounded real (also
called groupwise dense real) if in VF there is a A € [w]* such that for every groud model
groupwise dense set D, A € D. In [Eit] Todd Eisworth proved that both M and L add a
groupwise dense real. The following generalizes his result for a wide class of L 7’s and M 7’s.

Proposition 3.1.12. If an ideal J is meager, then M 7 and Ly add a groupwise dense real.

Proof. We show this only for Laver trees as Miller’s case is identical. Let & be the canonical
name for rng(rgen) € [w]¥. We will show that for any groupwise dense set D C [w]* the set
of these S € L7 such that S IF 7% € D” is dense in Ly. By Talagrand’s theorem, for each
o € split(T) there is an interval partition (If)reo such that succr(o) N Jpea Iy € T for
every infinite A C w. Enumerate split(T) as {o; : i € w}. Now, let (P,)necw be an interval
partition such that each P, contains some element of (I;*)xe,, for each i < n. As D is groupwise
dense, there is A € [w]* such that |J,c4 P € D. Let now S < T be the unique tree such that
stem(S) = stem(T") and succg(o) = succr (o) N U, c 4 Pn for each o € split(S). Clearly S € Ly
as (Pp)new diagonalizes (I )rew. Also S'IF 7% C |J,cq Pn” so SIF7"% € D” which finishes the

density argument. O

Corollary 3.1.13. cov(Z(My)),cov(Z(Ly)) < g for all J with Baire property.

Proof. The inequalities follow from the Theorem 3.1.1 and the Proposition 3.1.12. 0
As a corollary, we get the following simple consistency result.

Theorem 3.1.14. The inequalities cov(Z(M 7)) < add(M) and cov(Z(Ly)) < add(M) is
consistent with ZFC' for any meager ideal J .

Proof. The inequality holds in Hechlers model i.e. finite support iteration of length ws over a
CH model with Hechler forcing as each iterand. On one hand, it is well-known that add(M) = ¢
because of Cohen and dominating reals added by Hechler forcing. On the other hand, the
inequality cov(Z(T)) < g holds for both L7 and M7, by the above corollary. Recall now the
result of Yorioka ([Yor03]) saying that g = w; holds in Hechlers model. O

One may ask for strengthening the above propositions and show that no cardinal invariant
from Cichon’s diagram stands as a lower bound for the cov(Z(T)) for our tree types.

Question 3.1.15. Is cov(Z(T)) < add(N') consistent for the tree types considered in this tesis?

3.2 Incompatibility Shrinking numbers

In this section we will introduce the incompatibility shrinking number. This cardinal invariant
will play an important role in the study of additivities and cofinalities of tree ideals as well as
the antichain numbers. Our main usage of this invariant is to assume that the incompatibility
shrinking number is equal to the continuum. To justify this assumption, it is worth mentioning
the paper [SS23] of Spinas and Shelah, in which this number has been inscribed in the main
framework, under their paper is written.

Definition 3.2.1. The incompatibility shrinking number of a tree type T is defined as
is(T) = min{|F| : F CZg(T) AVT € T [T]NUJF # 0}

The hereditary version of incompatibility shrinking number is defined as follows:
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isp(T) = min{is(T|y) : T € T}

It is clear that isy(T) < is(T) and when T is homogeneous, then the two are equal. The
assumption that is,(T) = ¢ has been used in [BKW17]. In [GRSS95] and [JMS92] the authors
implicitly used it to estimate the additivity of Z(S), Z(M) and Z(L) to then consistently
distinguish the additivities and covering numbers of the tree ideals.

Proposition 3.2.2. add(Zp(T)) < is(T) < cov(Zg(T)) and add(Z(T)) < isy(T).

Proof. If a family F C Zp(T) intersects every set of form {z} for x € w®, then it intersects
every [T] for T € T, and then it intersects every set of form w® \ X for X € Zp(T). To prove
the last inequality note that if {B, : a < is(T)} witnesses for is(T) then |, Bo ¢ Z(T) because
otherwise there would exist 7' € T disjoint with all B,’s. O

First, we calculate the incompatibility shrinking numbers for classical o-ideals of measure
and category (which are homogeneous by the 2.3.3 and 2.3.8 of [Zap04])

Proposition 3.2.3. The following holds:!
- is(C) = add(M),
— is(B) = add(N).

Proof. We will show this only in the case of B as the other one follows from identical argument.
AsZ(B) =Zg(B) = N, (Z(C) = Zp(C) = M) by the Proposition 3.2.2 it is enough to show that
is(B) < add(N). Assume that {N, : @ < K} C N and k < is(B). Without loss of generality,
we may assume that N, + Q = N,. If B € Borel \ NV is such that B N |J, No = 0, then
Uy Na €2\ (B+ Q) € N. As, by Stainhaus theorem, B + Q € N, we are done. O

It is clear that for classical Sacks trees we have is(S) = ¢. In case of classical Miller trees
M this has been calculated by Spinas. For the sake of completeness and the fact that is*(M) is
equal the covering number of Zg(M) (this does not follow from the results regarding tree types
M) we include the proof

Proposition 3.2.4. (Spinas, [Spi95]) isp,(M) = 0.

Proof. By the Proposition 3.2.2 and the well-known fact that cov(Zg(M)) = 9, it is enough to
prove the inequality 9 < is(M). Assume then that 7" € M, and a collection {f, : @ < K} C w¥,
Kk < 0 is given. For each o < k define h, € w® such that

ha(n) = max{ fo(c) : o € split;(T N Seq*(f.)) and i < n}

As Kk < 0 there must be ¢ € w“ which is not <*-bounded by any h,. Let S < T be a
constructed in a way that we trim successors of ¢’s in split,(T) using g(n) i.e let S be the
unique Miller tree such that stem(S) = stem(T) and for each n € w and o € split,(S) we
have succg(o) = sucer(o) \ g(n). We claim that [S] N [T,] is empty for every o < k. Assume
towards contradiction that there is x € [S] N [T,] for some a < k. On the one hand we have
x <* fqo. On the other, if {n; : i < w} is an increasing sequence of natural numbers such that
{z|n, 11 € w} ={z]; : j € w}Nsplit(S), then g(i) < x(n;) for every i € w. Then for almost all
such i’s we have g(i1) < z(n;) < fa(n;) < ho(j) contradicting the choice of g over hy’s. O

Proposition 3.2.5. The following holds:

- cov(M) <isp(Sp),

!The Cohen forcing C can be we considered as the forcing with trees of form {r € 2<% : ¢ is comparable 7} for

o € 2<%, The random forcing B can be thought of as the forcing with trees T C 2<% such that lim, ‘T;?n‘ > 0.
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- cov(M) <isp(IEp).

Proof. As the proofs of the two inequalities follows the same ideal we will show this only for
slightly more difficult case, which is the latter. Recall that Zg(IEr) has a basis made of the sets
of form Ey := {x € IIF : ¥*°n € w x(n) # f(n)} where f € IIF. Suppose that x < cov(M),
we are given a collection of sets {Ey, : o < k} C Ig(IEp) where {f, : @ < k} C IIF and that
T € IEp. Consider the following notion of forcing P = {F C T : F'is a finite tree}. The order
is the end-extension i.e. F' < H if every o € F'\ H extends a terminal node of H. Note that P
is countable. For av < k and N € w define the sets

CN:={FecP:Yoc FN2N 40 3n > |o|Vic F(n) IT € T|y, |7| =n + 1, 7(n) =i}
and
DN .={FecP:Yoc FN2N £ 3rc F|, (7] = 1) # da(olis-1)}

It is easy to extend any F' € P to the one which satisfies the formulas in C"’s and DY’s. Tt
follows, that the C™V’s and D)’s are dense in P. Recall that the Martins number of countable
notions of forcing is equal cov(M). Assume that G C P is filter generic over the collection of
our dense sets. Define S = (Jpc F. As the sets CN, N € w are dense, S € IEp. As the sets
DN N € w, a < k are dense, [S] N Ey, =0 for every a < x which finishes the proof. O

However, the following is unknown for me.
Question 3.2.6. Can we consistently get is*(Sp) < cov(Zp(SF)) oris*(IEr) < cov(Zp(IEF))?

The following estimate is a result from the work [HS20] of Hein and Spinas. We include the
sketch of the proof as we will need it later on.

Proposition 3.2.7. (Hein and Spinas, [HS20]) cov(M) < is},(SP)

Proof. Recall that Zp(SP) has a basis made of countable unins of the sets of form Fo =: {z €
2¢ 1] C€* C or 271 1] N C =* B} where C € [w]*. Let T € SP, k < cov(M) and let
{Xa : @ < Kk} C [w]¥ be parameters for sets from the basis of Zp(SP). Define the following
incarnation of Cohen forcing: let P consist of all finite subtrees F' of T all terminal nodes of
which are of the same length hrp € w. The order Fy < F} means that Fj is an end-extension of
Fy and Nry, (o) = Nrj, (0) for each o € F1. One may show ([HS20]) that the following sets
are dense in P for n € w and o € k:

D, ={F €P:hp >n},
E, ={F €P:Vo € term(F)3Ing,n1 € X, N hp such that o(ng) =0 and o(ny) = 1}

It follows that if G C P is a filter intersecting all D,,’s and all F,’s, then the set S C 2% defined
as |J G is a splitting tree, S < T and [S]N{J,,. Fix, (see [HS20] for details). O

Theorem 3.2.8. Suppose that J is an arbitrary ideal on w. Then
— min{b,h-cov’ (J)} <isp(My),
— min{b,h-cov’ (J)} <isp(Ly).

Proof. To show that min{b,h-cov’ (J)} < is*(Ly) assume that £ < min{b,h-cov’ (J)}, T € Ly
and we are given a collection {Ly, : o < k} C Zg(L7) such that ¢, : w< — w for each o < k.
For each 0 € w<¥, as k <h-cov’ (J) there is an J-positive set C;; C succr(o) such that for each
a < k the intersection C, N ¢ (o) is finite. Let f, € w* be such that C' N ¢o(0) C fo(o). As
k < b there is a function g € w* which dominates all f,’s. Let S € L be a unique subtree of
T defined as follows: stem(T") = stem(S) and if o € split(S) then succg(c) = Cy \ g(0). We
claim that [S] N, Le, = 0. O
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Remark. In case of J-Laver trees it is not possible to prove min{b,h-covi (J)} = isp(Ly). For
exzample h-cov’ (Fin x Fin) = cov’ (Fin x Fin) = w which would lead to is*(Lrinx Fin) = w, but
we know that the number isy (L rinx Fin) ts greater than add(Zg(Lrinx Fin)) which is uncountable.

Remark. In case of the upper bounds one may show that the following inequalities hold:
— is(My7) < min{d,w-cov¥ (J)},
- is(Ly) < min{b,w-cov’ (J)}

Here, for an ideal J on w, the number w-cov’ (J) is defined as the smallest cardinality of a
family F C J such that for every sequence {A,, : n € w} of J-positive sets there is F € F such
that F' N A, is infinite for every n € w.

Proof. On the one hand we have is(L7) < cov(Zg(Ly)) < b and is(My) < cov(Zg(My)) <0
because of the Propositions 2.2.40 and 2.2.32. To show that is(Ly) < w-cov’ (J) let {Ay o <
k} € J be a witness for w-covi (J). Let Ly := {x € w¥ : I3 x(n) € Ay}. By the Theorem
2.2.39 each L, is Zg(L 7)-set. We will show that the sets L, witness for is(L 7). To see this let
T € L. Then there is a < k such that for every o € {7 € T': succr(r) € J '} the intersection
Ay N sucer(o) is infinite. Then construct inductively x € [T] such that stem(T) C x and for
each n > [stem(T)| we have z(n) € sucer(x|,) N Aq. Clearly, then z € [T] N Ly. The J-Miller

case is analogous. O
For Miller-like trees, we have stronger lower bound in terms of the covering of the Borel part.

Theorem 3.2.9. The inequality min{b, cov(Zg(T))} < isy(T) holds for the tree types Mz (with
any ideal J ) and FM.

Proof. We will focus only on the tree type M s as the proof for FM is almost identical. Assume
that £ < min{b, cov(Zg(Ms))} and that we are given T' € M7 and a family {¢, : @ < K} where
¢a 1w — J. In this proof let M = {z € w* :Vn € w z(n) ¢ da(z[s)}. Inductively we will
construct a sequence {F,, : n € w} of well-founded subtrees of T' such that for every n € w we
have:

(1) Fh41 is an end-extension of F,, and term(F,) C split(T),

(2) for every o € term(F,), if n € succr(o) then there is unique 7 € term(F,,41) such that
cnCrT,

(3) for every o € term(F),) for almost all 7 € term(Fj,41) extending o, we have [7]N M, = 0.

Assume that F,, has been constructed and fix o € term(F,). For each n € succer(o) we can
choose a point 2, € [o7n]\ U, M as £ < cov(Zp(My)). For every v < r there is fo € w®
such that

Vn € sucer (o) @7 s, (n) & M},

As k < b let g € w* dominate all of f,’s. For n € w Ao € term(F,) let p be the shortest
splitnode of 7" which extends z7|,). Let then Fy, 11 be the tree generated by the set {p} :
n€wAo € term(Fy,)}. Let S =, F, € My. The condition (3) implies that [S] N M} is
compact and therefore bounded by some h, € w*. Again, let h € w* dominate all of h,’s and
let R € M7 be such that [R] consists of branches of [S] which are not dominated by h. Then,
clearly [R] N Y, M/, =0 for all o < k. O

For the types of trees that add Cohen reals, we are able to show that this lower bound is
precise. To prove this, we will use the following result.
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Theorem 3.2.10. (Brendle, [Bre99]) If M is submodel of V and V contains a Miller tree of
Cohen real over M, then V contains a dominating real over M.

Theorem 3.2.11. Assume that T is a combinatorial tree type that adds Cohen reals and has
the continuous reading of names, then is,(T) < b.

Proof. Let T € T and let f : [T] — w<“ be a continuous function such that 7" I- ” f(7gep) is a
Cohen real”. We will need the following simple observation

Claim 3.2.12. For every closed nowhere dense set N C w“, we have that f~1[N] € Z(T).

Proof. Let S < T. Find ¢ € w<* and S’ < S such that S’ IF 0 C f(74en) and (o) NN = (. As
the function f is continuous, we can find 7 € S such that f[(7)] C (o). Let S” = S§’|,. Clearly
we then have that S” N f~[N] = () which finishes the proof of the claim. O

To prove that is(T) < b assume towards a contradiction that is(T|r) > b for some T' € T. Let
M be an elementary substructure of some H (k) such that f,7,T € M, M Nw*“ is unbounded
and |M| = b. Then, since |M| < is(T|r) there must be an R € T, R < T such that [R]NX =
for every X € tOB N M. By Proposition 3.2.12, if N C w® is a nowhere-dense set and N € M,
then [R] N f~}[N] = 0 and therefore f[[R]] N N = (). But then, this means that f[[R]] contains
exclusively Cohen reals over M. Since o-compact sets are meager, and R IF f(7gep) is Cohen,
then f[[R]] cannot be o-compact, so by Theorem 2.2.31 for Miller trees, f[[R]] must contain the
branches of a Miller tree. Therefore, by Theorem 3.2.10, there must be a real d € w“ such that
d dominates every y € w“ N M, which is impossible since M contains an unbounded family. [

We will summarize results regarding the incompatibility shrinking number fot the tree types
FM, M and L7 with the following

Corollary 3.2.13. The following holds:
— i8*(FM) = is*(Lypq) = is* (Mpq) = add(M),

- is” ]L]-'znx]:zn) =bandb <is (M}'znx}'zn) <0,

*

- is"(Lepy,,) = min{b, cov*(£Dyin)} and min{b, cov*(EDyin)} < is*(Mep,,,) <0,

(
(
~ is*(Lep) = b and b < is*(Mgp) < 9,
(
~ is*(LLs) = min{b, non(A)} and min{b, non(A")} < is*(Ms) <,
(

- is"(Ly) =b and b <is*(My) <0 for both R and conv.

I do not know the answer to the following question.
Question 3.2.14. What are the values of is(MFinxFin), i8(Ls) and is(Lep,,,)?
Theorem 3.2.15. is(Mgjpxrin) < 0 is consistent with ZFC.

Proof. We will show that the inequality holds in the model obtained by adding we many Cohen
reals (simultaneously) to a model of CH. Let T be a C(wg)-name to an Mz;, « Fin-tree. By the
standard arguments with good/nice names there is a countable W C wq such that T is in fact
C(W)-name. As C(W) is forcing equivalent to the single step Cohen forcing C, the proof of the
theorem will be finished by showing the following

Claim 3.2.16.' For every C-name for an M x;y, « Fin-tree T there is ¢ (WX w)<Y — Fin x Fin
such that |- 7 [T] N My # 07

Without loss of generality we may assume that I+ " stem(T") = py” for some py € w<. Let
also ¢y = () and let (ag, by) = pp(0). We will inductively construct sequences {¢, : 0 € w<“} C C,
{(a5,b5) : 0 €E WY} Cw X w, {ps: 0 € w¥} Cw<¥ such that for all g,0" € W< we have
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a) {co—~n :n € w} is dense below ¢,

o

)

) Gp—~n < Gg—n+1,

c) co~n k" (ag~n,bo~n) € succ;(ps)”,
)

d) cs~y decides the value of Succy(py (ag—n,bs~n)) to be pg—~p, € V.

The construction of such sequences is straightforward. Notice that b) implies {(ag—~n,bo—~n) :
n € w} € Finx Fin and that po~n(|ps|) = (ag—n,bo—~n). Define now ¢ : (wxw)<¥ — Finx Fin
such that for 7 € (w x w)<¥ we have

— ¢(7) = 0 if 7 is not contained in any p,,
- &(1) = {(ag—n,bo—~n) : n € w} if 7 = p, for some o € WY,
— &(1) = {ps(|7|)} if ps is the shortest that contains 7.

To show that |- ”[T] N My # 0”7 let e, be a C-generic real. Because of a) there is § € w®

such that 7gen, = Ug ¢y, Let @ = |, py|,- We will see that I "& € [T] N My”. Notice that

cyly IF " py)(n) € T7 for every k € w so I "& € [T]”. Next for n > 0 we consider two cases:
if n ¢ {|py,| : k € w} let k € w be the smallest natural number such that n < |py,[. Then
&(n) = py,(n) € {py,(n)} = ¢(&[n). If n = [py,| for some k € w, then because of d), we
have that (n) = py,.,(n) € {(ag, . by,..)} S ¢(Z]n). It follows from the two cases, that
I-"% € My”, which finishes the proof. O

3.3 Antichains of trees

Suppose that P is a non-c.c.c. preorder. Another cardinal invariant related to a notion of forcing
is the antichain number, defined as follows.

a(P) = min{|A| : A C P is an uncountable maximal antichain}
Such numbers were investigated for several classical tree forcings.
Theorem 3.3.1. (Spinas and Wyszkowski [SW15]) 0 < a(Si)?
Theorem 3.3.2. (Spinas [Spi97]) b < a(Ma)?
Theorem 3.3.3. (Spinas and Hein [HS20]) The following inequalities hold:

-2 <a(S),

— cov(M) < a(SP),

- b <a(M).

We will investigate the antichain numbers of the forcings Sp, IEp, My and Pg. The case

of Laver forcing remains open (as asked in [HS20]).The following lemma is crucial for our
constructions.

Lemma 3.3.4. (Shelah and Spinas [HS20]) For every {Aq : a < w1} C [w] there is a countable
C C wy such that for alln € C and F € [A,]|<¥ there are infinitely many m € C with F C A,,

Theorem 3.3.5. cov(M) < a(IEr) and cov(M) < a(Sr)

2Si stands for the standard Silver tree forcing
3Ma stands for the standard Mathias tree forcing
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Proof. We give the proof for IEp as the one for Sg is almost identical. Let k < cov(M) and
let {T, : @ < k} be an antichain in IEp. By the Theorem 3.2.5 we have that k£ < cov(M) <
isp,(IEF). It follows that there exists a collection {S, : @ < k} C IEp such that for every
a, B < Kk we have:

- Sa S Ta,
— [Sa]l N T3] = 0 for a # .
By the Lemma 3.3.4, without loss of generality we may assume that

Vn € wVF € [S,]<¥3I®m € wF C Sy, (3.1)

Consider the following notion of forcing
P ={F C Seq(F) : F is a finite tree contained in S,, for some n € w}

with the following order: F’ < F if F’ is an end-extension of F. Note that P is countable,
non-atomic order. For a < k and m € w consider the following sets:

— Dy ={F €P: term(F)NT, =0},
~ B, ={FeP:Voec FNw™3IN > |o|Vi e F(N)3r € F,o C7,|t| > N and 7(N) = i}.

We will check that these sets are dense in P:

To see that D,, is dense let F' € P and let n € w be such that F C S,,. Consider two cases: First,
that « # n. Because [T, ] N [S,] = 0, the intersection T, N S, is finite and there is N € w such
that no o € S, longer than N belongs to the T,. Let the F’ C S,, be an end-extension of F
such that every terminal node of F” is longer than N. It follows that I’ € D,. For the second
case assume that a = n. By the condition 3.1, there is m > n such that F' C S,,. Again, as
Sm N T, is finite, we may find an end-extension F’ C S,, of F' whose terminal nodes are not in
T,,. Tt follows that F' € D,,.

To see that E,, is dense let F' € P and let n € w be such that FF C S,,. As S,, € IEp for every
o € term(F) there is N, such that for each i € F(N,) there is 77 € S,, 0 C 77, |77| > No
such that 77(N,) = i. Let then F’ be the tree generated by all such 77’s. Clearly, F’ is an
end-extension of F' and F’ € E,,.

Now, as k < cov(M) = meyy, there is a filter G C P intersecting all D, and E,, for a < k and
m € w. Define then a tree T as Jpe o F. As GNE,, # 0 for every m € w, we get that T' € IEp.
As GN D, # 0 for every o < k, we get that T'N Ty, is finite, so [T'] N [T,] = 0. This means that
the antichain {7, : @ < K} C IEp is not maximal. O

Theorem 3.3.6. min{is,(EDg),cov(M)} < a(EDp).

Proof. Let k < min{is,(EDg),cov(M)} and let {T, : o < k} C EDp be an antichain. As
k < isp(EDp), there is a collection {S, : & < k} C EDp such that for every a, f < k we have:

- Sa § Ta,
— [Sa] N [T5] = 0 for o # 5.
By the Lemma 3.3.4, without loss of generality we may assume that

Vn € wVF € [S,]<¥3®m € wF C Sy, (3.2)

Consider the following notion of forcing P: F € P if F' is a finite tree contained in some S,
and for 0 C 7 € F \ term(F) we have that |succp(o)| < |succp(T)|. The order is the following:
F’ < F if F' is an end-extension of F. Note that PP is a countable, non-atomic order. For o < &
and m € w consider the following sets:
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~ Dy ={F €P: term(F)NT, =0},
~ Ep={F €P:Vo cterm(F)(lo| >m and |succp(o|5—1)] >m)}.

We will check that these sets are dense in P:

The argument that D,’s are dense is identical to the one in the previous theorem, thus we will
only show that E,,’s are dense. Let F' € P and let n € w be such that F' C S,,. As S,, € EDp,
there is N € w such that |succg, ()| > m for every o € S,, longer than N. Let then F/ C S,
F’ € P be such an end-extension of F' that for every o € term(F’) we have |o| > max{m, N} and
|succpr(o|i5—1)| > m. Finding such F” is possible because of the choice of N. Then F' € Ej,.
As k < cov(M) = meyy there is a filter G C P that intersects all sets D,, a < k and all sets
Em, m € w. Define T as Jpeq F. As G N Dy # (), we have that [T] N [Ty] = 0 for every a < k.
We will check that 7' € EDp. This will show that the antichain {7}, : @ < k} is not maximal
which will finish the proof. To see this, notice that if F' € G N E,,, then, by the definition of P,
for every o € T with |o] > m we have that |sucer(o)| > |sucer(T)| > m where 7 € term(F) is
such that 7 C o. O

Theorem 3.3.7. min{b, cov(Zg(My))} < a(My) for any ideal J.

Proof. Let k < min{b,cov(Zg(M )} and let {T, : o < k} € My be an antichain. By the
Proposition 3.2.9 we have that k < isp(M7). It follows there is a collection {S, : a < Kk} C M7
such that for every «, 8 < k we have:

- Sa S Tou
— [Sa]l N T3] = 0 for a # .
By the Lemma 3.3.4 without loss of generality we may assume that

Vn € WYF € [S,]<“3%°m € wF C Sy, (3.3)

By induction, we build an increasing sequence {F,, : n € w} of well-founded subtrees of w<¥
such that for every n € w the following condition hold:

(1), for every o € term(Fy,), succp,,,(0) € I+,
(2)p for every o € term(F,), 0 ¢ U;.,, T; and o € Sy for some N € w,

(3)n for every o € term(F},) and every i € succr, (o)
there is unique 7(0,7) € term(F,+1) such that o C 7(0,1),

(4), for every o € term(Fy,) and every o € r \ w the set {i € succp, ,(0) : 7(0,i) € To} is
finite.

Start the induction by setting Fj to be the tree generated by the stem of Sy. Assume now that
F,, has been constructed. Fix o € term(F,) and let N, € w be such that o € Sy,. For every
i € succgy, (o) pick any point x§ € [S,], 07i C af. For every a € x\ w define a function
fa @ succsy_(0) — w as follows: for i € succsy (o), as zf ¢ [T, let fo(i) € w be such that
2|, i) & Ta- As k < b, there is a function f : succgy_ (o) — w that almost dominates all
fa’s. By the condition (3.3), for each i € succg,_(o) there is N’ > n such that a7 |¢;) € Sy
For every such i, extend x| to a 7(0,4) € Sy» \ U;pqy Ti such that succs ,(7(0,i)) € J.
Unfix ¢ and define F), ;1 to be the tree generated by all such 7(o,)’s where o € term(F,,) and
i € succsy ().

When the induction is over, let 7" = |J,, F,. By the conditions (1),, n € w, we have that
T € My. For every a € k \ w, by the conditions (4),, n € w, we have that "N T, is a finitely
splitting tree on w<¥. Thus T is incompatible with every such T,. For every N € w, by the
conditions (2),, n € w, we have that [T]N[T,] = 0. It follows that the antichain {7, : o € K} is
not maximal. O
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Corollary 3.3.8. add(M) < a(My) for any ideal J.

Proof. By the Proposition 2.2.32 we have that cov(M) < cov(Zg(Mys)). By the previous
theorem we have add(M) = min{b, cov(M)} < min{b, cov(Zg(M 7))} < a(My) O

Regarding the o-ideals generated by closed subsets of a Polish space X we have the following
estimate for the antichain number. For this result we will use the notion of Hurewicz schema
from the section 2.2.7.

Theorem 3.3.9. p < a(P¢).

Proof. Let k < p and let {G4 : @ < Kk} be an uncountable antichain in P¢. By the Solecki’s
dichotomy 2.2.49, there is {Uy, : o < K}, Uy = {US, NS : 0 € w<¥}, a collection of Hurewicz
schemas for the ideal £ such that [U,] C G, for every a < k. By the Lemma 3.3.4 we may

assume that:
Vn € w VF € [U,]<¥, I°m ew F C U, (3.4)

We will construct an E-positive set which will be incompatible with every G,. Recall that
p is the Martins number of o-centered forcings. Define an order QQ consisting of conditions
p = (FP, HP,UP, ¢P) such that

lg : FP is a finite subtree of w<*

2g : HP is a finite subset of k \ w,

3g : UP: FP — B such that ¢ C 7 implies UP(7) C UP(0),

dg : 6P : FP — w x w<Y¥ is such that if 6P(0) = (n, 1), then for each i € succpr(o) we have
UP(0™1) € Uy, UP(071) C UL, dist(UP(071), NI') < \a\+z and n > |o|.
The order p < ¢ is defined as

le : F9C FP, H1 C HP, U7 C UP and 69 C o7,

2« : VYo € FP\ FIVa e HIUP(o) NGy =10

3 Vo€ FP\ Fii < |o| UP(c) N G; = 0.

Note at this point that the order (Q, <) is o-centered: if p,q € Q are such that FP = F9,
UP = U1, §? = §7 and there are countably many such possibilities, then the condition r defined
s (FP,HP U HY,UP, 0P) is stronger then both p and ¢. Define now the following sets: for
a€k\w, o€ w let

:{pEQ o € HP}
={peQ:o € FP}

and for m € w, 0 € W< let
Comn = {p € By, : if 6?(0) = (k,7) then for every x € N¥
there is i € succp, (o) with dist(UP(o i), x) < L}.
Claim 3.3.10. The sets Ay, By, Cop are dense in Q.

proof of the claim. Clearly, the A,’s are dense. To see that B, is dense let ¢ € Q. Let o’ be the
longest initial part of o which belongs to F'? and assume that 62(¢”) = (n, 7). Use the condition
(3.4) to find m > |o| such that U%(o’) € U,,. Find an open set W such that

— W € Uy, W C U(c"),
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-~ WU o' i) =0 for each i € succpa(o’),

~ dist(W, N?) < oo

- W NGy =0 for each o € HY,
-~ WNG; =0 for each i < |o].

Finding a W satisfying the last two conditions is possible by the Proposition 2.2.53. Choose
arbitrary sequence {p; : j = 1,2, ..., |o| — |0'[} € w=* such that W = U}" and p; C pj+1. Define
the condition ¢ € Q as follows: H? = H?, UP|pq = U1, 6P|pg = 69, FP = F1U{o|; : i € |o]\|0'|}
and let UP(0||or4) = U fori = 1,..., [o]\|0’|, and for i = 1, ..., [o]\ |o’] let 6P(0]|51|4) = (m, T)
is such that W; = U™. Note that p € Q, p < ¢ and p € B,.

To see that Cy y, is dense let ¢ € B,. Assume that §9(c) = (n,7) and j* = maz succpa(0).
Because the set N is compact there is a finite set of points {x; : i < k} C NI such that
N C U<y, B(zi, £). Because NI = lim(succy, (U)) holds, by lemma 1 there is a collection of
open sets {W; : i < k} such that for each i < k the following conditions hold:

- W; eL{m W; C U;L?
- WinUY(o™j) =0 for each j € succpa(o),
- W; C B(wi, ),

. 1
- dZSt(WZ,NJ_L) < m,

-~ W; NGy =0 for each o € HY,
- W;NGj; =0 for each j < |o].

Define then the condition g < p as follows: H? = HP, FP = F1U{o"l:l=j"4+i+ 1, i < k},
UP|pa = U, 6P|pqa = 89, UP(07 1) = W; where | = j* +i+ 1 and 0P(c71) = (n, 7). Notice that
p € Cym and p < q. O

As k < p there exists a filter G C Q intersecting all the sets A,, By, Cy . Define U9°" =
{U9" () : 0 € w<¥} := |J{UP : p € G} together with a function §9" : wW<¥ — w X WY,
59" .= |J{6? : p € G}. The proof of the theorem will be finished with the following two claims

Claim 3.3.11. U9" is a Hurewicz schema.

proof of the claim. Because the sets B, are dense, the functions U9 and §9¢" are defined on
the entire w<¥. The remaining part is to show that for each o € w<% the set N3 defined as
lim{U?". : i € w} is closed, nowhere-dense and E-positive. We will prove this by showing that
NI = NI where §9°" (o) = (n, 7). We will consider two cases:

Case 1 - there is 2 € N3\ NP
Let k € w be such that [z|x] N N = () and choose a sequence {i; : | € w} of natural numbers
such that for each | € w we have UJ™; C [z[]. For each I € w choose also p; € G such that
074, € FP.. Note that in particular there is € > 0 such that dist(UP'(c"4;), N*) > € for each
| € w. This is a contradiction as by (4g) we have that dist(UP@" %) N") < TR
Case 2 - there is z € N\ NI
Le k € w be such that [z]x] N N3 = 0. For each [ € w choose p; € GNC,;. Then for each | € w
there is 4, € succpr (o) such that dist(UP (07 4;),2) < . This means that for almost all | € w
we have UP (o N4;) C [z|x]. As UPl(074;) = U9 (07 4;) we reach a contradiction. O

Claim 3.3.12. 9" NG, =0 for each o < k.
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proof the claim. To see that [U9"|NG,, = 0 assume that for some n € w we have z € [UI"|NG),.
Then there is y € w* such that {z} =, U;]'ZL. If we pick p,q € G such that y|,+1 € FP\ F9,
then by (3<) we have that Uj, = NGy = () which contradicts pr|n+l = Ugﬁzl. To see that
for a € K\ w we have [U9"] N G, = () assume that z € U] N G,. Let p € GN A, and let
o € w<¥\ FP be such that € UJ“". Then, by the condition 2< we have that for every ¢ < p,
q € G N B, we have that US" = U{ is disjoint from G,. A contradiction. O

We finish this section with the following questions.
Question 3.3.13. Is min{b,cov(€)} < a(&) provable in ZFC?

The case of reasonable lower bound for Laver tree (which has been asked in [HS20]) remains
open

Question 3.3.14. Does Martins Axiom (or Proper Forcing Aziom) implies a(L) = ¢?

3.4 Additivities and projections of trees

The following definition will be crucial for finding upper bounds of additivities of tree ideals

Definition 3.4.1. Suppose that R = (X,C,)) is a relation system and T is a combinatorial
tree type. A function m: T — Y will be called a R-projection if

—if S<T and x T w(T) then x C w(S5)
— for every v € X the set {T € T:x T w(T)} is dense in T

Before the main theorem of this section, we need to prove the following simple lemma.

Lemma 3.4.2. Assume that cov(M) = ¢ and that A is a mazimal antichain in T. If [T] C
UgeulS] where |A| < ¢, then there is 0 € T and S € A such that [T|,] C [S].

Proof. Note that the sets [T]N[S], S € A are closed and cover [T]. As cov(M) = ¢, one of these
sets is not relatively nowhere dense on [T]. It follows that there is o € T and S € A such that
[T]5] < [5]. O

However, to show this we need the following technical lemma from [GRSS95]. The lemma
in the original form was formulation for Sacks, Miller and Laver trees but the proof can be
rewritten completely. Because of this we only include sketch of the proof of the general case.

Lemma 3.4.3. Let T be a combinatorial tree type with continuous reading of names. Assume
that isp(T) = ¢. Then any open dense D C T contains a disjoint maximal antichain A C D such
that for every T € T we have

i IT) € UselS), then 36 € [A]<%, [T) € UgeslS)

Proof. Assume that T lives on IIF'. Enumerate T as {T’, : v < ¢}. We will inductively build two
sequences, {Sy : v < ¢} C T and {r, : v < ¢} C IIF (assuming that T lives on ILF"). We will
allow S, or r, to be undefined. So, at the end of the proof, whenever we refer to S, or r, we
mean that the referred object is defined. Assuming that {S, : v < 8} and {r, : v < 5} has been
constructed, we proceed as follows. First, we construct r3. If [Tj] \ Uv < B[S] is non-empty, let
rg € [Ts] \U,<5[S]. If not, let rg be undefined. Next we construct Sg. If Tz is compatible with
some S, for v < 3, let Sg be undefined. Otherwise, for every v < 3, the intersection [Tg] N [S,]
does not contain branches of a T-tree. By the Proposition 2.3.4, [T3] N [S,] € Zp(T) for every
v < B. As isp(T) = ¢ and non(Z(T)) = ¢, there is S € T, S < T' such that

[S]N{ry:v < B} =0and [S]N[S,] =0 for every v < 5.
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Let then Sg € T be such that Sg < S and Sg € D. This finishes the induction.

Let A= {S, :v < ¢}. Clearly, by the construction, A forms an antichain. As T’,’s enumerated
all T-trees, the antichain A is maximal. We will now show that, if [T'] C (Jgc4[S], then 3B €
[A]<, [T] € UgeplS)- Assume that T € T is such that [T] C (Jg 4[S]- Let § < ¢ be such that
T3 = T. We claim that [T] C [J,<4[S,]. If not, then rg € [T3] \ U, 4[S,] has been defined.
On the other hand, by the construction of S,’s, v > 3, we have rg ¢ (J,>4[5,]. It follows that
[T] = [Tp] is not contained in {J, . [S,]. O

We will now prove the main result of this section. For this result we will need the notion of
w-Tukey reduction discussed in section 1.2.5.

Theorem 3.4.4. Suppose that T is a combinatorial tree forcing with continuous reading of
names, R = (X,C,)) is a relational system and assume that T has an R-projection, 7 : T — ).
Assume that isp(T) = ¢ and cov(M) = ¢. Then we have

R <7 (I(T), S, Z(T))
In particular, the inequality add(Z(T)) < b, (R) holds.

Proof. Assume that T lives on IIF. First, we will define ¢ : X — Z(T). Let X € X. Use the
Lemma 3.4.3 to find a maximal antichain Ay in the open dense set Dx ={T'e T: X C n(T)}
and define ¢(X) = X(Ax). By the Proposition 2.1.3, we have that ¢(X) € Z(T). We will now
define {1, : Z(T) — Y, o € Seq(F)}. Let Z € Z(T) and let o € Seq(F)}. Pick a tree T € T
such that [T4] N Z = () and define ¢,(Z) = ©(T?|,) € YV if 0 € T?. If 0 ¢ T? define the value
¥s(Z) to be arbitrary element of ). To show that these define the required Tukey reduction we
will show that for X € X and Z € Z(T), if ¢(X) C Z, then X C ¢,(Z) for some o € Seq(F). If
#(X) C Z then [T?] C Ureay [T]- By the Lemma 3.4.3 there is Bx C Ax, [Bx| < ¢ such that
[T7] C Ures, [T]. Then, by the Lemma 3.4.2 there is o € TZ such that [T#|,] C [T] for some
T € Bx. On the one hand X C 7(T) (because of T € Ay C Dx) and on the other T%|, < T.
By the properties of projection we conclude that X = 7m(T%|,) = 9,(Z). This finishes the
proof. O

In the rest of this section we will discuss which of the tree types we are interested in have
which types of projections. We will need the following simple lemma.

Lemma 3.4.5. If S € Sp and color : split(S) — w, then there is R < S, R € Sp such that
color]split(R) 1s either constant or increasing along R.

Proof. Consider the following two cases:

e Case 1: for every o € S the set split(S,) is colored with infinitely many colors

Inductively construct an increasing sequence of finite subtrees of S such that Fy = {0} and for
each n € w we have:

1) F,41 is an end-extension of F,,

)

2) term(F,) C split(95),

3) for every o € term(F,) we have succg, (o) = succs(o),
)

4) for all o € term(F),,) and T € term(Fy,,+1), if o C 7, then color(c) < color(r).

Assuming that F;, has been built, for each o € term(F;,) and i € succs(o) use the assumption to
find 7,; € split(Sy~;) such that color(c) < color(7,;). Then let Fj, 11 to be the tree generated
by all 7,;’s for o € term(F;,) and i € succs(o). When the construction is over, let R = J,, Fy,.
Because of 3) the tree R is a Sp-tree and because of 4) the color is increasing along R.

e Case 2: there is o € S such that split(S,) is colored with finitely many colors

It will be enough to show that if split(S,) is colored with only two colors, then the monochromatic
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subtree exists. Assume for simplicity that rng(color|gyy(s,)) = {0,1}. Consider two subcases:
first, that there is o C o’ such that split(Sy) is colored with 0 only. Then we are done. Second,
that every o’ € S, can be extended to o” € split(S) of color 1. In such a (sub)case continue with
a construction of F},’s as in the first case but choose all 7, ;’s to be of color 1. Then R = Un F,
is be monochromatic of color 1. O

Regarding the projections of compact tree types we have the following.

Theorem 3.4.6. The following holds:
— Sp and IEp have the (w*, <*,w*)-projection,
— Sr and IEp have the ([w]¥, reaps, [w]“)-projection,

Proof.  Sp and IEp have the (w*, <* w“)-projection

Recall that for T' € IEp and o € T the Ny (o) > |o| is the smallest such that for all i € F(Np(0))
there is 7 € T, o0 C 7, |7| > Nr(o) with 7(Nr(o)) = i. We overload the symbol Ng(o)
so it works (if such value exists) also over finite trees F' C Seq(F'). Define 7 : [Ep — w
such that for T € TEp the m(T) is defined inductively as follows: let 7(7)(0) = Np(() and
7(T)(n+1) = max{Nr(o) : 0 € T and |o| = n(T)(n)} + 1. We will show that 7 is as required.
First, we claim that for every T' € IEp and every f € w* there is S < T such that f < 7(S). To
see this we inductively build a sequence {F}, : n € w} of finite subtrees of T" such that for every
n € w the following two conditions hold:

(a)n for every o € term(F),) the value Np, (o) is defined,
(b)n, for every o € term(Fy) the value Np, (o) > f(n).

Let Fy = {0} and assume that F), has been constructed. For every o € term(F,,) pick 7, € T,
o C 7, such that |7,| > f(n). Let then H,, be the tree generated by all such 7,’s. Let then Fj, 1
be the tree generated by the set {p € T : 37 € term(H,,), 7 C p, |p| = Nr(o) + 1}. Clearly,
the conditions (a), and (b), are satisfied. When the induction is over, we let S to be |, ., I
Because of the condition (a),, n € w we have that T' € IEr and because of the conditions (),
n € w we get that f < m(S5). Second, we claim that S < T implies 7(7") < w(S). Clearly
m(T)(0) < 7(S5)(0). Inductively we show that, if 7#(T)(n) < w(S)(n), then by S < T, we have
7(T)(n+1) < 7w(S)(n+1).

e S has the ([w]¥, reaps, [w]*)-projection

For T € Sp let m(T) be the infinite set {|o| : sucer(o) = F(|o|)}. Clearly, S < T implies that
7m(S) C w(T). We claim that for every T' € Sp and every A € [w]“ there is S < T such that
m(S)CAorm(S)NA=0. Fix A€ [w]¥ and T € Sp. For o € T such that succr(o) = F(|o])

define
0 if|o| € A,
color(o) = 1 o]
1 if |o| ¢ A.
Now, by the Lemma 3.4.5 there is a monochromatic tree. This finishes the argument. O

With respect to the projection of the splitting tree, the following is known.
Theorem 3.4.7. (Hein, Spinas, [HS20]) The splitting tree SP has (w*, <*, w®)-projection.
Theorem 3.4.8. EDfg has the (w*, <* w®)-projection.
Proof. Define 7 : EDp — w* in a way that for T' € EDg we have:

m(T)(n) = min{N € w:Vo € T(Jo| > N — succr(c) >n)}
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By the definition of 7', the set over the minimum is taken is non-empty, thus 7 is well-defined.
To show that S < T implies 7(T) < 7(S), notice that for n € w we have {N € w : Vo €
S(lo| > N — succg(o) >n)} C{N € w:Vo € T(lo| > N = succr(o) > n)}. It follows that
m(T)(n) < m(S)(n).

We will now show that for 7' € EDp and f € w® there is S < T with f <* w(S5). We will
inductively construct {F,, : n € w} and {N,, : n € w} such that for every n € w we have:

(1), F), is finite subtree of T" and N,, € w,

(2)n, Fn41 is an end-extension of F,,

(3)n f(n) < Np < Ny,

(4),, for every o € term(F,) we have |o| = Ny41,

(5)n for every o € Fy, if |o| € [Ny, Npt1), then [succr, ., (o) =n+1,

(6), Ny is such that every o € T splits into at least n + 1 successors whenever |o| > N,,.

Start the induction with Ny = 0 and F_; = {(}. Assume now that for some n € w the N,, and
F,—1 has been defined. Let N,; be such that (3),, and (6), is satisfied. Then let F,, be a tree
which satisfies (1), (2)n, (4), and (5),.

When the induction is over, define S = |J,, F,. As for every n € w the conditions (3), and (5),
hold, we have that S € EDp. As for every n € w the conditions (5),, and (6), hold, we have
that f(n) < 7(S)(n) for each n > 0. O

We will now discuss the projections of the J-Miller and [J-Laver trees. However, first we
will need the following lemma

Lemma 3.4.9. (Miller, [Mil84]) Suppose that T € My and c : split(T) — 2 is a coloring of
splitnodes of T into two colors. Then there is S < T with all splitnodes of the same color, i.e.
clspiit(s) is constant.

Now, we have the following.

Theorem 3.4.10. The following holds:
- My and Ly have the (w¥, <* ,w®)-projection for every J,
— My has the (Jw]“, reaps, [w]¥)-projection no matter the ideal J,

Proof. @ M 7 has the ([w]“, reaps, [w]¥)-projection

For T € My let m(T) be the infinite set {|o| : sucer(o) € J1}. Clearly, S < T implies that
7m(S) C 7(T). We claim that for every T' € My and every A € [w]* there is § < T such that
m(S)CAorn(S)NA=0. Fix A € [w]“ and T € My. For o € T such that succr(c) € J+

define
if A
color(o) = 0 iflof e,
1 if|o| ¢ A.

Now, by the Lemma 3.4.9 there is a monochromatic tree. This finishes the argument.

e M 7 has the (w*, <*, w“)-projection no matter the ideal J

For T' € M7 let w(T) be the increasing enumeration of the set {|o| : o € split(T)}. Clearly,
S < T implies that {|o| : o € split(S)} C {|o| : o € split(T)} which implies that 7(T") < 7(S5).
We will show the second condition. Let {s,, : n € w} be an ordering of w<* in the type w such
that s, C s, implies n < m. We will inductively build {o,, : n € w} C split(T) such that

— the tree generated by {0, : n € w}, say S, is a M s-tree and split(S) = {0, : n € w},
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— |on| < |ony1| for each n € w,
— f(n) <|opt1]| for each n € w,
— the assignment s, — 0, is an order isomorphism between (w*,C) and ({0, : n € w}, C).

Clearly, 7(S) dominates f point-wisely. Let o¢ € split(T) be such that |op| > f(0) and assume
that o, has been constructed. To define 0,41 let m € w, k € w be such that s,4+; = s, k. Let
On+1 € split(T) be such that oy, C opi1, |on| < |onti|, f(R+1) < |opt1]| and op41(|om]) is the

smallest element of the set sucer(om)\{oi(|om|) : om C o;}. This finishes the induction step and

thus the induction process. Notice that the last condition implies that succr(op,) = succs(om)
for each m € w, and thus S € M 7. O]

Question 3.4.11. Does L have ([w]¥, reaps, [w|*)-projection fo every ideal J ¢ Does Mtr(./\f);
or Ly(nry, has a Rpr-projection?

We will finish this section with mentioning a couple of results regarding projections of Silver
trees. Recall that a tree T' C 2<% is a Silver tree if there is a coinfinite ¢ C w and z : ¢ — 2 such
that T'= {0 € 2<¥ : 0|, C b}. Denote by Si the collection of all Silver tres. It is well-known
that Si¢ type is a combinatorial tree forcing and has continuous reading of names. Consider the
following relational system: ([w]“, <>, macs) where macs = {A C P : A is a maximal almost
disjoint family}. The relation A <. A means that the set A € [w]* selects from Aie. AC* B
for some B € A. Clearly, b([w]“, <>ge1, macs) = b. The following is a result of Otmar Spinas.

Theorem 3.4.12. (Spinas) The following holds:

— Si has a (W, <*, w¥)-projection,

— Si has a (M, C, M)-projection,

— Si has a ([W]¥, <> se1, macs)-projection.
Proof. The first projection has been proven in [SW15], The second one in [Spil6]. The third
one in [Spi22]. O

It is well known that Silver trees does not add Cohen reals because it has Sacks property.
This motivates the question, whether there is such an example among the types of trees we are
interested in? In particular, we have

Question 3.4.13. Is there an ideal J such that M 7 or Lz has (M, C, M)-projection, but does
not add Cohen reals?

3.5 More on additivities

We will start with the lower estimate t < add(Z(L 7)) for ,-ideals. Suppose that J is an ideal
on w. Recall that for A, B C w we will write A C7 B if A\ B € J. We will say that a sequence
{Th:a<k} C J T is J-decreasing, if for a < 8 < k we have Ts Cj Th.

Definition 3.5.1. Suppose that J is an ideal on w. The J-tower number t(J) is defined as
the smallest length of a J-decreasing sequence {T, : o < k} C J T such that there isno T € J*
such that T C 7 T, for all a < K.

Clearly, for the ideal of finite sets, the number tr;, is the standard tower number t = p. We
will need the following well-known fact.

Proposition 3.5.2. (folklore) If J is Fy ideal then t(J) > t.
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Proof. By the Mazurs Theorem 4.1.1, we find ¢, a l.s.c.s.m. such that J = Fin(¢). Let also
k< t=p and let {T, : @ < K} be J-decreasing sequence of J-positive sets.

Define a partial order Q consisting of pairs (A4, H) such that A € [w]<* and H € [k]<“. The
order (A,H) < (B, F)is given by BC A, F C H and A\ B C T, where = max F. Clearly Q
is o-centered as witnessed by the first coordinate.

For n € w and o € H, define the sets

Dy = {(4,H) € Q: 9(4) > n},
Ey,={(A,H)€eQ:a€ H}

We will check that D,’s and E,’s are dense. To see that D, is dense let (B, F) € Q. Let

a = max F. By the semi-continuity of ¢ there is B’ C T, \ B such that ¢(B’) > n. But then

(BUB',F) < (B,F) and (BUB',F) € D,,. To see that E, is dense notice that for (B, F) € Q,

the condition (B, FFU{a}) € Ey and (B, FU{a}) < (B,F).

As k < p there must be a filter G C Q which intersects all D,’s and all E,’s. But then the

set T' € |[w]* defined as |J{A : 3H (A, H) € G} is J-positive (because of D,,’s) and is almost

contained (even in the modulo finite sense) in each T, (because of E,’s). O

Theorem 3.5.3. For any Fy-ideal J, the inequality t < add(Z(L)) holds.

Proof. Let {Xo:a <k} CZ(Ly), k < tandlet T € Ly. We want to construct S < T with

[S]NU, Xa = 0. To simplify the construction, we will assume that 7' = w<“ but the entire

argument can be adapted inside of the tree T. Consider the following partial order:
P={p={4:0cw<¥}: AD € J* for each 0 € w<*}

For p,q € P we have ¢ < p if AL C* A} for all o0 € w<* and AL C AL for almost all 0 € w<¥.
Also, for p € P define sequence {S,(0) : 0 € w<*} of L s-trees such that S,(o) is the unique tree
with stem o and such that succg,(s)(7) = A7 for every 7 € SP(0) extending the stem. We will
say that p € P is disjoint with a given set X C w¥ if [SP(c)] N X = 0 for every o € w<¥. We
will need the following three claims:

Claim 3.5.4. If p is disjoint with X C w® and q < p, then q is disjoint with X.

proof of the claim. Let 0 € w<“. Let N be a natural number large enough so that the set
{0 € w<¥: A(0) \ AP(0) # (I} is contained in w<". We will show that for every o € w<“ we
have

[94()] € Ujr=n[9p(7)]

Let x € [Sy(0)] and assume that |0 < N. Let 7 = z|ny. We have that for all n > |o|,
z(n) € A%x|,). Then for all n > |7| we have z(n) € AY(z|,) C A%(z|,) which means that
z € [Sp(7)] € U7 )=n[9p(7)]. On the other hand, if [o| = N, then z(n) € A¥(z],) C A%(xy)
above the stem, and then z € [Sy(7)] € Uj;=n[9(7)]. This finishes the proof of the first
claim. O

Claim 3.5.5. For every p € P and X € Z(L7) there is a q € P, ¢ < p disjoint with X .

proof of the claim. Inductively we will construct sequences {W" : n € w} and {R, : m,n € w}
such that the following conditions hold:

— R} is a L s-tree for every n,m € w,
- wm=,, Ry, for every n € w,
— for every o € w<¥ there are unique n,m € w with o € {r € R, : stem(R}},) C 7},

— for every n € w and mg # my in w, stem(Ry, ) and stem (R}, ) are incompatible.
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In fact, for every n € w the trees R}},, will be indexed not by m € w but by a different countable
set than w. In the first step of the induction, use pure decision and find Wy <¢ S,(0) such that
[Wo] N X = 0. Assume now that W, has been built. For every 7 € {0 € w<¥ : 0 ¢ W,, but
0ljs|—1 € W} we use pure decision to find R <o S,(7) such that [R}']N X = (). Let then
Wi = U, R, This finishes the induction step. When the induction is over, define ¢ € P
as follows: let 0 € w<¥ and let n € w and 7 be unique values such that o € R?. Let then
A%(0) = succgn (o). In such a case we have Sy(0) € R} and [R?] N X = () which shows that ¢
is disjoint with X. This finishes the proof of the second claim. O

Claim 3.5.6. For every v < k and every sequence {py : @ < v} C P, such that for alla < < =y
we have pg < pq, there is ¢ € P such that ¢ < p, for all a < . In other words, P is t-closed.

proof of the claim. Fix 0 € w<¥. As {A} : a < v < k} forms a C s-decreasing sequence in
P(w)\ J and v < k < t, by the Proposition 3.5.2, there is C, € J such that for all o < y we
have C, \ A5* € J. As, by Proposition 4.4.12 v < t =p < covi.(J), thereis D, € J*, Dy C C,
such that D, \ Ab is finite for all @ < . Unfix 0. For every a < v define f, : w<* — w such
that D, \ Ab* C f.(0) for all 0 € w<*. As v < t < b there must be f : w<* — w which
dominates all f,’s. Define ¢ € P such that A%(c) = D, \ f(o) for all 0 € w<¥. We claim that
q < pq for all a < 7. O

Having the claims proven we continue the proof of the theorem as follows: inductively
construct a sequence {p, : @ < k} in P such that for all @ < § < k we have pg < p, and p,
is disjoint from X,. At the successor step, if p, has been constructed, use the claim 3.5.5 to
obtain po41 disjoint with Xq1. At limit step, if {py : v < a} has been constructed, first use
the claim 3.5.6 to obtain ¢ and then use the claim 3.5.5 to obtain p, disjoint with X,,.

When the sequence {p, : @ < k} is constructed, by the claim 3.5.4 the condition p, must be
disjoint with all X,’s, o < k. It follows that [S, (0)]NU,, Xa = 0 which finishes the proof of
the theorem. O

The remaining estimates for the additivities of tree ideal are based on the notion of distributivity
of a forcing notion. Recall the following well-known definition.

Definition 3.5.7. A forcing notion P is (k, A\, u)-nowhere distributive if there exist mazimal
antichains {Aq @ o < K} in P, where Ao = {pS : v < A} C P, such that

WpePda<k|{y<A: Sl =n @)

In [Pet93] Simon proved that Sacks forcing is (b, ¢, ¢)-nowhere distributive and in [HS20] Hein
and Spinas proved that splitting tree forcing is (9, ¢, ¢)-nowhere distributive. Also, in [GRSS95]
Goldstern, Repicky, Shelah and Spinas proved that both Miller and Laver forcings are (b, ¢, ¢)-
nowhere distributive.

The reason why we are interested in nowhere-distributivity is the it gives a natural bound for
the additivity of the forcing ideal. Recall that for a maximal antichain A C T, the set X' (A)
was defined as w* \ Jpe4[T] (assuming that T lives on w®).

Proposition 3.5.8. Suppose that T is a tree type and is(T) = c¢. If T is (k,¢,c)-nowhere
distributive, then add(Z(T)) < k.

Proof. Let {A, : a < K} be a collection of maximal antichains in T which witnesses for the
(K, ¢, ¢)-nowhere distributivity of T. By the Lemma 3.4.3 for every a < k we can find a maximal
antichain A/ in the open dense set {T' € T : 35 € A, T C S}. We claim that the sets
{X(A,) : « < k} (which are in Z(T) by the Proposition 2.1.3) witness for the add(Z(T)).
Towards a contradiction, assume that (J,., X(A},) € Z(T). Then there is a T € T such that
[T1NUacy Xal(AL) = 0, which means that [T] € Uge 4, [S] for every a < k. By the claim of the
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Lemma 3.4.3, for each o < r there is B, € [A]<° such that [T] C (Jgep, [S]. As A, refines A,,
for every S € A, there is Rg € A, with S C Rg. Then for every a < x we have

[T] € Uses, [S] € Uses, [Bs]

This however, is impossible. As {A, : @ < Kk} witnesses for nowhere-distributivity, there must
be an o < k such that T' is compatible with ¢-many elements of A, so it cannot be contained
in less than ¢ elements of it. O

The proof of the following theorem follows the idea of Petr Simon from [Pet93] in which he
showed that Sacks forcing is (b, ¢, ¢)-nowhere distributive.

Theorem 3.5.9. The tree types IEr and Sg are (b, ¢, ¢)-nowhere distributive.

Proof. We will give the proof only for the tree type IEr as the one for Sg is analogous. Let
F C w¥ be an unbounded family of cardinality b. For each T' € IEr choose fr € w* such that
for all n € w we have: for every o € T with |o| = fr(n) there is i, € [fr(n), fr(n + 1)) such
that {7(is) : 7 € T|o, |7| =i + 1} = F(iy). We will need the following notation and lemmas
from [Pet93]: For an increasing function h € w* define

JT(h) ={X Cw:limsupy|[h(n),h(n +1)) N X| = w}

Lemma 3.5.10. (folklore, [Pet93]) If F C w® is unbounded, then for every X € [w]* there is
h € F such that X € J*(h).

For each T' € IEp using the lemma 3.5.10 pick hy € w* such that rng(fr) € J*(hr). It follows
that the set Xp =: {n € w : |[hr(n), hr(n + 1)) Nrng(fr)| > 2} is infinite. Then using the
lemma 3.5.10 again, pick gr € w* such that X € J*(gr). For h,g € w* denote then

E(hag) = {T € HIE:F : hT = h7 gr = g}
Clearly IEp = U}, jepe E(h, g). The following lemma is crucial for the proof

Lemma 3.5.11. (Simon, Balcar, [Pet93]) For every strictly increasing function g € w* there
is an almost disjoint family A C [w]¥ with the properties that, first, every A € A intersects
every interval [g(n), g(n + 1)) in at most one point and, second, for every X € J*(g) the set
{A e A: AC X} is of size continuum.

For each g € F let A, be the almost disjoint family from the lemma 3.5.11 for the function
g. For X € J*(g) let Ay(X)={A € A;: AC X}. Recall the following result

Lemma 3.5.12. (Sierpiriski) For every collection of sets {An @ a < ¢} such that |Ay| = ¢ for
each oo < ¢ there are is a collection {By : o < ¢} such that B, C Aa, |Ba| = ¢ and B, N Bg for

all a, B < ¢, a# L.

The family {Ay(X) : X € Jt(g)} clearly satisfy the assumption of the above lemma so by
applying the lemma we obtain a family {B,(X) : X € J*(g)} such that for every X,Y € J(g)
we have

L. By(X) € Ag(X),
2. By(X)| = ¢,

3. By(X)NBy(Y)=0for X #Y.
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For every sets C € [w]* and T € [Er we define a tree T[C] as follows:

Intuitively the tree T'[C] on the intervals [hr(gr(n)), hr(gr(n + 1))) where n € C retains all
the nodes of T" and on the intervals [hr(g7(n)), hr(gr(n + 1))) where n ¢ C' it always chooses
the left-most branch of T'. Formally, T[C] is constructed inductively as an increasing union of
finite trees F,, C T such that |o,| = gr(fr(n)) for every terminal node o € F,,. Let Fy = {0}
and assume that F), has been built. Then, if n € C, let F,,+1 be the set of all 7 € T satisfying
|7| < gr(fr(n + 1)), such that 7 is either contained or extends some terminal of F,,1; i.e.
Fri1 = FoUlsetermmn{m € Tlo t [7] < gr(fr(n+1))}. If on the other hand n ¢ C', we extend
terminal nodes of Fj, only by leftmost branches of T i.e. F, 11 is the tree generated by the set
{Wlgr(fr(nt1)) * ¥ s the left-most branch of T'|, where o € term(F,)}. This finishes the induction
step and the construction of T'[C]. Note that T[C] € IEp because of rng(fr) € J*(hr).

We are now ready to define the antichains {Ap 4 : h,g € F} witnessing for the b-nowhere
distributivity of the tree type IEr. For h, g € F define A, ; = {T[A] : T € E(h,g), A € By(X7)}.
By the last claim we have Aj , C IEg. To see that each Ay, 4 forms in fact an antichain in IEp
we will prove the following

Claim 3.5.13. VT, S € E(h,g),T # SYA € By(X7)VB € B,(Xs) [T[A]] N [S[B]] is finite.

Proof. Let N € w be such that AN B C N. Assume towards contradiction that [T[A]] N [S[B]]
is infinite. Then the tree T[A] N S[B] must have infinitely many nodes that splits in T[A] N S[B]
into at least two successors. Then, as Seq(F') is finitely splitting tree, we are able to pick a
sequence < o, : n € w > of these splitnodes such that |o,| < |oy,41]| for every n € w. Let n € w
be such that |oy,| > ¢g(h(N)) and that |oy,| € [g(h(m)), g(h(m 4+ 1))) for some m € w. Now, if o,
splits in T[A], by the construction of T'[A], it must be that m € A. Similarly, we have m € B
because of the S[B]. This implies m € (AN B) \ N which contradicts the choice of N. O

To finish the proof of the theorem, notice that the antichains {Ap, : h,g € F} clearly
witness the b-nowhere distributivity because if T' € IEp, then T" € E(h,g) for some h,g € F
and then every T'[C] for C € By(Xr) is compatible with T" (is even a subtree of T") while there
are continuum many C € By(Xr). O

As a corollary we get the following result

Corollary 3.5.14. If cov(M) = ¢ then add(Z(IEFr)),add(Z(SF)) < b.

Proof. Directly follows from the Theorem 3.5.9, the Proposition 3.2.5 and the Proposition 3.5.8.
O

We apply these inequalities to get the following consistency result.

Theorem 3.5.15. Both inequalities add(Z(Sp)) < cov(Z(Sg)) and add(Z(IEr)) < cov(Z(IEr))
are consistent with ZFC.

Proof. Consider the countable support iteration {Py,Qg : o < ws, S < wa} of length wy such
that for each T € {Sg,IEp, FM} the set {a € wy : Ik, "Q = T”} is a stationary subset of ws.
We will show that if V is a model of CH, then in VF«2 the desired inequalities hold. As each of
the tree types has axiom A, all cardinal numbers are preserved and it is a standard argument
that ¢ = wo in VF«2 (see [Baul0]).

First, we show that the covering numbers are equal wy in VF«2. We need the following lemma.

Lemma 3.5.16. Let A C T be an mazimal antichain in VF«2 and T € {Sp,IEr}. Then there
is a club C C {a < wo : cf(a) = w1} such that for every o € C we have that VFe 7 AN VFa
is @ mazximal antichain in T”.
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Proof. In VP2 we define the function w : T — wy as w(T) = min{a € wy : IS € ANVFS||T}.
The set over which the minimum is taken, is non-empty because, first, A is maximal in V2 and
for every S € T in VP2 there is o € wo such that S € VFe (see [Baul0]). Define f : wy — wo
as follows: for o € woy let

f(a) =sup{w(T) : T € VFa}

Note that f(a) € ws because CH holds in V¥« for every a € wy. Let C' C wo be the set of closure
points of f ie. C = {a € wy : cf(a) = wy and f(y) < « for every v < a}. It is well-known
that such set is club in wy. We check that for every a € C' we have that VFe E” 4N VFe is a
maximal antichain in T”. Let € C and T € T N VFe. As T can be thought of as a real (a
subset of Seq(F), if T lives on ITF) and cf(a) = wy, there is 8 < a such that 7' € V5. Then
in VP»(™) there is an S € A compatible with 7. But w(T) < f(8) < a. It follows that in VFe
we can find S € A compatible with T O

We continue the proof of the theorem. In V¥»2 let {X, : v < w1} CZ(T) and T € {Sp, [Ep}.
We will show that Uv X, # 2¥. By the Proposition 2.1.3, for every v < w; we may choose a
maximal antichain A, C T such that X, C X(A,). For every v < wy let C, be a club given
by the Lemma 3.5.16. Let C =: (1, Cy which is a club in wy. Let a € C be such that
ko 7Qq = T”. In VP, for every v € w; we have that Ay, N VPFa is a maximal antichain in T. Tt
follows that in VFe+1 for every v € wy there is T, € A, N V¥ such that r, € [T}] (where 74
is the generic real given by the Q). As r, € [T,] is absolute, it holds in VF«2. It follows that
ra & U ew, X(Ay) in Vs,

We will now show that add(Z(Sr)) = add(Z(IEr)) = w; in VP2, First, observe that as
Cohen reals were added by FM (see the Proposition 3.1.3) stationarly often, cov(M) = ¢ in
VFe: . By the Proposition 3.2.5, we then have that is(Sr) = is(IEr) = ¢. By the Proposition
3.5.8 and Theorem 3.5.9 we get max{add(Z(Sr)),add(Z(IEr))} < b. The proof will be finished
by showing that non(M) = w; in VF«2. Notice that each of the forcing notions we use for the
iteration can be expressed as Borel \ Z where Z is a o-ideal generated by closed sets. We will
use Hurewicz schemas and Solecki’s dichotomy [Sol94] to show that non(M) = w; in the final
model. According to the Theorem 6.1.13, Lemma 6.1.8 and Lemma 6.3.17 from Bartoszyriski’s
and Judah’s book [BJ95], if we will prove the following claim, then in V2 non(M) = w; holds.
Recall that Pz = Borel \ Z.

Claim 3.5.17. Suppose that a o-ideal I is generated by closed sets and M be an elementary
substructure of some H(k), containing Borel\Z. Let B € PzNM and let ¢ be a Cohen real over
M. Then there exists B' C B, B’ € Pz such that the following two conditions holds:

- B'IF "¢ is a Cohen over M[G]”
- B'F’GNDNM (7

Proof. In the proof we will constantly use the Solecki’s dichotomy 2.2.49. Recall the result 2.2.4
of [BJ95] saying that any meager subset of 2* is covered by a set of form

{z € 2% 1Y% 2lip(n),p(nr1)) Z YliF ) fnr)) )

for some y € 2“ and some increasing f € w“. Enumerate in {(yN,fN) :0 < N < w} all
Pz-names for such parameters for the meager sets in M*Z. Enumerate also as {D,, : n € w}, all
dense subsetes of Borel \ Z which are in M. We inductively construct a sequence {UV : N < w}
of Hurewicz schemas UYN = {UN : ¢ € o<} € M and a sequence of functions {gy : N € w}
such that for every N € w the following conditions holds:

(y {UYN 10 € SN} = {UNH 6 € SN},
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(2)n gn : [UN] = 29 x 4(w¥ 1) i continuous and such that [UN] -7 gn (Fgen) = (N, fn)

b

B UM IF"Vian 3F; Cw, |Fj| = N Vi € Fj clig ) 41y = Uil )., 641

@)y UN]IF?GN Dy NM # ¢

When the construction is over, we define U as |y, {UY : ¢ € wSN}. By the conditions (1),
N € w, U™ is in fact a Hurewicz schema. By the conditions (3)n, N € w, we have that
U®] Ik 75 € w 3°

s, 5,600) = il gy

This means that [/*°] IF "¢ is a Cohen over M[G]” and the claim follows. We now deal with the
inductive construction. Start with a Hurewicz schema ¢/~! € M such that [/~!] C B. Assume
that U has been built. First, for every o € w<¥ and n € w use continuous reading of names
of Pz (Theorem 1.2.6) to find a Hurewicz schema V(@™ ¢ M, p@n) = {Vp(a’n) D p € wY
and a continuous function A(@™ : [V@M] - 29 x (w¥ 1) such that V@] € UN n V],
Vo™ C UM, and VO] I 2RO (7o) = (a1, fyar)”. Let also 2 e VO] q M.
Deﬁne gN+1 = UO’EUJN Unew h(U7n). By StrengthEHing each V(Uun) = M lf necessary we may
assume that [V(©™] € Dy 1.

Fix ¢ € wV and n € w for a moment. By induction of length N we construct a sequence
p—1C po C ... C py in w<¥. Start with ) = p_;. Assume that p;_; has been constructed for
some 0 < i < N. Let g;(z(®™) = (¢, f}). As c is a Cohen real over M and (¢}, f/) € M there
are lé <li<..< l}'V such that for every j7 < N we have

. . —_— : ;i
ligra.pi+n = Bl e+

By the continuity of g;, it is possible to find p; € w<* such that p;_; C p;, (@™ € Vp(f’n) and

i [Vp(f’”)] C [yg|f-’(lfv+1)] x [f1(I% +1)]. When the short induction is done, the p’¥ is constructed.

Denote this px as p(®™). Define now a Hurewicz schema UNT! = {UN*T! : 5 € w<¥} as follows:

UNTL = UN for ¢ € w=N and UNtL = V(g,’zgﬁ for 0 € WV, n € wand 7 € W¥. Cleary,
plo: T

UNTT € M. This finishes the construction of 4V *! and the induction process. ]

O]

Proposition 3.5.18. Let T be a combinatorial type with continuous reading of names. Then,
if T adds Cohen reals, the inequality add(Z(T)) < add(M) holds.

Proof. On the one hand, by the Proposition 3.2.2 and 3.2.11 we get add(Z(T)) <is(T) < b. On
the other, by Theorem 3.1.1 we have add(Z(T)) < cov(Z(T)) < cov(M). O

As a corollary we get the following consistency result.

Proposition 3.5.19. If My adds Cohen reals, then the inequality add(Z(M 7)) < cov(Z(M 7))
1s consistent. The same is true for the tree type FM.

Proof. The inequality holds in the model obtained by countable support iteration of length ws
over a model of CH with M s standing as each iterand. By Proposition 3.5.18 we have that
add(Z(M 7)) < add(M). On the other hand the same argument as in the Theorem 3.5.15 shows
that non(M) = w; and cov(Z(M 7)) = we in the final model. O

We will finish this section by discussion about nowhere distributivity of L ;’s and M. For
the next result, we will need the notion of base tree and the distributivity number b ;.

4% 1 denotes the set of all strictly increasing functions in w®
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Definition 3.5.20. For an order P, let hp be the distributivity number of P i.e. the smallest
number of open dense subsets of P with non-dense intersection. If J is an ideal on w, then bz
is the distributivity of the pre-order (P(w)\ J,C7).

The following result will be important to us.
Theorem 3.5.21. (Balcar, Doucha, Hrusdk; Theorem 2.1 in [BDMH12]) Let J be an ideal on

w such that:

- J 1is homogeneous,
— for every A € JT there are Ag, Ay € P such that Ay, A1 C A and AgN Ay € J,
— for every J-decreasing sequence {A, :n € w} C JT, there is A€ JT such that A Cs A,

for everyn € w

Then there is a base tree for J i.e. there is a collection {By : o < b7} such that for every
a < by the following holds:

— Bo € JT is such that for A,B € B, if A# B, then ANB € J,
~ for every A € JT there is B € B, such that ANB e JT,
— B, refines Bg for B < « i.e. for every A € B, there is B € Bg such that A C; B,
— for every A € By, the set {B € Bo11: B C7 A} is of cardinality c,
- Ua<hj B, is dense in J i.e. for every A € JT there is a < b7 and B € B, such that
BCs A
Corollary 3.5.22. If J is a homogeneous Fy-ideal, then P(w) \ J has a base tree.

Proof. By the proposition 3.5.2 for every J-decreasing sequence {A, : n € w} C J7, there is
A € Jt such that A C7 A, for every n € w. Clearly, for any A € J* there are Ay, A € P such
that Ag, A1 C Aand AgNA €7, ]

For the next theorem, the only thing that we need from an ideal 7, is that it has a base tree
and that for every J-positive set A C w there is a collection {A, : @ < ¢} C J * of J-almost
disjoint subsets of A ie. A, N Ag € J for all a # 3. The latter is true for meager ideals by the
Proposition 4.5.1.

Theorem 3.5.23. Ly and M are b s-nowhere-distributive, for meager ideal J with a base
tree.

Proof. We will prove the theorem only for J-Laver tree as the argument for [J-Miller trees is
almost identical. Let {B, : & < h} be a base tree in P(w) \ J. For a < b define

L% ={T €Ly : Vo € T above the stem 3B € B, B C7 succr (o)}
Claim 3.5.24. For every T' € Ly there is « < by such that T € L.

Proof. Let T € L 7. For every o € T above stem there is a, € b7 such that B C 7 sucer(o) for
some B € B,. As b is a regular cardinal, there is o < x above all a,’s. Clearly T'€ LS. [

We continue the proof of the theorem. For every a < h we construct a function @, : LG — Ly
such that for 7,5 € LY the following two conditions are satisfied:

L ®o(T) < T,

2. T # S implies that [®,(T)] N [P (5)] € Zp(Ly).
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Notice that once the construction of ®,’s is done the rest of the proof follows easily: we
decompose each ®4(T') into e-many disjoint Lz-trees i.e. [®o(T)] = U, [R5(T)]. For every
a < b we define Ay = {RJ(T) : v < cand T € LG}. Because of the condition 2., each A,
forms an antichain in IL,, which clearly is of cardinality ¢. These antichains form a witness for
h-nowhere-distributivity because for every T € L7 there is o < b such that 7' € L and then
{RY(T) iy <c} C{S € Au: 9T}

Construction of ®:

For every T € L% and every o € T above the stem, choose a set B(T,0) € B, such that
B(T,o0) C g sucer(o). For each B € B, use 4.5.1 to choose an J-almost-disjoint family D(B) of
size ¢ of J-positive subsets of the set B. As |L%| = ¢ we can enumerate D(B) = {DF : T € L%}.
Define now inductively a tree R = ®,(7") C T such that stem(R) = stem(T") and for every o € S
above the stem we have succg(o) = DB Clearly R € L7 and R < T. We will finish the
construction of ®,(7T") by proving the condition 2. of the properties ®,(7"). Let S # T be in
L% and let R denote the tree ®,(S) N ®4(S). Without loss of generality, we may assume that
stem(S) and stem(T") are comparable, so let stem be the longer one. Notice that if ¢ € R
extends the stem and 077 € R, then i € succe,(5)(0) N succe, (7)(0) C Dg;(s,a) N Dg(T’U). It
follows that

[R] C{x € w® :VYn > |stem|: z(n) € D?(S,:ﬂn) N Dg(T’x‘")}
so, by the Theorem 2.2.39 (or Theorem 2.2.31 in case of J-Miller trees) the argument will
be finished by checking that Dg(s,a) N Dg(T’a) € J for every such o. Consider two cases: if
B(S,0) # B(T,0) then they are J-almost disjoint as taken from B,. But D?(S,mln)ng(T,xln) -

B(S,0) N B(T, o). If on the other hand B(S,0) = B(T,o) = B then D5 o pBTel) ¢ 7
because D(B) is J-almost disjoint. O

Corollary 3.5.25. M7 and Ly are b -nowhere distributive for any homogeneous F,-ideal J .

We finish this section with a question regarding two-dimensional tree types. It is easy to see
that for any combinatorial tree type T the inequality add(Z(T?)) < add(Z(T)) holds in ZFC. By
the Proposition 2.3.3 we know that .2 adds Cohen reals and the inequality add(Z(IL?)) < cov(M)
holds by the Theorem 3.1.1. On the other hand, in [Spi95] Spinas shower that it is possible get
the consistency of cov(M) < add(Z(L)) (by constructing an amoeba forcing for L with the Laver
property). It follows that add(Z(L?)) < add(Z(L)).

Question 3.5.26. Is it consistent with ZFC that add(Z(S?)) < add(Z(S))?

3.6 Cofinality numbers

In the paper [BKW17] Brendle, Khomskii and Wohofsky proved the following theorem:

Theorem 3.6.1. (Brendle, Khomskii and Wohofsky, [BKW17]) Let T be a combinatorial tree
forcing. If T satisfies one of the following two properties, then the cofinality of the tree ideal
Z(T) is strictly greater than c.

e Constant or 1-1 property:
For every T € T and every continuous f : [T]| — 2 there is a tree S <T,S € T such that
the restriction f\[S] 1s either constant or 1-1.

o Incompatibility shrinking property:
For every T € T and a collection {Sq : a < ¢} C T of trees which are incompatible with T,
there is a S € T, S C T such that [S] N [Sa] =0 for each a < ¢.
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The ”Constant or 1-1 property” has been studied in the context of the minimality of forcing
extensions. For example, in [Sac71] G.E.Sacks proved the minimality of forcing extensions for
Sacks trees and A. Miller proved that M has Constant or 1-1 property (see [Mil84]). For Laver
trees this property has been proved by C. Gray, in [BKW17]. The crucial tool for investigating
the constant or 1-1 property will be the possibility of reading reals out of the generic real in a
continuous way.

The constant or 1-1 property of the classical Sacks forcing is a well-known fact. The similar
argument can be used in the case of Sp and IEg trees

Proposition 3.6.2. The tree types Sgp and IEr have the constant or 1-1 property.

Proof. We will only proof the proposition in case of IE p-trees as the one for Sg is almost identical.
Let T € IEp and let f : [T] — 2“ be continuous. Assume that f is not constant on any [S]
for S < T. This in particular means that f[[S]] is infinite for every S < T. Inductively we will
build increasing collection of finite trees {H,, : n € w} and open sets {U; : 7 € |J,, term(Hy)}
such that for each n € w we have:

1) Hy,41 is an end-extension of H, and H, C T,

(1)

(2) Vo € term(Hy) 3N > |o| {7(N) : 7 € Hp11|o} = F(N),
(3) Yo € term(Hy) f[[T|s]] € Uy,

(4) Vo, T € term(Hy,) if o # 7, then U, N U, = ().

Let Hy = {0} and assume that H, has been constructed. For each o € term(H,) choose
zs € [T|s] such that for o # 7 we have f(z,) # f(z,). This is possible as each set f[[T|s]] is
infinite. Find then collection {U, : o € term(H,,)} of pairwise open sets such that f(z,) € U,.
By the continuity of f for each o € term(Hy,) there is Ny € w such that f[[T,, ]| € Us. As
T € IEp for every o as above there is My > Ny such that {T(M,) : 7 € T, } = F(M,).
Let then H,1; be the tree generated by the sets {r € T : Jo € term(H,) z|n, C 7 and
7| = M, + 1}.

When the induction is over, let S = J,, H,. We claim that S € IEr and the restriction f|g) is
1-1. To see the first notice that if o € S, then o € H,, for some n € w and the by the condition
(2) in front o there is a phenomenon required by the definition of IEx-trees. To see that f|g
is 1-1, let x,y € [S], © # y. Let o € Seq(F') be the longest common part of x and y. Let n € w
and 7., 7, € term(Hy,) be such that 7, C « and 7, C y. By the condition (3) for z € {z,y} we
have that f(z) € f[[S|.]] € f[[T|-.]] € U-,, but by the condition (4) we have U, N U, =0
which shows that f(z) # f(y). O

An immediate consequence is this is that cof(Z(IEr)) and cof(Z(Sfg)) are strictly above the
continuum in ZFC. In case of FM-trees and M 7-trees the situation is more complicated.

Theorem 3.6.3. (Sabok and Zapletal, [SZ11]) Suppose that a o-ideal I is generated by closed
sets. Then Pz has the constant or 1-1 property if and only if Pz does not add Cohen reals. The
same holds for M 7-trees.

The forcing FM falls into this class of forcing notions and adds Cohen reals ([NRa93)),
therefore, FM does not have the constant or the 1-1 property. But, by the results regarding
incompatibility shrinking number of FM we have that under add(M) = ¢ the inequality cof (fmg) >
¢. This was known only under the assumption of CH ([BKW17]). However, the following problem
remains unknown.

Question 3.6.4. Is it consistent with ZFC, that cof (fm®) = ¢?

The constant or 1-1 property has the following simple impact on random and Cohen reals
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Proposition 3.6.5. If a tree type T has continuous reading of names and constant or 1-1
property, then it does not add random or Cohen reals.

Proof. Assume that 7' € T and that T I+ 7 f(74e) is a random (Cohen) real”. Strengthening 7'
if necessary, we may assume that f is either constant or 1-1 on its domain, and because f(7gen)
is a new real, the former cannot be true. Assume now that [T'] = |J,..[Ta] where each T,, € T
and [T, N [Ts] = 0 for a # . As [ is 1-1, f[[T]] is a disjoint union of f[[T,]]’s and, as N' (M)
has c.c.c., there must be a < ¢ such that f[[T.]] € N (f[[Ta]] € M). But then T, forces f(7gen)
to be covered by a null (meager) set. O

Let us recall the following theorem of Sabok and Zapletal which completely characterizes
the constant or 1-1 property for J-Miller trees

Theorem 3.6.6. (Sabok and Zapletal, [SZ11]) Forcing M adds Cohen reals if and only if
nwd <g J|x for some X ¢ J. Moreover, either M 7 has the constant or 1-1 property or adds
Cohen reals.

Proposition 3.6.7. If M s does not have the constant or 1-1 property, then Ly does not have
it either.

Proof. Assume L7 has the constant or 1-1 property, T € M and f : [T] — 2% is continuous.
Let 7" € L7 be the unique tree that is constructed from 7' by ”removing the parts in between
the splinodes”, i.e. stem(T') = stem(T) and if for any tree T, if s7 : w<* — split(T) is
the unique C-isomorphism which preserves lexicographical order then succp/ (s (stem™7)) =
succr (s (stem™7)) for each 7 € w<¥. Next let f’: [T'] — 2% be a continuous function defined
for z € [T'] as f'(z) = f(UsT (7)) where {7y : k € w} C w<¥ is such that {z|, : n €
w} N split(T") = {sT'(7,) : k € w}. Now clearly any restriction S’ € Lz, S’ < T’ with fisn
being constant or 1-1 produce S € M7, S < T with constant or 1-1 restriction f|g. O

We will now focus on proving that L7 has the constant of 1-1 property for a certain class
of not near maximal P'-ideals. Recall that a filter F is near mazimal if there is a finite to one
h : w — w such that f(F) is an ultrafilter. An ideal J is near mazimal if the dual filter J*
is near maximal. By Talagrand’s lemma (see [Tal80] or [BJ95]), all meager ideals are not near
maximal, so in particular all analytic ideals are not maximal. Note that, if 7 is a PT-ideal, and
h is a finite to one function such that A(J) is a maximal ideal, then hA(J)* has to be a P-point.
Therefore, it is consistent that all P*-ideals are not near maximal. On the other hand, under
filter dichotomy, all non-meager ideals are near maximal (see [AB89]). The proof of the main
theorem of this section resembles the proof of the analogous theorem for the usual Laver trees,
which appears in [BKW17]. Before we prove this, we need a list of several lemmas.

Lemma 3.6.8. If J is a P"-ideal, then for every T € Ly and every continuous f : [T] — 2%
there is S <o T and z € 2¥ such that for every N € w, {i € succs(stem) : f[[S|stem—~i]] €
[z|n]} € Fin.

Proof. Assume that T € L and that f : [T] — 2“ is continuous. Using the pure decision
property, we construct a sequence {7}, : n € w} C L such that Top = T, T,4+1 <o T, and that
T, decides the value of f(7gen)|n to be x,. Then, as J is P*, there is a pseudointersection
A e JT of the family {sucer, (stem(T)) : n € w}. Let z = J,, xn € 2¥ and let S € Ly be such
that stem(S) = stem(T'), succs(stem(S)) = A and for n € A, S|sem(s)~n = Tklstem(s)~n Where
k € w is the last such that n € sucer, (stem(S5)). O

Lemma 3.6.9. Let J be a P"-ideal and let {A, :n € w} C I+, z€ 2% and f, : Ap — 2% be
such that, for all n,k € w, f,1([z|k] N flA]) € T and 2 ¢ f,|As]. Then there are B, C A,
such that B, € J and U, c,, fnBn] is discrete.
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Proof. Using the PT property, it is possible to restrict to some A}, C A, such that f,[A]]
converges to z, and therefore f,[A]] is discrete. Let

Bn = A\ £, ([2In])
then B, C A,, B, € J' and, since Unew fn[Bn) \ £=1([2ln]) is finite for every k € w, then
Upnew fnlBn] is discrete. -

Lemma 3.6.10. Let J be a P -ideal such that it is not near maximal, A,B € J*+, z € 2%,
f:A—2¥andg: B — 2¥ be such that z ¢ f[A]U g[B] and both f[A] and g[B] converge to z.
Then, there are A’ C A and B' C B such that f[A'] Ng|B'] = 0.

Proof. Let F : A — w defined by F(n) = k if and only if f(n)|x = 2| but f(n)|g+1 # 2|k+1-
Define G : B — w in a similar way, using g instead of f. Notice that both F' and G are finite
to one functions, so there must be A”, B” C w such that Ag = F~1(A”),4; = F~Y(w\ A7),
By =G YB"),B; = G Yw)\ B”) are all in J*. Then it is easy to show that, either Ay N By
and A1 N By arein J, or A1 N By and Ay N By are in J . dJ

Lemma 3.6.11. Let J be a P -ideal such that it is not near mazimal, {B, : n € w} C JT,
2 € 2% and fp, : By — 2% such that B, € J+, fn[Bn] converges to z, then there are C,, C By, such
that Cp, € TT, Unew fnlCnl is discrete, and for eachi,j € w, i # j implies that f;[C;]N f;[C;] = 0.

Proof. By Lemma 3.6.9, we may assume that (J, ., fn[Bn] is discrete. Recursively, we are going
to construct a family of sequences {S; :1 < j,j € w} such that, for each ¢ < j,j € w,

1. 8t C Bjis Jt,
2. §jCsy,
3. for m > i, fm[SL] N £;[S{] is finite.

Assume we were able to carry out the construction of (S]Z 11 < j,j €w) for all i <k, we are
going to construct (SJ’“ ck < j,j €w): Let S) =, S,i and recursively apply the previous
remark to get two families (S} : k < ¢) and (S} : k < ) such that,

o S),SFe T,

® i, €S, CS,

o foralli <k, SFCSi,
o filS)) 0 felS7] = 0.

Finally, let S’,j be a positive pseudo-intersection of the family (S} : k& < ¢). It is routine to check
that <Sf :k < j,j € w) satisfies the properties we are looking for.

Finally, let Cy, = S\ f H(U,<,, filS!])- Tt is easy to see that the family (C, : n € w) satisfies
the desired properties. O

We are now ready to prove the main theorem of this section.

Theorem 3.6.12. If J is a P"-ideal and J is not near mazimal, then L7 has the constant or
1-1 property.
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Proof. Assume that T € L7 and f : [T] — 2% is continuous. Using a standard fusion argument
and Lemma 3.6.8, we can get a tree S <o T and a collection {z, : o € split(S)} C 2 such that,
for each o € split(S) we have

VN € w {i € succg(o) : f[[S|o~il] € [20|N]} € Fin. (3.5)

This in particular means that the sequence {z,~, : n € w} converges to z,. To decide whether
the restriction we are looking for is constant or 1-1 we will use a rank argument. Define the
function rank : split(S) — wy as:

k(o) 0 if{ncew:zeg-n#2,}€TT,
rank(o) =
« if a is the smallest such that {n € w: rank(c™n) <a}e J+.

Now we consider two cases:

Case 1: For some o € split(S) the rank is not defined. This implies that {n € w : rank(c"n)
is defined } € Z. Using this, together with a standard fusion argument, we trim S to get a
R <o S, such that for all 7 € split(R) we have z; = 2,. We conclude that the restriction f|(g
is constant with value z,.

Case 2: The rank is defined for all o € split(S). We will inductively construct an increasing
sequence {F,, : n € w} of well-founded subtrees of S and disjoint clopen sets {Vghali L0 €
term(Fy,)} such that for all o € w<“ and n € w we have:

A. if 0 € F, is not a terminal node of F,, then succp, (0) € JT,
B. if 0 € Fj,41 \ F), then o extends a terminal node of F,,,

C. for each o € term(F,) we have f[[S,]] €V,

‘|a\71'

Assume for a moment that such a sequence has been constructed and let R = J,, F;,. Clearly
R < S, and the condition A implies R € Ly. We claim that the restriction f|;p is 1-1. Let
z,y € [R], and x # y. Then there are 0,7 € w<¥, 0 # 7 and n € w such that ¢ C z,7 C y and
o, T are terminal nodes of F),. The condition C guarantees that f(z) € V,, and f(y) € V;
so f(x) # f(y).

To finish the proof, we will show how to carry out the inductive construction: Let Fy =
{stem(S)} and assume that F}, has been built. Fix a terminal node o of F,,. As the rank of o
is defined, there is a well-founded tree G, C {7 € w<* : 7 C o or ¢ C 7} such that all terminal
nodes of G, have rank 0 and all non-terminal nodes of G, splits into J-positive sets. We then
apply Lemma 3.6.11 to the family {A; : 7 € term(G,)} C I+, Ar = {n € w: 20~y # 2+ },
and the functions f, : A, — 2% defined as f;(n) = z,~,. We obtain B, C A,, B, € J* such
that D = J{f+[B;] : 7 € term(G,)} is a discrete subset of 2 and for 7 # 7/, we have that
f+[B:] N fr[Br] = 0. Let then {U, : z € D} be a collection of disjoint clopen sets such that
z € U, for each z € D. By the condition (3.5), we can remove J-many points from each B;
to obtain J-positive sets C; C B; such that for every m € C. we have f[[S|~m]] C U, ~,,
Let H, be the tree generated by the set {77 m : 7 € term(G,) and m € C;}. Finally, we unfix
o and let Fj,4+1 be the union of all H,’s where ¢ is a terminal node of F,,. This finishes the
construction. O

o) -1 l1r1—1

As a corollary, we get the following result
Corollary 3.6.13. If J is a P"-ideal, then cof (Z(Ly)) > .

The above theorem cannot characterize constant or 1-1 property for L s-trees. An example
of non P-Borel ideal J for which the L 7-trees have constant or 1-1 property is the following.
It has been obtained by Osvaldo Guzman and Francisco Santiago during the work on this tesis
[GS24]
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Theorem 3.6.14. (Guzmdn and Santiago, [GS24]) LrinxFin has the constant or 1-1 property.

I do not know if there is a characterization for IL 7-tree of having the constant or 1-1 property
for J-Laver trees. In particular we do not know the answer to the following question.

Question 3.6.15. Does Lz has the constant or 1-1 property?
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Chapter 4

Cardinal invariants of ideals on w

4.1 Catalogue of ideals on w

Here we gather all the ideals with their cardinal characteristics, which are relevant to this work.
Let us list all ideals that are of particular importance for us in this thesis. For each one, we will
discuss the basic properties we are going to need, cardinal invariants and their w-versions. For
more information about these, the reader may consult [Hrull].

The following diagram shows the complete picture of the mentioned ideals in the Katetov order.
The arrows point toward the ideal which is Katetov stronger.

nwd Fin x Fin Z
tr(N)
T
71
T
gpﬁn
T
Spl ED
conv
.7-"in

4.1.1 F,-ideals

A function ¢ : P(w) — [0, 0] is a lower semi-continuous submeasure (l.s.c.s.m. for short) if the
following conditions hold:

d(0) =0, ¢({n}) < oo for every n € w,

¢(

H(X) <p(Y) for X CY,

H(XUY) <o(X)+ oY) for all X,V C w,
¢(

X) =sup{¢p(X Nn):n € w} for each X Cw.
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There is a natural way to associate an ideals to such ¢. Define
Fin(¢) ={X Cw: ¢(X) < oo}

It is easy to see that this is an F}, and that such ideal is a P*-ideal. The following is a well-known
characterization of F,-ideals.

Theorem 4.1.1. (Mazur,[Maz91]) An ideal J is Fy if and only if J = Fin(¢) for some
l.s.c.s.m. ¢.

We start the list of ideals important to us with the following.
Summable ideals

Given a function f : w — [0,400) such that ¥,c,f(n) = co we define a summable ideal
corresponding to f as follows:

I ={ACw:X,caf(n) < oo}

Clearly Zy is an F,-ideal with the associated submeasure defined as ¢(A) = X,caf(n). It

follows that Z; is a P*-ideal. It is also a P-ideal. Zy is tall if and only if lim, f(n) = 0. In

this thesis, we will only consider the classical summable ideal 71 defined as 7 where f(n) = n%rl
The eventually different ideal

Let £D be an ideal on w X w consisting of these sets A such that for some N for all n > N

the set {m : (n,m) € A} has at most N elements. Let £Dy;;, be the restriction £D|a where
A ={(n,m) € wxw:m < n}. For F € w“ one could consider an ideal €D defined as
restriction of £D to the set of form {(n,m) € w x w : m < F(m)}. It is well-known, that such
EDr is Katetov equivalent with £Dy;,. It follows that the two have the same covering and
uniformity numbers.
Both €D and £Dy;y, are Fy-ideals: for an A C A, the submeasure ¢(A) measures how large,
in the sense of cardinality, a vertical sections of A are. It follows that both £D and £Dy;;, are
PT-ideals but neither ED nor €Dy, is a P-ideal. The cardinal invariants have the following
values:

Theorem 4.1.2. (Hrusdik, Meza-Alcantara, Minami, [HMAM10]) The following equalities hold:
- add*(€D) = non*(€D) = w,
— cov*(ED) = non(M),
— cof*(ED) = .

Theorem 4.1.3. (Hrusdik, Meza-Alcdntara, Minami, [HMAM10]) The following equalities hold:

add™(EDin) = w,

cov(M) < non*(EDyyy,) <,

- 5 < cov*(ED¢in) < non(M),

- min{d,non*(EDy;y,)} = cov(M),
— max{b, cov*(£Dy;n)} = non(M),
— cof"(EDyiy) = c.

The last point of the above theorem shows that cov* and non* of the £Dy;), ideal in a sense
completes Cichons diagram by making the cov(M) and non(M) the minimum and maximum
of the corresponding invariants. We also have
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Theorem 4.1.4. (Hrusdk, Meza-Alcdntara, Minami, [HMAM10]) The cov*(ED i) < add(M)
holds in the Hechlers model. cof(M) < non*(EDy;y) holds in the dual Hechlers model.

In case of the w-versions of the above we have the following result.

Proposition 4.1.5. The following holds:
— add},(ED) = add,(EDyip) = w1,
— cof,(ED) = cof,(EDfin) = c.

Proof. We will focus only for the £D ideal as the arguments for the £Dyy, are identical. For
N c wand F € [w*]V denote by [N, F] the set {(n,m) :n < Norm € {f(n): f € F}}. Clearly,
any A € £D can be covered by the set of this form. To prove the first equality fix an eventually
different family {e, : @ < w;}. We claim that {e, : @ < w;} is a witness for add},(ED). To show
this, assume that we are given {A, : n € w} C ED where A,, = [N, F,,] for some N,, € w and
F, € [w*]<“. Observe the following

Claim 4.1.6. For each F € [w*]<¥ the set Hp defined as {a € w1 : e, is almost contained in |J F}
is of cardinality at most |F|.

Proof. Towards contradiction assume that there are |F'| + 1 elements of the set Hp. Let N € w
be large enough so that any two members of Hp take different values above the N. But then
we have |F|+1=|{e(N+1):e€ F}| <|F|, a contradiction. O

We continue the proof of the proposition. Because of the claim we may choose ap € wy \
U,, HFr,. But then for each n € w the set ey, \ Ay is infinite. This finishes the proof of the first
equality.

To show the second equality, assume that x < ¢ and that {Bg : § < k} is a basis of £D.
Assume that each Bg is of form [Ng, Fg| for some Ng € w and Fg € [w¥]<“. Let {eq : o < ¢}
be an eventually different family. By the claim above we may choose ag € ¢\ |J g<r Hry. Let
A € [ED]¥ be defined as a constant sequence with the value e,,. But then (every) element
of A is not almost covered by any Bg which shows that Bg’s did not form a basis in the first
place. ]

Proposition 4.1.7. non’ (D) = cov(M)

Proof. As cov(M) < non*(ED) < nonf (ED), it is enough to prove non’ (ED) < cov(M). Let
k < non’,(ED) and let {fo : o < K} C w®. We will find h € w* that is infinitely equal to all f,’s.
Let (I),)new be such an interval partition that |I,,| = n+ 1. For every n € w fix a correspondence
between the functions ¢ : I, — w and elements of w. For every a < k let g, € w* be such that
Jga(n) encodes fo|1,. As Kk < non} (ED), there is a countable collection of ED-sets {X,, : n € w}
such that every g, has an infinite intersection with some X,. Every set X,, can be covered by
a set of form (N, x w) U|JF, where N,, € w and F), € [w]<“. Note that H = J,, F, is such
a subset of w* that every g, infinitely intersects some h € H. Enumerate H as {h, : n € w}.
We will now construct a function h € w*“ that infinitely intersects every f,. Fix n € w. We will
define h|y,. Let i be the k“th element of I,,. Let o : I, — w be the function that corresponds
to the hy(n). Define then h(i) = o(i). We will finish the proof by showing that |h N f,| = w for
every a € k. By the property of H, there is h,, € H and A € |[w]|* such that for every m € A,
hn(m) = ga(m). But then for every m € A\ n there is i € I, such that h(i) = f,(7) meaning
that h is infinitely equal to every f,. O

Question 4.1.8. Is non*(EDyiy,) = nony (EDysp) ¢
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The Solecki’s ideal

Let S be the Solecki’s ideal, an ideal on Q =: {C C 2* : C is a clopen set and A\(C) = 1/2}
generated by sets of the form [F] =: {C € Q: CNF # (0} where F € [2°]<%. The S ideal is
a tall Fy-ideal: for an A C ), the submeasure ¢(A) measures how many elements of 2* do we
need to intersects every element of A. It follows that S is a PT-ideal. It is not a P-ideal. The
following proposition is known:

Theorem 4.1.9. (Hrusdik, Meza-Alcdntara, Minami, [HMAM10]) The following equalities hold:
- add*(S) = non*(S) = w,
- cov*(S) = non(N),
~ cof*(S) =¢.

In case of w-versions of the invariants we have the following result. The equality add,(S) =
wy is known and appears in the work of Filipéw and Kwela [FK23].

Proposition 4.1.10. The following holds:
- add’,(S) = wy,
— cof[(S) =¢.

Proof. The prove the first equality let {z, : @ < w1} C 2% consists of distinct points. We claim
that the collection {[{zq}] : @ < w1} is a witness for add;,(S). To show this assume that we are
given {A,, : n € w} C S where A, = [F,] and F, € [2*]<“. Enumerate (J,, F,, as {yn : n € w}
and pick xo ¢ {y, : n € w}. Clearly, for each n € w, there are infinitely many clopen sets C' of
measure 1/2 which contain z, but not y,.

The prove the second part let k < ¢ and assume that the collection {A, : a < k} forms a witness
for cof? (S). Assume that A, = {AY : n € w} € S where AY = [F?] for some F¢ € [29]<%.
Pick z € 2\, , Fi and define B € S to be a constant sequence with the value [{x}]. The
proof is finished because for every n € w and every a € k there are infinitely many clopens

C € Q such that x € C but C N FY = 0. O

An important property of the ideal S, which we going to use later on, is the following. We
will say that an ideal J has the Fubini property if for every Borel subset B of w x 2¥ and every
€>0,if {new:u(By) >eteJT, then p*({x € 2% : (B)* € J1}) > e. We have the following
result.

Theorem 4.1.11. (Solecki, [Sol00]; Meza-Alcantara [MA09]) For any ideal J the following are
equivalent:

— there is Y € JT such that S <g Jly

- J does not have the Fubini property, i.e. there is a Borel set B C w x 2¥ and € > 0 such
that {n €w : AX(By) > e} € JT and N*({z €2¥:B* € JT}) <e

Van der Waerden ideal

Let W be an ideal on w consisting of these A C w which does not contain an arithmetical
progression of arbitrary length. The ideal W is tall and is not a P-ideal. The W ideal is an
Fy-ideal: for A C w, the submeasure ¢(A) measures how long arithmetical sequence does A
contain. It follows that W is a PT-ideal. Van der Waerden’s well-known theorem says that W is
a proper ideal. Szemerédi’s famous theorem says that YW C Z. The stronger statement W C 71

is a still open Erdos prize problem.
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Theorem 4.1.12. (Brendle, Flaskova; [Fla10]) The following equalities hold:

add*(W) = w,
— non*(EDyn) < non*(W) < min{r,non*(2)},

— max{s,cov*(Z)} < cov*(W) < cov*(EDyin),

cof*(W) = .

Random graph ideal

Let (w,E), E C [w]®> be the random graph, i.e. up to isomorphism the only graph with
the following property: for every pair A, B C w of non-empty, finite, disjoint sets there is an
n € w\ (AU B) such that {{n,a} : a € A} C F and {{n,b} : b € b} N E = (). The random
graph ideal R is the ideal generated by homogeneous subsets (cliques and anticliques) of the
random graph. R is tall. It is an Fj-ideal: for A C F, the submeasure ¢(A) measures what is
the minimum amount of cliques and anticliques in £ needed to cover A. It follows that R is a
PT-ideal. It is not a P-ideal. The following is known.

Theorem 4.1.13. (Meza-Alcantara, [MA09]) The following equalities hold:
- add*(R) = non*(R) = w,
—- cov*(R) = cof*(R) = ¢.
Proposition 4.1.14. The following equalities hold:
- add}(R) = non (R) = wi,
— cof [ (R) =c.

Proof. The equality non’,(R) = w; follows from R <g conv and the fact that non} (conv) =
w1 (Proposition 4.1.33) and that Katetov reduction preserves non’, (Proposition 1.2.12). The
cof’,(R) = ¢ follows from cof*(R) = «¢. O

4.1.2 analytic P-ideals

The following is a well-known characterization of analytic P-ideal using lower semi continuous
submeasures.

Theorem 4.1.15. (Solecki,[Sol99]) Every analytic P-ideal is of form
Ezh(¢) ={X Cw:limpp(X \n) =0}
for some lower semi continuous submeasure ¢.

It is not difficult to see that Exh(¢) is in fact an F,s-ideal. It is well-known, that for a
Ls.c.s.m. ¢, the ideal Exh(¢) is tall if and only if lim,¢({n}) = 0. Our first example of analytic
P-ideal is the already defined summable ideal 71. Regarding the additivities and cofinalities of
analytic P-ideals, we have the following theorem.

Theorem 4.1.16. (Todorcevic [Tod96]) For any tall analytic P-ideal J the Tukey reductions
(0 x Fin,C*,0 x Fin) <p (J,C5J) <r (N,C,N) take place. In particular the following
nequalities hold:

~add(V) < add*(J) < b,
— 0 < cof*(J) < cof(N).
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Regarding the covering and uniformity numbers, the following fact is well-known.

Theorem 4.1.17. (folklore, [MA09]) For any tall analytic P-ideal J we have EDfin < J. In
particular the following inequalities hold:

- cov*(J) < non(M),

— cov(M) < non*(J).

We will be interested in the following two examples of analytic P-ideals.
Trace of null ideal and density zero ideal

The trace of null ideal ¢r(N) is an ideal on 2<% consisting of those sets A C 2<% such that
the set G(A) := {z € 2¥ : I°°x|,, € A} is of Lebesgue measure zero. The density zero ideal Z
consists of these A C w such that lim,_« [A0n] _ (. Both of these ideals are tall and both can be
expressed in the form of Exh(¢) for certain l.s.c.s.m. ¢: for the density zero ideal, if A C w then

d(A) =: sup{l'mpgifnﬂ)l :n € w}. For the trace of null ideal, if A C 2<% ¢(A) = E{ﬁ o€ A

is C-minimal in A}. It is known that the density zero ideal is Katetov equivalent with the ideal

of subsets A C 2<% such that lim,— e ‘A;,?nl = 0 ([HHHO07], Theorem 3.4).
Recall that for P-ideal J, we have add},(J) = add*(J) non)(J) = non*(J) and cof,(J) =

cof*(J). In the case of our examples Z1, tr(N) and Z the the following is known.

Theorem 4.1.18. (Fremlin, [Fre0/]) add*(Z) = add(N) and cof*(Z) = cof (N) hold.
Theorem 4.1.19. (Herndndez-Herndndez and Hrusdk, [HHHO07]) add*(tr(N)) = add*(Z1) =
add(NV),

Theorem 4.1.20. (Hru$dk and Zapleta, [HZ04]) The following hold:

— cov(N) < cov*(tr(N)) < max{0,cov(N)},
— min{b, cov(N)} < cov*(Z) < min{b, non(N)}.
Theorem 4.1.21. (Raghavan and Shelah, [RS17]) The cov*(Z) <0 and b < non*(Z) hold.

In the section regarding the splitting ideal we will show that cov*(Z) (and in fact cov*(tr(N)))
is below the reaping number t. This gives more support to the following open problem:

Question 4.1.22. (Herndndez-Herndndez and HruSdk, [HHHO7]) Is cov*(Z) < b and 0 <
non*(Z) provable in ZFC?

4.1.3 Other examples

The nowhere dense ideal

Usually the ideal nwd is defined as {4 C QN [0,1] : A is nowgere dense subset of [0,1]}. We
prefer to work with the following, different presentation of nwd ideal. By the Lemma 81 of [Guz]
the nwd ideal is Katetov equivalent with the ideal on 2<% described below. Because of this, we
will overload the symbol nwd for the second ideal. Let nwd be the ideal on 2<% consisting of
these sets A that are nowhere dense in 2<% i.e. for any o € 2<% there is 7 € 2<%, ¢ C 7 with
7 ¢ A. Clearly, any A € nwd can be covered by the set of form of a tree T' C 2<% with [T] being
nowhere dense set in 2¥. The ideal nwd is not a P-ideal and not a PT-ideal. It compexity is
F,s. The following proposition is known:

Theorem 4.1.23. (Balcar, Herndndez-Herndndez and Hrusdk, [BHHHO04]) The following equalities
hold:

- add*(nwd) = non*(nwd) = w,
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- cov*(nwd) = cov(M),
- cof*(nwd) = cof(M).
Later we will need the following characterization regarding the Katetov relation to nwd.

Lemma 4.1.24. (Hrusdk, Meza, [MA09]) The following are equivalent:
-J <K nwd,
- cov(M) < cov*(T).

We will now start calculations of the w-versions of the cardinal invariants of nwd.

Proposition 4.1.25. m,_centered < add) (nwd) < add(M)

Proof. To prove the second inequality simply notice that if {N, : @ < K} is a collection of
closed nowhere dense subsets of 2“ such that J, N, is not meager, then the nowhere dense trees
{Ty : a < K} Cnwd, [T,] = N, witness for add’,(nwd).

To prove the first inequality one assume that £ < My_centereq and that we are given {7}, : a < K}
with T, € nwd. We define a partial order P consisting of finite partial functions from w to
nwd x w. Let p = {(A},4) : k < n}. The order is given by p < ¢ if dom(q) C dom(p) and
for each k € dom(q) we have i} > i, Al C AP and AP N 2k = AN 2ik. First, observe that
P is o-centered: if p and ¢ have the same domains, and for each k € dom(p), &}, = i} =i and
Ai N2 = AZ N 2%, then p and ¢ are compatible. Second, note that for any o < & the set
D, ={peP: Al =T, for some k € dom(p)} is dense in P. If G C P is generic filter over the
family {D, : @ < x} then, the sequence {B,, : n € w} C nwd defined as B,, = [ J{AhNik : p € G}
is such that for each « there is n € w with T, C B,,, which finishes the proof. O

Proposition 4.1.26. b < non,(nwd) < non(M).

Proof. We will first show that non} (nwd) < non(M). Let X C 2* be a witness for non(M).
For z € X let Y, = {z|, : n € w} € [2=¥]¥. Clearly Y,’s, x € X witness for non’,(nwd). To see
this let {1}, : n € w} be a countable collection of nowhere-dense trees. Then there is x € X such
that = ¢ (J,,[T], but then, Y, is almost disjoint with all T},.

We will now show that b < non} (nwd). Assume that x < b and that we are given a collection
{Xa:a <k} C[25¥]“. Shrinking each X, is necessary we may assume that each X, converges
to a point x, in the sense that for every n € w almost all elements of X, extends z,. We may also
assume that each X, forms either a chain or an antichain in 2<¢. Assume that X = {0 : i € w}
where |of'| < [of ;] for all i € w. As k < non(M), there are nowhere dense sets N,, C 2 such
that {z4 : @ < K} C U, Nn. Assume that T;,’s are such trees on 2<“ such that N,, = [T,]. For
every n € w and [ € w let S*(T') consists of all o € 2! such that o ¢ T,, but lig|=1 € T For

newand f €w’let Ry(f) ={0"7:0€ 8" and 7 € 250 for I € w}.

Claim 4.1.27. For any n € w and f € w* the set R,(f) is a nowhere dense subset of 2<%.

Proof. Let p € R, (f). As T, is nowhere dense tree, there is p’ € SJ' for some | € w such that
p C p'. Then p’ extended by (f(l) + 1)-many zeros, does not belong to the set Ry, (f). O

We continue the proof of the proposition. Fix n € w. Let A, = {a < k : o, € N,,}. Call
a € A, not ok if X, NT, =* 0. Call a ok, it isnt not ok. For every a € A, we construct
[l e w¥ as follows: for i € w if m§ < |08 is such that O'?‘m;?c € T,, but U?‘m;?é_t,_l € T}, then let
[l =lof| —m@+1. As k < b there is ¢" € w* that dominates every f where o € A,, is not ok.
Unfix n € w. We claim that the sets {R,(¢") : n € w} are such that for every a < k there
is n € w such that the intersection R, (¢") N X, is infinite. This will finish tre proof. To see
this let @ < k and let n € w be such that z, € N,. If X, forms a chain we are done. If
X, forms an antichain and is ok then we are also done. If an antichain X, is not ok. As g"
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dominates f,, for almost all i € w we have that of € {of'[ne ~7 : 7 € 25fa (i)} C {08 e
17 €259°(i)} C Ru(gM). O

Question 4.1.28. Is add},(nwd) = add(M) and non};(nwd) = non(M)?

The Fubini products of Fin

Let Fin x Fin be ideal on w X w consisting of these sets A such that for almost all n € w
the set {m : (n,m) € A} is finite. Fin x Fin is tall but not a P-ideal and not a P*-ideal. Its
descriptive complexity is F,s,. The cardinal invariants are as follows.

Proposition 4.1.29. ([MA09]) The following equalities hold:
- add™(Fin x Fin) = non*(Fin x Fin) = w,
— cov*(Fin x Fin) = b,
— cof*(Fin x Fin) = 0.
To calculate the w-version of these invariants we will need the following lemma

Lemma 4.1.30. (Roitman, [Roi79] or Lemma 1.3.4. in [BJ95]) The following conditions are
equivalent:

- K<0,

— for every F € [w¥]" and X € [[w]“]" there is g € w* such that for every f € F and X € X
there are infinitely many n € X ’s with f(n) < g(n).

The equality add},(Fin x Fin) = b is known and appears in the work of Filipéw and Kwela
[FK23].

Proposition 4.1.31. The following equalities hold:
— add},(Fin x Fin) = b,
— non} (Fin x Fin) = cof),(Fin x Fin) = 0.

Proof. Notice that an unbounded family witness for add,(Fin x Fin) and less than b sets from
Fin x Fin cannot. It follows that add},(Fin x Fin) = b.

We will now show that 9 < non’ (Fin x Fin). Assume that £ < 0 and that we are given a family
{Xa:a <k} Clwxw]”.Without loss of generality we may assume that each of X,’s is one of
the following three forms:

— X, is contained in a column {N} X w for some N € w,
— X, is contained in a row w x {N} for some N € w,
— X, is a partial function defined on an infinite set A,.

In the third case, we extend X, to a total function X} € w“. Now, as k < 0, by the Lemma
4.1.30 there is g € w such that for every X, of the third kind, there are infinitely many n’s in A,
with X/ (n) = Xa(n) < g(n). Define Z C w x w to be the area below g. Also, let Z% = {N} xw
and Z) = w x {N}. We want to show that for each a €  one of the sets Z4, i € 2, N € w,
or Z, infinitely intersects X,. Clearly this is true if X, is contained in a column or in a row.
If X, is of the third form, by the choice of g, we have |Z N X,| = w. This finishes the proof of
0 < non} (Fin x Fin).

Because non’(Fin x Fin) < cofl(Fin x Fin), we will finish the proof of the proposition by
showing that cof],(Fin x Fin) < 0. Let {fo : @« <0} C w* be a dominating family. For each
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a<0let A% = (AY)new € (Fin x Fin)“ be such that A7 = {(a,b) : if a > n then b < fu(a)}.
Clearly the collection of A™’s witnesses for cof’ (Fin x Fin) because any X € Fin x Fin is
contained in AY for some o < k and n € w. O

Conv

The convergence ideal conv is defined as the ideal on QN|0, 1] generated by convergent sequences.
Its descriptive complexity is Fys,. conv is tall but not a P-ideal. The cardinal invariants are
summarized in the following.

Theorem 4.1.32. ([MA09]) The following equalities hold:

- add*(conv) = non*(conv) = w,

— cov*(conv) = cof*(conv) = .
Proposition 4.1.33. The following equalities hold:

— add; (conv) = non (conv) = wy,

- cof},(conv) = c.
Proof. To prove the first equality, it is enough to show that non’ (conv) < wi. Let {z4 @ o <
w1} C [0, 1], for each o < w; choose A, C Q to be a sequence converging to z,. We claim that
{A, : @ € w1} C conv witnesses non (conv). If {B,, : n € w} C conv is given, choose o € w;

such that x, is not a convergence point of any B,,. Clearly, A, N B,, is finite. To see the second
equality notice that by the previous Theorem we have ¢ = cof*(conv) < cof},(conv). O

We will also need the following two facts about the ideal conv.

Lemma 4.1.34. (Meza-Alcdntara, [MA09]) The following are equivalent:
- conv <g J,

— there is {X,, : n € w} C [w]“ such that for every Y € JT there isn € w with |Y N X,| =
Y\ X,| = w.

Lemma 4.1.35. (Meza-Alcdntara, [MA09]) If conv <y J there J cannot be a P*-ideal. In
particular, no Fy-ideal is Katetov above conv

4.2 The splitting ideal

Definition 4.2.1. (Sabok and Zapletal, [SZ11]) Let Spl be the splitting ideal, an ideal on 2<%
generated by the sets of form [A] for A C w. Here [A] consists of these o € 2<% such that o4 is
constant.

Proposition 4.2.2. Spl is a tall ideal.

Proof. Let {0, : n € w} be an infinite subset of 2<“. By passing to a subsequence we may
assume that {0, : n € w} forms either chain of antichain in the order (2<%, C). If {0, : n € w}
is a chain then for A = (J,, 0, € 2 = [w]¥ we have {0, : n € w} C [A]. Assume then that
{on : n € w} is an antichain. By Konigs lemma argument let y € 2% be an infinite branch in
the tree generated by o,,’s. Let a, € w be defined as min{i € |oy,| : op(i) # y(i)}. The a,’s
are well defined as {0, : n € w} is an antichain. Again, by passing to a subsequence we may
assume that for each n € w we have that |o,| < apt1 < |opt1]. Let A € [w]* be such that
|AN[|on|,ant1)|] <1 for each n € w and y|4 is constant. Clearly then {0, : n € w} C[A]. O

80



Question 4.2.3. What do canonical Spl-positive sets look like? Is Spl homogeneous?
Proposition 4.2.4. The Spl ideal is Katetov below nwd, tr(N') and Fin x Fin.

Proof. To show Spl <g Fin x Fin let for each n € w x,, € 2 be the binary sequence starting
with n-th many 1’s followed by 0’s only. Let 7 : w x w — 2<% be defined as m(n, m) = xy|m. To
show that 7 is a Katetov reduction let a € [w]*. Let a = {a, : n € w} and let f € w* be such
that f|(4,.a,,,) is constant with value a,41. To finish the proof note that

7 [a]]] € {(n,m) Ew xw:n<agorm< f(n)}
To show that Spl <p tr(N) let m be the identity map. Observe that for each a € [w]“ and
n € w we have that

l[alln2”] 1
on Q\aﬁn\
It follows that [[a]] € V. Finally, to see that the Katetov reduction Spl <x nwd holds, note
that [a] € nwd for each a € [w]“. O

We will now show that Spl is Katetov above conv. For this we will need the following lemma.
Lemma 4.2.5. If X C 2<% is such that for some y € 2% it is the case that:
VnewVie?2, ifi#y(n), then {oc € X :y|i C o} is finite
then X € Spl.
Proof. For j € w let

Cj={oceX:0Cyl;or (o]; =ylj and o|j11 # ylj+1)}-

By the assumption, each Cj is finite. Let i € 2 be such that y(n) = i for infinitely many n’s.
Inductively we construct two sequences a = {a, : n € w} and k = {k,, : n € w} such that for
every n € w we have:

= ylan) = y(kn) =i,

— kn < an < knga,

— kpy1 > max{|o|: 0 € U{C; : j € [kn,an)}},
= any1 > max{|o| 0 € U{Cj : j € [an, kni1)}}-

We claim that X C [a] U [k]. Let 0 € X and let j € w be such that o|; = y|; but o|;+1 # y|j+1.
Let n € w be such that j € [ky,an) or i € [ap, kn+1). In the first case, we have that o € [k], and
in the second that o € [a]. This finishes the proof. O

Proposition 4.2.6. conv <k Spl

Proof. To show this, we will use the Lemma 4.1.34 which says that it is enough to construct
countably many infinite subsets of 2<% which split all Spl-positive sets. For o € 2<% let X, =
{r € 2<% :0 C 2<%}, Assume that X € Spl™ is not splitted by any X,. It is easy to see that
there is y € 2¢ such that for every n € w and every i € 2, if i # y(n), then X, ~; N X is finite.
By the Lemma 4.2.5, X cannot be Spl-positive. A contradiction. ]

It follows from the Lemma 4.1.35 that Spl cannot be P'-ideal and thus cannot be an F,-

ideal. We will prove a slightly stronger result using the following result.

Lemma 4.2.7. (Kwela, [Kwe23] Proposition 4.9) Suppose that J is such that there is A € J+
and a bijection ™ : A — w such that B C A is in J if and only if 7[B] € Fin x Fin. Then is
not a 113-ideal.
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Proposition 4.2.8. Spl is not a P~ and thus not a Hé-z’deal.

Proof. Notice that if ¢ : w x w — is the witness for Spl <g Fin x Fin constructed in the
Proposition 4.2.4, then the set X = ¢w X w] is Spl-positive and is disjoint union of the sets
Xpn = ¢[{n} x w] € Spl. On the other hand, if Y C X has a finite intersection with each X,
then by the Lemma 4.2.5 it must belong to Spl. O

We will now focus on the cardinal invariants of the splitting ideal.

Proposition 4.2.9. add*(Spl) = non*(Spl) = w. In particular, Spl is not a P-ideal.

Proof. For each o € 2<%, let x, be the element of 2% that starts with o and continues with zeros
only. Let X, = {zs], : n € w}. We claim that {X, : 0 € 2<%} witesses for non*(Spl). To show
this, let A € [w]*. Let then o € 2<“ be such that A N |o| consists of two elements and let the
values of o on these two elements are different. Then clearly X, N [A] is finite. O]

To calculate the covering number of Spl we will need the following lemma about certain
strengthening of reaping families. Call a family R C [w]“ hereditarily reaping if it is reaping
and it is reaping inside of every its element, i.e. for every R € R and every A € [R]¥ there is
R’ € R such that R’ C A either ' C* A or AN R’ =* (). The following lemma is known.

Lemma 4.2.10. There is a hereditarily reaping family of size t.

Proof. Fix a reaping family R of size t. We will inductively construct an increasing sequence
{Ry : n € w} with |R,| = v such that R’ := |J,, R, is hereditarily reaping. Let Rp = R and to
construct Ry41 out of R,, we do as follows: for each R € R, use any bijection between R and
w to place a copy of R inside of R. Decleare then R, to be R, with all such copies for all
R € R,,. Clearly R’ is hereditarily reaping. O

Proposition 4.2.11. cov*(Spl) =,

Proof. To show v < cov*(Spl) assume that {[A.] : @ < k} C Spl where A, € [w]|* and Kk < t.
Let B be such an infinite subset of w that splits each A,. Define y € 2% such that y(n) = 1 if
and only if n € B. Then note that Y = {y|, : n € w} C 2<% is almost disjoint from each [A4,].
To show that cov*(Spl) < tlet R be a hereditary reaping family of size t. We may assume that
R is closed under finite modifications. We claim that the family {[R] : R € R} witnesses for
cov*(Spl). Take arbitrary Y € [2<“]“. Consider the following two possibilities. If Y contains C-
chain {o,, : n € w} there must be an R € R such that for y = |J, o, € 2* we have RNy~ ![1] =
or R C y~![1]. Clearly in any of the two cases we have {0, : n € w} C [R]. Assume then that
Y contains no C-chain. Shrinking Y if necessary we may assume that Y forms an antichain
in (2<%, C) and the tree generated by Y contains exactly one infinite branch y € 2¢. Let
{on : n € w} be an length increasing enumeration of the set Y and let a,, € w be the smallest
m € w such that oy, |m # Y|m. Shrinking ¥ once more we may assume that a,, < |oy| < ap4+1 for
each n € w. Let then I,, be the interval [a,, |0,|). Pick now Ry € R be such that Ry C y~1[0]
or Ry C y~![1]. Next, using hereditary reaping family twice we may find R; € R, Ry C Rg such
that one of the following three possibilities holds:

RN Un I,=0or R C UnIQn or R C Un12n+1

Note that in the first case we have {0, : n € w} C [R;] and in the second and third we have
{o2n+1:n € w} C [Ry] or {02, : n € w} C [Ry] respectively. It follows that Y N [Ry] is infinite
which finishes the proof. O
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Several people thought about the covering number of the density zero ideal. It follows from
the position of Z in the Katekov order that cov*(Z) < non(M) because of £D ideal. In [HHHO07]
it is proven that cov*(Z) < max{cov(N),0}. Also, Raghavan and Shelah in [RS17] proved that
cov*(Z) <0 holds. The cov*(Z) < b remains an open problem. Here, as Z <j tr(N) we get a
new upper boundary of the covering number of density zero ideal

Corollary 4.2.12. cov*(Z) < cov*(tr(N)) <t
Let us now dualize the inequality cov*(tr(N)) < t.
Proposition 4.2.13. s < non*(tr(N))

Proof. Assume that {X, : a < k} C [2<¥]* witnesses for non*(¢tr(N)). Again, we may assume
that each X, forms either a chain or an antichain in (2<%, C). Let us deal with the more difficult
case, which is when X,’s form antichains. Again, shrinking X, if necessary, we may assume
that the tree generated by X, has exactly one infinite branch y, € 2¥. Let X, = {07 : n € w}
and let {a% : n € w} be such that af is defined as the smallest m € w such that | # Ya|m-
Shrinking X, once more, we may assume that a5, < |o5| < af,; for each n € w. Define now
Y0, yl € 2% as follows: for i € 2 and k € w let

y ( ) — 02an+i(k) if k € [agn—‘ria |02an+i|)a
“ Yo (k) otherwise

We claim that the set {y, : @ < k}U{y’, : i € 2, a < k} forms a splitting family. We may assume
that this family is closed under finite modifications. Let R € [w]“. Then [R] € Spl C tr(N) so
there must be a < & such that [R] N X, is finite. We will show that y,, 32 or y. (treated as
subset of w) splits the R. Assume that y, does not split R. We only consider the case when
|ya N R| < w as the case R C* y, is analogous. We may assume that y, N R = (). Then is must
be that |30 N R| = |y} N R| = w. The proof is finished by noticing that one of the sets R \ 32,
R\ yl must be infinite. O

Next, we focus on the cofinality of the splitting ideal
Proposition 4.2.14. cof*(Spl) = ¢

Proof. Let A C [w]¥ be a maximal almost disjoint family of cardinality ¢. Suppose that k =
cof*(Spl) < ¢ and that {A, : @ < k} C [w]* is such that {[A,] : @ < k} witnesses for cof*(Spl).
Without loss of generality we may assume that each A, is an almost subset of some B, € A.
Let then B € A\ {B, : a < k}. We claim that no [4,] can cover [B]. O

Regarding the w-invariants we have the following
Proposition 4.2.15. add,(Spl) = w; and cof},(Spl) = ¢.

Proof. To show that add};(Spl) < w; let {A, : @ < w1} be an almost disjoint family on w. We
claim that the collection {[A,] : @ < w1} witnesses add},(Spl). Suppose then that we are given
countably many elements of Spl. Without loss of generality we may assume that then are of
form [B,,], where B,, C w. Note that A C B implies that [B] C [A] and therefore we may shrink
B,,’s if necessary and assume that each B, is a subset of some A,,,. Pick a € w1 \ {ay, : 1 € w}.
For each n € w, as A, and B,, are almost disjoint, we cant have [A,] C* [B,,].

To show that cof! (Spl) = ¢ simply notice, that by proposition 4.2.14 we have that ¢ =
cof*(Spl) < cof},(Spl). O
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4.3 The infinitely equal ideals

In this section we always assume that F' € w* is increasing and above 0. For such F' we have
the following.

Definition 4.3.1. Let ZE be the infinitely equal ideal, an ideal on w<¥ generated by sets of form
E¢n for f € w, N € w where Efn consists of these 0 € w<* such that o(i) # f(i) for all
i € |o|\N. The F-bounded infinitely equal ideal ZE  is defined identically except that f and o’s
are below the function F i.e. f € IIF and o € Seq(F).

The answers to the following basic questions are not known to me

Question 4.3.2. Are the ideals TE and ZE p homogeneous? How does a typical positive sets for
IE or IEp look like?

Clearly, both Z¢ and ZEp are analytic. However, I do not know the exact complexity of
these ideals.

Question 4.3.3. Are ZE or ZEr analytic complete or Borel?
Regarding the cardinal invariants of these ideals we start with the following

Proposition 4.3.4. The following holds:
- non*(Z€) = non*(Z€r) = w,
— cof*(ZE) = cof*(ZEF) = ¢,

In particular ZE and ZE R are not P-ideals.

Proof. We prove this for ZE only as the proof for ZEF is almost identical.

e For each 0 € w<¥ let z, be an element of w* which starts with o and is continued with zeros
only. Let X, = {zs|n : n € w}. We claim that {X, : 0 € w<*} witnesses for non*(Z€). To show
this let f € w* and N € w. Let then o0 € w<“ be such that o(i) = f(i) for some i € |o]| \ N.
Then clearly X, N Iy y is finite.

e Suppose that we are give a collection {f, : @ < K} Cw* and {N, : @ < K} C w where k < ¢.
Let g € w* be any function which differs with each f, on infinitely many coordinates. Notice,
that the set E, o cannot be covered by any Ey, n, . O

Next, we estimate the covering numbers. To do so, need the following relation system: for
{f,g} € [IIF)? and h € IIF we define {f, g} #5 h if h is eventually different to both f and g.

Proposition 4.3.5. The following holds:
— O(IIF, #*,TIF) < cov*(ZER) < O([ILF)?, #5,1IF),
— cov(M) < cov*(ZE).

Proof. To prove the first inequality, let x < O(ILF,#* IIF) and assume that we are given
{Ef. N, : o < K} € IEF where the functions {f, : @ < k} are bounded by F' and {N, : a < K}
are natural numbers. By the assumption, there is g below F' which is infinitely equal to every
fa- As in the previous proposition, the set {g|, : n € w} has finite intersection with every
E¢, n, for a < k. This shows that {Ef, n, : @ < sk} cannot witness cov*(ZEp). To prove the
second inequality, let {f, : @ < k} C IIF be a witness for the d([[IF]?, #3,11F). We claim that
the collection {Ey,  : a <k, N € w} C ZEF is a witness for the cov*(ZEF). To see this, let
X ={on :n € w} € [Seq(F)]¥. Shrinking X is necessary, we may assume that we may assume
that |op| < |op+1| for every n € w. Consider the following two cases:

First case is that X forms a chain. Define then z € IIF as |J,, 0. Let @ < k and N € w be such
that f, is different from = above N. But then |X N Fy, x| = w. Second case is that X forms
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an antichain. By the compactness of IIF' there is € IIF such that for every m € w almost all
opn’s extend x|,,. For n € w define a,, = min{j € w: 0,,(j) # =(j)}. Shrinking X again, we may
assume that a, < |o,| < an41 for each n € w. Let y € IIF be defined as follows: for i € w let

o) = {x(z’) if i ¢ Uy [an, lon]),

on(i) if i € [ap,|oy]) for some n € w.

Let « < k and N € w be such that f, is different from both z and y above N € w. But then
| X N Ey, n| =w. This finishes the proof of the second inequality.

To prove that cov(M) < cov*(ZE) let {Ey, N, : o < K} be a collection of sets from ZE and that
k < cov(M). By Bartoszyniski-Miller (see [BJ95]) characterization of cov(M) there is f € w®
which is infinitely equal to every f,. We claim that the set {f, : n € w} is almost disjoint from
each Ey, n, which means that {Ef, n, : @ < k} does not wittiness for cov*(Z&). To see this let
i > N, be such that f(i) = fo(i). Clearly, then f,, & Ef, n, for every n > i. O

We now focus on the Katetov position of the infinitely equal ideals.

Proposition 4.3.6. ZE8p <g ZE <k nwd

Proof. We will first show that ZEp <x ZE. Let 7 : w<¥ — Seq(F') be such that |7(0)| = |o]
and 7(0) (i) = o(i) modF (i) for every o € w<* and i € |o|. This defines a Katetov reduction as
7 ![EfN] C Ef n holds. Notice that Ef,y on the left side is a subset of Seq(F) while the right
one of w<¥.

We will show that ZE <k nwd. By the lemma 4.1.24 the Katetov reducibility J < nwd is
equivalent with cov(M) < cov*(J) which is true by the Proposition 4.3.5. O

Question 4.3.7. Is ZE Katetov equivalent with the nwd? Is cov(M) < cov*(ZE)?
Next, we investigate the relation between the ideals ZE and S.

Proposition 4.3.8. ZEr does not have Fubini property for F' € w* such that Zi% < 1.

Proof. Let € > 0 be such that Zi% < € and let B = {(o,2) € Seq(F) x IIF : Vi € |o|
o(i) # x(i)}. Clearly, the set is Borel. First, notice that the horizontal section B* = {0 : Vi € |o]|
o(i) # z(i)} is in ZE; for every x € IIF. It follows that p*({z € IIF : B* € IE}}) = 0. On
the other hand for every x € IIF we have that {c € Seq(F) : u(Bys) > ¢} = {0 € Seq(F) :
p(ILF \ By) < ¢} = {0 € Seq(F) : p(IIF \ By) < Sicjo| 75y < Siewp(y < €} It follows that
{0 € Seq(F) : w(By) > €} = Seq(F) € IE}. O

Corollary 4.3.9. There is an ZE p-positive set Y such that S <g IEfply.
Question 4.3.10. Is S <y IEF true?

We finish this section with analysis of w-invariants of infinitely different ideals. We have the
following

Proposition 4.3.11. We have the following:
- add}(Z€) = add},(ZEF) = w1,
— cof (ZE) = cof [ (ZEF) = .

Proof. We focus on the ideal ZE as the proof for ZE r is identical. We start with the additivities.
Let {fa : @ € w1} € w* be arbitrary collection of different functions. We claim that the
collection {Ey, o : o < wi} witnesses for add},(Z€). To see this let {g, : n € w} C w* and
{N, :n € w} Cw. Let @ < wy be such that f, is not equal to any g,, n € w modulo finite
modifications. We will finish the proof by showing that for every n € w the set Ef, o\ Eg, N,
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is infinite. Fix n € w. Define h € w* such that h(i) = g, (7) if fo(?) # gn(i), and if not, let h(7)
be any value different than f,(i) and g, (7). Then for any M > N,, such that fo (M) # gn(M)
we have that {h|, : k> M} C Ey, o\ Eg, n,,- This shows that add},(Z€) = w;.

The calculation of cofinalities follows from 4.3.4 and the fact that cof*(ZE) < cof},(ZE). O

4.4 More on covering numbers

In this section, we will investigate the +-versions of cov* numbers. We will also prove more
results about the covering numbers. Recall that

— covi(J) = min{|F|: F C J and every X € J* infinitely intersects some F € F},
— non* (J) = min{|F| : F C JT and every Y € J is almost disjoint with some F' € F}.

The first invariant was investigated in the work [FZ22] of Farkas and Zdomskyy. The second
invariant were studied in the work [BF17] of Brendle and Flaskova. We have the following result.

Theorem 4.4.1. (Farkas and Zdomskyy, [FZ22])
— cov (EDyin) = cov*(EDfin),

— covi (Fin x Fin) = w.

The calculation of the cov’-number comes from [BHHHO04] of Balcar, Hernandez-Herndndez
and Hrusak. However, what they did is they analyzed the cov’_ invariant of the order (Pgense, Cnuwd
) where Pgepse = {4 C [0,1]NQ : A is dense in [0,1]} and A C,,,,g B means A\ B is nowhere
dense. Because this is a little difference, we include the proof.

Theorem 4.4.2. cov’ (nwd) = add(M)

Proof. To show that add(M) < cov’ (nwd) assume that A € nwd™, {T, : @ < k} C nwd and
k < add(M). Let G = {x € 2¥ : 30 € A 0 C z}. Note that G is a non-meager set. For each
o pick z, € (G N[o]) \ U,[Ta]. For each a < k define f, : A — w such that x|, (o) & Ta. Let
f A — w be such a function that dominates all of the f,’s. For every ¢ € A pick 7, € A such
that 7, extends x,|s, and define B = {7, : 0 € A}. Clearly B is as desired.

To show that cov’ (nwd) < add(M) assume that F is a collection of nowhere dense subsets
of the 2¢ and |F| < k < cov’ (nwd). Let M be a model of cardinality  containing F. As
k < cov’(nwd) there is a A € nwd' such that ANT =* 0 for each T € nwd N M. If
G ={x €2¥:3% € Ao Cz}, then in particular for each nowhere dense F' C 2¥ coded is M
we have GNF = (). But then also (G+Q)NF = (. As G+ Q is comeager and F C M we have
UF e M. O

Theorem 4.4.3. cov’ (W) = cov*(W).

Proof. By the results of [KT17], for any A € W™ the ideals W and W)|4 are isomorphic (there
is a bijection b : w — A such that X C w is in W if and only if b[X] is in W|4). By the
Proposition 1.2.12 we have that cov’i (W|4) = covi (W) and cov*(W|a) = cov*(W) for any
A € WT. As +-covering is always smaller than usual covering, it will be enough to show that
cov’ (W]a) > cov*(W)|a) for some set A € WT.

Call a set A € WT sparse if A is countable disjoint union of sets A,, where for every n € w we
have that:
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— A, is a arithmetical progression of length n,
— 2max A, <minA,41.

It is easy to see that any W-positive set contains a set of this form. We need the following claim

Claim 4.4.4. If A is sparse and B C A is finite arithmetical progression, then there are at most
two n’s such that BN A, # 0.

Proof. of the claim Let B = {by < by < ... < b;} and let K be the distance between the two
consecutive elements of B. Assume towards a contradiction that B intersects three A,,’s and let
ng < ni < ng be the smallest such n’s. Let ¢ <[ be such that b; is the largest element of A, .
In particular b;11 € A,,,. Then, as A is sparse, we have that

K =bj41 — b; > (min 4,,, — max A,,) > (min 4,, 11 — max A,,) > max 4,,

If j <l is such that b; is the largest element of A,,, then K = bj;1 — b; > max A, which is
impossible because both b; and b;y; are smaller than max A, . ]

We continue the proof of the theorem. Fix sparse A € WT. To show that covi (W|4) >
cov*(W|a), split every A, 2 into n-many consecutive sets { B}' : i < n}, each being an arithmetical
progression of length n. Define two functions ¢ : [A]* — W|a)t and ¢ : W|4 — W|4 as follows:
for X € [A]¥ let ¢(X) = Upex B?(g;) where n(k) is the unique n € w such that k € A, and i(k)

is such that k is the i-th element of A,,. For Y e W[4 let ¥(Y) ={k € A : BZSS) NY #0}.

Claim 4.4.5. ¢(X) € Wa)t and (V) € W]|a.

Proof. proof of the claim To show that ¢(X) contains arbitrary long a.p. sets let N € w. Let
k € X be such that £ > N and let &k € A,, for some n € w. Then B?(g;) C ¢(X) and B?(g;) is
an arithmetical progression of length n > N. To see the second one, assume that Y contains no
arithmetical progression of length greater than N. We will show that the same is true for ¢ (Y).
Towards a contradiction, suppose that C' C 1 (Y) is an arithmetical progression of length greater
than N + 2. By the previous claim C is contained in two sets A,. The same argument as the
previous claim shows that C is contained in some A, except for one element. Let C' = CN A, .
But then {k € A : BZES) NC" # (0} contains an arithmetical progression of length |C'| = N + 1,
a contradiction. O

We continue the proof of the proposition. It follows directly from the definition of ¢ and %
that for X € [A]Y and F' € W]y, if (X )NF is infinite, then X N (F) is infinite. So in particular,
if 7 C W|4 is a witness for covi (W|a), then {¢(F) : F' € F} is a witness for cov*(W|4). O

Proposition 4.4.6. cov(M) < cov’ (Spl) <t

Proof. The inequality cov’ (Spl) < t follows from cov? (Spl) < cov*(Spl) = «.

Assume that k < cov(M) and assume that we are given a collection {4, : a < Kk} C [w]*.
Clearly, if T' C 2¥ is a splitting tree (see definition 2.2.7), then T" ¢ Spl. Use the notion of
forcing (equivalent to Cohen forcing) from the Proposition 3.2.7 to obtain a splitting tree 7'
such that [T)N[X4,] = 0 for every o < k. This is possible as k < cov(M) and as the mentioned
forcing is equivalent to Cohen forcing. O

Question 4.4.7. Is cov’ (Spl) equal to v in ZFC?
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Next, we will prove a lower bound for +-coverings of Fj,-ideals. We will need the following
relational system involving slaloms: Let F,b € w® be increasing, above 0, and b(n) < F(n) for
every n € w. Whenever we mention F' and b we will always assume that they satisfies these
requirements. Let SIm(F,b) be a collection of all b-slaloms on ITF i.e. all functions S : w — [w]|<¥
such that S(n) C F(n) and |S(n)| < b(n). For a function f € IIF and S € Slm(F,b), the relation
f C* S means that for almost all n € w we have f(n) € S(n). We will consider the relational
system (ILF, C*, SIm(F,b)). The invariant b(ILF, C*, Sim(F, b)) appeared in characterization of
transitive additivity of A/ ([BJ95]). For more informations about relational systems related to
slaloms, the reader may consult the survey article of Cardona and Mejia [AA23].

We have the following result.

Theorem 4.4.8. Suppose that J is an F,-ideal. For every b € w* there is an F € w* such that
the following inequalities hold:

— b(IIF, C*, SIm(F,b)) < covi(J),
- non’ (J) < o(IIF, C*, SIm(F,b)).

Proof. By the Theorem 4.1.1 of Mazur there is a lLs.c.s.m. ¢ such that J = Fin(yp). Let
(In)new be an interval partition such that ¢(1I,) > nb(n) + n for every n € w. This is possible
as ¢(w) = oo and by lower semi continuity of ¢. For every n € w let F(n) be the cardinality of
the set H, = {Y C I, : ¢(Y) < n}. In this way, we will identify the elements of the set H,, with
numbers i < F'(n). We will construct two morphisms
¢:Slm(F,b) - J* and ¢ : J — IIF.
For S € Sim(F,b) define ¥(S) = UJ,,(In \ UZeS(n) Z). Notice, that the set 1(S) is J-positive
because for every n € w the following holds.
©(5) = @(In \Uzesm) 2) = ¢(In) = ¢(Uzesn) £) = nb(n) +n —nb(n) = n

For X € J define ¢(X) as follows: for n € w we define ¥(X)(n) = X NI, € H,. Notice that
as X is of finite submeasure, the value of ¥(X)(n) are really defined for cofinitely many n’s.
For the remaining, finitely many n’s, we put whatever we like. To prove both inequalities, it
will be enough to show that if ¢(X) C* S, then | X N¢(S)| < w. If for almost every n € w we
have ¢(X)(n) € S(n), meaning that X NIn € Uzcg(m £, then X € U, Uzeg(n) Z and thus
X Nny(S)=*0. O

Recall that cov(N) < cov*(tr(N)) < max{0,cov(N)} and min{b, non(N)} < non*(tr(N)) <
non(N). A similar inequality holds for the £D f;,-ideal

Theorem 4.4.9. The following inequalities hold:
— cov*(ED i) < max{0, [Ipo(ILF, =, 11F)},
— min{b, Hpb(ITF, =>°,11F)} < non*(ED ).
Proof. We will show the Tukey reduction
([w]“, N>, EDtip) <7 (IP, <*,IP) @ IIp(ILF, =, 11F)

and then the inequalities will follow from the Proposition 1.2.22.

Let A = {(a,b) € w x w : a < b}. For an interval partition I = (I;,)new let g7 € w* counts the
number of points on A with the first coordinate in I,,’s i.e. g7(n) = [{(a,b) € A :a € I,,}|. Let
m: A — w denotes the projection onto the first coordinate. We will define two functions:

¢ = (do,61) : [A]* — TP x (IIp(I1F))*

and
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¥ : TP x Ip(IIF) = EDjip

To define ¢ let X € [A]¥. Define ¢(X) to be such an interval partition (J,,)new, that for every
n € w we have J, \m[X] # 0. Define then ¢;(X) : IP — Tp(ITF) such that for I = (I,)ne,, € IP
and F € w® the ¢1(X)(I)(F) is such a function f € IIF that for each n € w we have:

— if gy(n) > F(n) or 7[X]N I, =0, then f(n) =0,
— otherwise f(n) =14 < F(n), where i’th element of the set {(a,b) € A:a € I,} isin X

Note that the second item makes sense because g7(n) < F/(n) and 7[X] NI, # 0.

For I € IP and (zp)p € Hp(IIF) we define (I, (xp)F) € EDyip in the following way:
Pick any F € w* with g; < F and define ¢(I, (zr)r) to be ¢'(g97, 2F) € EDyin, which is any set
with the following two properties (for every n € w):

~ ' (97,2r) N{(a,b) € A:a € I} =1,

— the only element of this intersection is the (xr(n) mod g7(n))’th element
of the set {(a,b) € A:a € I,}.

This in particular means that ¢'(g7,zr) € EDjin,

To finish the proof we have to show that for any X € [A]“, T € IP and (xp)p € Hp(ILF),
if p(X) Cg (I, (zF)F), then the intersection X N1 (I, (xr)r) is infinite. Assume that ¢(X) Cg
(I, (zr)F). By the definition of the relation C, we have that ¢o(X) <* (I) and ¢ (X)(I)(F) =
zp. The former means that for almost every n € w we have {(a,b) € A:a € I,} # (. Then, by

the definition of 1/(I,xr) and the latter we have that X N1 (I, (zF)r) is infinite which finishes
the proof. O

Proposition 4.4.10. For any increasing F € (w\ 1)¥ the following inequalities hold:
- A(IIF,=>°,1IF) < cov*(EDyin),
— non*(EDy;p) < b(ILF, ==, 11F).

Proof. Fix F' € w”. Recall that £Dy;, is Katetov equivalent with £Dg for any increasing
G € w* and thus the two have the same covering and uniformity numbers. Pick an interval
partition (Ip,)new such that |I,| = n 4+ 1 for every n € w. Let G € w* be defined such that
Gn)=Hp: 1, > w:Vjel, p(j) < F(j)}- In this way we can identify the elements of the
set {p: I, = w:VYjel, p(j) < F(j)} with natural numbers below G(n). We construct two
functions

¢: EDg — IIF and ¢ : TIF — [{(a,b) € w? : b < G(a)}]¥

To define ¢ let A € EDg. Cover A with graphs of functions {fg', f{', ..., f](‘,A} C IIG. Using the
identification above, for every i < N4 there is f/ € IIF such that we identify f/|;, with f{(m)
for every m € w. Let then ¢(A) € IIF be any function such that for every n > N4 and every
i < N4 we have that ¢(A)|r, N f!|5, # 0. For g € IIF define ¥(g) = {(n,g|1,) : n € w}, which,
by our identification is an element of IIG.

We claim that for A € EDg and g € IIF, if |[ANY(g)| = w, then ¢(A) =*° g. This will finish the
proof of the two inequalities: if F C ED¢ is a witness for the cov*(EDg), then {¢(F) : F € F}
is a witness for the 3(ILF,=°,IIF), and if F C IIF is a witness for the b(IIF,=>,IIF), then
{(f) : f € F} is a witness for the non*(ED¢). Now, if the intersection AN (g) is infinite then
there is i < N4 and (mg)ren € w* such that (mg,(g)(my)) = f{(my) for every k € w. But
then for every k € w such that my > N4, there is j € I, for which the following holds:
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(A)(5) = fil1m, (7) = [ (m) (5) = $(9)(m1) (F) = 9l1,n, (7) = 9(5)
which means that ¢(A) => ¢ and finishes the proof. O

Due to the time restrictions for this thesis, we will not investigate inequalities regarding
covering numbers of summable-like ideals and numbers of form d(ILF, €*°, Sim(F,b)).

Let F C P(w) be a proper filter. Let then Ma(F) be the Mathias-Prikry forcing with filter F
ie. Ma(F)={(a,F) :a € [w|~¥, F € F and max(a) < min(F)} with the order (a, F) < (b,G)
if b Ca and F C G. As there are ony countably many choices of the first coordinate, and F is
closed under finite intersections, the forcing Ma(F) is o-centered for any filter F. The following
result says that Ma(F) not only destroys the ideal F* but in fact it +-destroys it, whenever it
is possible.

Theorem 4.4.11. (Farkas and Zdomskyy, [FZ22]) For any tall Borel ideal J the following are
equivalent:

— covi(J) > w,
— there is a forcing notion which +-destroy J,
- Ma(J*) +-destroy J.
Corollary 4.4.12. p < cov’ (J) for any ideal J with covi (J) > w.

Proof. If {Ay 1 a < k} C J where £ < p, then Ma(J*) is o-centered forcing notion which -
by Theorem 4.4.11 - introduces J-positive set which is almost disjoint (modulo finite sets) with
each A,. It follows that {A, : @ < Kk} cannot witness for the cov (7). O

cov*(tr(N)) ——— cov*(Z1) ——— cov*(ED¢n) — non(M)

cov[/\/) o(IIF, 210, I1F)
cov*(2) ! b
min{b, Iov(/\/)} b(ITF, C*, Sim(F, b))
adj(./\/ ) / add(M)

Let us now move towards the consistency results regarding the covering numbers of ideals.
We know that in case of the ideals EDy;p, Z1 and tr(N), there are two natural lower bounds

for the covering numbers cov*: first, the +-cnovering numbers cov’ and second, the invariants
O(IIF, =>°,1IF') and cov(N') (see Theorem 4.4.9). In this context, it is natural to ask, if there is
an inequality between the +-covering numbers and the other ones. We will show that these two
are independent of each other.

Theorem 4.4.13. Each of the following inequality is consistent with ZFC:
covi (Z1) = cov? (tr(N)) < cov(N) = o(IIF, ==, 1IF).
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Proof. The inequality holds in the random model. On the one hand, in this model we have
cov(N) = ¢ = wy (see [BJ95] or [Bla09]) and the inequality cov(N) < o(ILF,="°,IIF) holds by
the Theorem 4.4.9. On the other hand, by the Theorem 4.4.20, we have that the inequalities
cov’ (tr(N)) < cov’ (Z1) < non(€) < non(N) hold. But it is known that non(N') = w; holds in

random model (see [BJn95] or [Bla09]). O

We will now show that one can have cov’ 'es large while keeping the other small.
Theorem 4.4.14. Each of the following inequality is consistent with ZFC:
cov(N) = o(ITF, =, 1IF) < cov’ (tr(N)) = cov’ (Z1) = cov’ (EDyin)

Proof. We will show that the inequality holds after using finite support iteration of length ws
of Mathias-Prikry forcing with filter over a model of CH. For a < ws denote by Ma(Z*),,, the
finite support iteration of Mathias-Prikry with filter Z*. For any forcing notion P consider the
following standard property.

(x)p : VF € w* Yf € IIF P-name Hfninew} CIIF Vg € IF
ifVnew g==f,, then PI-"f = ¢”

Clearly, this implies that in the P-extension, the ground model elements of IIF' are infinitely
equal to any f € IIF from the extension. We would like to show that (%) 2+),, bolds, as
this would mean that d(ILF,=°°,IIF) < w; in the final model. We will show that (x)p holds
for o-centered forcing notions (So in particular for the Mathias-Prikry forcing) and that this
property is preserved along finite support iteration. The proof of the theorem will be finished
with the following lemma

Lemma 4.4.15. The following holds:

o [fP is o-centered, then the (x)p holds,

o if (x)p and IFp 7 (x)g”, then (*)p,q»

e if § is limit ordinal with countable cofinality (say {0, : n € w} is cofinal in &) and for each
n € w the (x)p,;, holds, then (x)p; holds.

Proof. The proof follows the standard preservation argument for finite support iteration. Because
of this, we will only sketch the proof. In the proof we will, without mentioning - use the standard
fact that if we deal with two step iteration P+ Q and f is P« Q-name for a real, then there is a
P-name for a Q-name f such that g is equal to the g in VF*Q (see [Baul0]). We will also use the
standard fact that if Pg is f.s.i. and v < J, then there is a canonical isomorphism between Ps
and two-step iteration P, * IP’[W;). For more information the reader may consult Baumgartner’s
article [Baulo).

e To prove the first item, let P = |J,, P, where each P, is centered. Assume that F' € IIF'
and f is P-name for an element of IIF. For n,k € w let

Ap={j <F(k):IpeP,pl-"f(k)#5}
Claim 4.4.16. For all n,k € w we have F(k)\ A} # 0

proof of the claim. If not, then for each i € F(k) there is p; € P, with p; IF 7 f(k) # 7. But
then any p € P, which is below all p;’s (such p exists by the centered-ness of P,,) cannot decide
the f(k). O
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For each n € w let f,, € ILF be such that f,(k) € F(k)\ A} for every k € w. We will show that
the sequence {f, : n € w} is as desired. To see this, let g € IIF be finitely equal to each f,,
and assume that for some p € P, we have p I "g #* f”. Strengthening p if necessary, we may
assume, that for some N € w we have pIF "Vk > N g(k) # f(k)”. Let also n € w be such that
p € Py. As f, =*° g, we may pick k > N such that f,(k) = g(k). Because f,(k) ¢ A} there
must be p’ < p with p/ IF 7 f(k) = fn(k) = g(k)” which contradicts what the p forces.

e To prove the second item, let (p,q) Fpeg "felF”. Asplbp 7¢Ik 7 f € IIF””, we may

apply (*)Q in VP to get P-names {g, : n € w} for elements of ILF such that

plFp "Vg € IIF if (Vn € w § = ¢y), then ¢ kg "g == 7
Then applying (x)p to each g, we obtain a collection {h}), : n,m € w} C IIF such that for every
h € IIF and every n € w, if h =% g for every m € w, then plFp "h =*° ¢”. But this means
that for h € IIF, if h is infinitely equal to each h]',, n,m € w, then (p.q) Fpag "h = fr.
e To prove the last item, let {d,, : n € w} be an increasing sequence of ordinals with § as
a limit and assume that (x)p; holds for each n € w. Let f be a Py-name for an element of

IIF. In each intermediate model VFsn we take interpretations of f i.e. for every n € w there
are IPs,-names {q}} : k¥ € w} for elements of P5, 5) and a sequence {f, : n € w} such that f, is
Ps, -name for an element of IIF, and that:

9999

IFp,, "Vk € w gy < g and Gy ey o 7 flien = falk

By inductive assumption, there are {g}" : n, NS w} C IIF such that for every n € w and every
g € IIF: if for all i € w g = g}, then IFs, " f,, = g”. We claim that:

7

if g € IIF is infinitely equal to each gj' where n,7 € w, then IFp, ”f =g

Let p € Ps and M € w. We will find r < p such that r I+ 73k > M g(k) = f(k)”. As the support
of p is finite, there is N € w such that p € Psy. In V¥oy we have that 3°°k € w g(k) = fn (k).
Let then k be a Py -name such that IFp,, "k > M and g(k) = fn(k)’. Then, the condition

=: (p, qliv) is an element of two-step iteration Ps,, * IF’[(;M(;) that is isomorphic to Ps. But then

rlF7g(k) = fy(k) = f(k) and k > M”. This finishes the proof of the last item. O]
O

Recall that both cov*(Z1) and d(IIF, =, IIF') stand as a lower bound of cov*(EDy;,). We
will show that these inequalities can be strict.

Theorem 4.4.17. It is consistent with ZFC that cov*(Z1) = 0(I1F, =", I1F) < cov*(ED;y,).

n

Proof. For o < wo, denote by P, countable support iteration of length o with the forcing Lep,,,
standing as each iterand. Let V be a model of CH. We want to show that the inequality holds
in VP« By the Proposition 3.1.8, the tree type Lep sin has Laver property. On the other hand,
it is well-known, that Laver property is preserved under countable support iteration. It follows
that P, has Laver property. To show that cov*(Z1) = d(IIF,="°,IIF) = w; holds in V2 we

recall the following two results.

Lemma 4.4.18. ((Hrusdik, Meza-Alcantara, Minami, [HMAM10])) If a forcing notion P has
Laver property, then for any X € [w]® in VT, there is a ground model Y € T1, such that

IXNY|=w.

Lemma 4.4.19. (Martinez-Celis and Zuchowski, [MC4]) If a forcing notion P has Laver property,
then for any f € IIF in V¥, there is a ground model g € IIF, such that ]f Ngl=w.

92



As there are only wi-many reals in the ground model, cov*(Z1) = o(IIF, =>°,II1F) = w; hold

in VP2, We will show that cov*(£D ;) = wa = ¢ holds in V2. Assume that in {Xs: 8 < wi}
is a collection of £Df;y,-sets in VFes . As L has axiom A, for every 8 < wy there is a(3) < ws
such that Xz € VFa® . Then there is a < wy such that all Xp's are in VP, By the Proposition
3.1.4, the forcing Lep,,, adds an infinite set which is almost disjoint from every ground model
X € EDyip. Thus in VPFat1 there is an infinite Y, almost disjoint from all X g’s, which means
that {X3 : B < w} cannot witness for cov*(EDyy,). It follows that cov*(EDyi,) = wo in
Ve, O

In the article [BF17] of Brendle and Flaskova, the authors showed that cov(€) < non’ (Z)
and non(€) < non’ (Z1). As mentioned in the introduction of this thesis, I proved the following

result only to realize a couple months later that it is a slight generalization of the arguments
from [BF17].

Theorem 4.4.20. The following inequalities hold:
— covi(Z1) < cov(E) < noni (tr(N)),
— cov’ (tr(N)) < non(€) < non’ (Z1).

Proof. We will first show the inequalities cov’ (Z1) < cov(£) and non(€) < non’ (Z1) but first
we state two observations. First. According to the Theorem 3.4. of the article [ﬁHHO?] the
ideal Z1 is Katetov equivalent with the ideal {A C 2<% : X, |A;2 i
work with this presentation of the summable ideal. Second. For F' € (w\ 1), denote by Ep the
o-ideals generated by closed sets of measure zero in IIF. In particular, for F' constant and equal
2, the o-ideal & is equal to the standard £. By the Remark 4.1 (3) of the [AA23] we have that
cov(€) = cov(Er) and non(E) = non(Ep) for any F as above. It follows that it does not matter
which space of form IIF' we choose for the o-ideal £ to live on.

We define two reductions: ¢ : 11,2" — 7/, and v : If'/n — &. For a real z € I1,2" we define
(z) = {x(n) : n € w}. Clearly, ¢(x) € Z/,. For X € If/n let Y(X) = {z € II,2" : V*°n
z(n) ¢ X}. Notice, that because of inequality In(1 —x) < z for z > 0, for every N € w we have
that:

< 0o}. In this proof we will

In(Tl>n (1 — ‘X;'r?n‘)) =Yp>nin(l - lX;?n') < _En>N|X20n2n‘

and the last item goes to —oo as N goes to infinity. It follows that ¢(X) € £. Now, if
{7a 1 @ < K} CII,2" witnesses for non(€), then {¢(za) : @ < k} witnesses for covy (Z;,,) and,
if {Xo:a <k} CI[25¢]% witnesses for non’ (Z; ), then {1/(Xs) : @ < k} witnesses for cov(£).

We will now show that cov? (tr(N)) < non(€) and cov(€) < non’ (tr(N)). Here we consider
the ideal £ on the Cantor space 2%. We define two reductions

¢:E—tr(N)and ¢ : tr(N)"T — £
For a closed set F' of measure zero let ¢(F) C 2<% be such a tree that [¢(F)] = F. Clearly,
¢(F) € tr(N). For H € tr(NM)*, let w(H) = {z € 2¢ : I°x|, € H}. Clearly v(H) € £
as a Gs-set of positive measure. Now, if {z, : o < k} C II,,2" witnesses for non(€), then
{#(za) : a < K} witnesses for cov’ (Z;,) and, if { X, : a < K} C [25¥]¥ witnesses for non’, (Z; ),

then {¢(X,) : @ < Kk} witnesses for cov(E).
O

The following diagram summarizes the inequalities between cov’ es and the cardinal invariants
of the o-ideal €.
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cov(N) + cov*(tr(N)) » cov*(Z1) > cov*(EDyin) » non(M)

T ™

covj(l’i) non(€) non’; (tr(N))

A

cov? (tr(N)) $ cov(&) non’; (Z%) \

add(N) add(M) ————— cov(M) » non*(EDyy,)> non*(Z1)> non* (tr(N)) » non(N)

cof (M) cof (N)

Notice that both invariants cov*(tr(N)) and cov(€), have v and max{d,cov(N)} as an upper
bounds. Also both have cov(N) as a lower bound. It is impossible to prove in ZFC the inequality
cov(€) < cov*(tr(N)). This is because in Cohens model we have cov*(tr(N)) < cov(€) as
cov(M) < cov(€) and cov*(tr(N)) < non(M). This motivates the following question:

Question 4.4.21. Is cov*(tr(N)) < cov(E) provable in ZFC?

4.5 Antichain numbers of P(w)/J’s

Suppose that J is an ideal on w. A collection of J-positive sets {4, : @ < k} is an J-almost
disjoin family is A, N Ag € J for every o # 3. Although, for certain ideal the may be no
uncountable such families (for example when J is maximal), when the ideal J is meager (and
we are interested only in such ideals), uncountable J-almost disjoint families always exists (see
the proposition below). Define then a(7) is the smallest size of maximal uncountable J-almost
disjoint family. In case of the ideal of finite sets, the number a(Fin) is simply the classical
almost disjoint number a.

First we will show that for meager 7, large [J-antichains exist.

Proposition 4.5.1. (folklore) If J is meager, then there exist an J-almost disjoint family of
size ¢.

Proof. By Talagrand’s Theorem 1.2.14 there is a partition of w into intervals {I,, : n € w} such
that if X C w contains infinitely many of these intervals, then X is J-positive. Let A" C P(w)
be an almost disjoint family of size ¢. Then the family A made of sets of form J,,c 4 In, for
A € A’ as an almost disjoin family of J-positive sets of size c. O

Let us gather a couple of known results regarding the J-antichain numbers.

Theorem 4.5.2. The following holds:
- b <a(Fin x Fin) < a,
— it is consistent that 0 < a(Fin x Fin),
— b <a(J) holds for all tall analytic P-ideals,

- p < a(nwd),

a(nwd) < b holds in Lavers model.

Proof. The first two items are results of Brendle from [Bre]. The third inequality is a result
of Farkas and Soukup from [FS09]. The last two inequalities are results of Steprans from
[Ste02]. O
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The numbers a(J) for fubini products of ideals were investigated by Raghavan and Steprans
in [RS23]. Also, during the work of this thesis, Jonathan Cancino Manriquez showed the
following strengthening of the inequality of Steprans. He presented the result during Wroctaw
Set Theory seminar in April 2023. It turned out that the two proofs are essentially different.

Theorem 4.5.3. (Cancino Manriquez, unpublished) add(M) < a(nwd)
To prove our lower bound for the a(J) let us introduce the following class of ideals.

Definition 4.5.4. Suppose that J is and ideal on w. We will say that J is good if for every
uncountable, almost disjoint' F C JT has a subfamily {B, : n € w}y C F such that for every
[ € w¥ there is a sequence {Cp, : n € w} C J, C, C By \ f(n) such that C := |, C, is
J -positive.

We are now ready to prove the main theorem of this section.

Theorem 4.5.5. If an ideal J is good, then min{h-cov’ (J),b} < a(J).

Proof. Let k < min{h-cov’ (J),b} and let {4, : @ < K} be an J- antichain in J*. As the
inequality x <h-cov’ (J) holds, for every a < x we can find a J-positive set B, C A, such that
B, N Ag =* () for 5 # a. Suppose that {B,, : n < w} is as in definition of goodness. Shrinking
each B,, if necessary, we may assume that the intersection B,, NJ,.,, 4; is empty for each n € w.
For every a € s\ w define f, € w*¥ such that B, N A, C fu(n) for each n € w. As k < b,
we may choose a function f € w* which dominates all of f,’s. By the property of being good,
there is a sequence {C,, : n € w} C J, Cp, € B, \ f(n) such that C := J,, Cy, is J-positive.
We claim that C' N A, € J for every a < k showing that the antichain {4, : @ < k} was not
maximal. Let o < k. If @« =n € w, then C N A4,, C J,-,, Ci because for i > n we have C; C B;
and BiN A, = (. If @« € K\ w let then N € w be such that f,(n) < f(n) for n > N. Then
for n > N we have C,, N Ay € B, N Ay C fo(n) C f(n), but C, C (B, \ f(n)). It follows that
Unsn(Cn N Ag) is empty and CN Ay € J,«yCn N Ay € J. O

Below we will show that most of the ideals we consider in this thesis, are in fact good.
However, I cannot precisely identify the class of good ideals. Thus, we have the the following.

Question 4.5.6. Find an example of a meager ideal J which is not good. Is Spl any good?
Proposition 4.5.7. The ideals nwd and Fin x Fin are good.

Proof. First, assume that F is an uncountable collection of almost disjoint nwd-positive sets.
By the definition, for every F' € F there is 0 € 2<% such that F is dense below o, meaning that
every 7 that extends o can be extended to a p € F. Let {B,, : n € w} C F be such that all B,’s
are dense below the same o* € 2<¥. Fix f € w“. Inductively construct the sets {C), : n € w}
such that for any n € w we have:

Dn Cn € By )\ f(n),
2), |Cn] =27,

3), for every 7 € 2077141 that extends o*, there is unique o € C, such that 7 C o,

(
(
(
(n CnNUjep, Bi =0,

The construction is straightforward. By of the conditions (2),, each C,, € nwd. By of the
conditions (3),, the set C' = |J,, Cy is dense below ¢*, which meant that C € nwd™. It follows

that nwd is good.

Yin the modulo finite sense

95



For the case of Fin x Fin, assume that F is an uncountable collection almost disjoint
of Fin x Fin-positive sets. Let {B, : n € w} be any countable sub-collection of F. Given
f € w® inductively build an increasing sequence {c, : n € w} of natural numbers such that
Cn = B, N ({cn} x w) \ f(n) is infinite. Then each C,, € Fin x Fin because it is contained
in the column {¢,} X w. We also have that C = |J,, C, € Fin x Fint because {¢,, : n € w} is
increasing. O

In [Ste02] Steprans proved that p < a(nwd). The following improvement of the result of
Steprans has been independently obtained - in an unpublished note - by Jonathan Cancino
Manriquez by a different method.

Corollary 4.5.8. add(M) < a(nwd)

Proof. By the Proposition 4.4.2 we have that cov’ (nwd) = add(M). The inequality follows
from the Theorem 4.5.5 and the fact that add(M) = min b, cov(M). O

Proposition 4.5.9. All F,-ideals are good.

Proof. Let J be an F,-ideal. Let ¢ be a l.s.c.s.m. such that the ideal J is equal to Fin(¢).
Assume that F is an uncountable collection of almost disjoint Fin(¢)-positive sets. Let {B, :

n € w} C F be arbitrary. For every f € w® it is easy to pick finite sets C),’s such that
Cn € By \ f(n) and ¢(Cy,) > n. Clearly, then ¢(C) = oo. O

Corollary 4.5.10. The ideals S, W, R, Z1 as well as ED and EDy;, are good.
Proposition 4.5.11. All analytic P-ideals are good.

Proof. Let ¢ be a l.s.c.s.m. such that the ideal is equal to Exh(¢). Assume that F C Exh(¢)*
is an uncountable almost disjoint family. Let {B,, : n € w} C F be such that for some € > 0 we
have limsupi¢(By, \ k) > € for each n € w. For each f € w* and n € w it is not difficult to pick
Cn C By \ f(n) with ¢(Cy,) > €/2. Clearly, then limi¢(C \ k) = 0. O

Corollary 4.5.12. The ideals Z, tr(N') are good.
Proposition 4.5.13. conv ideal is good
Proof. Suppose that we are given a family {A, : @ < w1} of almost disjoint conv-positive sets.
Claim 4.5.14. For every A, there is a collection {x; 1 i, j € w} C Ay such that:
= for every i and jo # j1, x5 #F T3,
~ for every i, {af; : j € w} converges to y,
= for all io # i1, y5y # i),
~{y$ i € w} converges to 2

proof of the claim. Notice that A\ A cannot be finite because then A € conv. By compactness
of [0,1] let {y; : i € w} € A\ A be an infinite sequence of distinguished points with a limit point
z. For each i € w choose a sequence {z;; : j € w} C A of distinguished point converging to y;
such that {z;,; : j € w} N{x;, j: j € w} =0 for ig # 41. O

Let W ={a, : n € w} C w; be such a countable set that {z*" : n € w} converges to a point
w and let f:w — QNJ0,1]. Inductively we construct sets {C), : n € w} such that for each n € w
we have:

— there are i,, € w and N,, € w such that C,, = {:cf‘n"] 17> Np},
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— N, is large enough so that C,, N f[n] = 0,
-y E{yp tk<n},
~Jypr Nzl < %

The construction is straightforward. Now, as each (), is in conv, it remains to check that
C =, Cy is conv-positive. If C' would be covered by finitely many convergent sequences, then
the limit points of C, it is {y;'" : n € w} and z, would be covered by finitely many limit points
of the convergent sequences. O

As a result of the Theorem 4.5.5 we obtain the following, known estimate for the antichain
numbers

Proposition 4.5.15. p < a(J) for all good ideals with uncountable cov’ (J).

Proof. By the Theorem 4.5.5 and the Proposition 4.4.12 we have p < min{b,cov’ (J)} < a(J)
O

In case of the eventually different ideals we have
Corollary 4.5.16. min{b,cov*(ED}in)} < a(EDfipn) < a and b < a(ED) < a holds.
We will finish this section with the following known result.
Theorem 4.5.17. (Brendle, [Bre09]) a(EDyyn) = w1 in Hechlers model.
It follows that the above corollary cannot be strengthened to the inequality b < a(ED ).
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