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Summary

This thesis considers the problem of pricing (both analytically and numerically) of Amer-

ican options with stochastic constraints imposed on the time to maturity. Fundamentally,

the problem can be formulated as an optimal stopping problem of the following form:

sup
τ∈T ,τ≤T

E[e−rτ∧θG(Sτ∧θ)]

where τ is the optimal stopping time, T is the positive (possibly infinite) time to maturity,

St is a stochastic process describing the underlying asset price, G is the payout function

and θ is the random time at which the contract is terminated. This time is referred to as

a time-cap and may or may not be associated with the underlying asset performance.

The motivation for this thesis is to investigate a new and broad class of financial instru-

ments that could potentially be introduced to the market. The development of capped

options began in the early 1990s in Chicago, when the Chicago Board Options Exchange

launched into the market capped European options on the S&P 100 and S&P 500. These

contracts, which were immediately exercised when the underlying index exceeded a prede-

termined level (the cap), became a practical example of how payoff-limiting features could

reduce the seller’s risk while retaining investment appeal. Since then, many variations

of capped options have been studied, but almost all of them apply the cap to the payoff

function or the underlying asset price.

In this work, the approach is different: the cap is placed on the time to maturity. Each

chosen time cap defines a new type of instrument, allowing for the study of a wide range

of problems. Among the contracts considered are those where the time cap is given by

the first exit time of the underlying asset from a specified interval, the last exit time from

such an interval, and the first time when the drawdown — the ratio between the current

price and the historical maximum — exceeds a certain threshold. The last exit time is

not a stopping time, which would make this contract difficult to implement in practice;

nevertheless, it is included here as an interesting analytical exercise that fits the overall

scope of the thesis.

The price dynamics of the underlying asset is modeled using a spectrally negative geo-

metric Lévy process, which allows for sudden downward jumps while retaining analytical

tractability. The analytical part of the work employs the guess-and-verify method: an

optimal stopping rule is proposed based on qualitative arguments, and then its validity is

established using a verification theorem together with the Hamilton–Jacobi–Bellman sys-

tem. In the numerical part, a modified version of the Least Squares Monte Carlo method,

specifically adapted for the time-capped framework, is applied to illustrate and support
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the theoretical results. This thesis is organized as follows.

Chapter 1 provides a theoretical introduction to financial markets and options, as well

as an overview of the probability space, Lévy processes, scale functions, and the key

parameters used throughout the remainder of the thesis.

Chapter 2 focuses on the valuation of a perpetual American put option with a random

maturity date given by the first exit time of the underlying asset price from a pre-specified

set. While similar instruments have been studied in the past, the introduction of downward

jumps in our setting allows for a Poisson-type drop below the lower boundary. In such a

case, the contract is early exercised by the cap event, rather than terminated, which means

the holder may still obtain a non-zero payoff. In the proposed solution, we conjecture that

the optimal stopping time is the first moment when the asset price falls below a certain

level, and then we determine the option price under this assumption. This conjecture is

subsequently verified later in the chapter. Finally, in the last part of this chapter, we

present a numerical analysis.

Chapter 3 examines options stopped by a drawdown event, defined as the first time when

the ratio between the underlying asset price and its historical maximum exceeds a prede-

termined threshold. The central statement of this chapter is the proof that the optimal

stopping time is the first moment when the asset price falls below the value of a certain

function of its past historical maximum. We start from the analysis of the special case

of the Black-Scholes market when there are no jumps in the asset price. Then, later, we

analyze the case with additional exponential downward jumps in the asset price. In both

scenarios, we show that the optimal strategy is either to wait until the price falls below

a fixed barrier or until the option is stopped by the drawdown event. As in the previous

case, the latter does not terminate the option but forces its early exercise, potentially

resulting in a positive payoff for the holder.

Chapter 4 considers an option stopped at the moment when the underlying asset price

crosses above a given threshold for the last time. Since this moment is not a stopping time,

the contract would be difficult to implement in practice. However, it is very interesting

from the mathematical point of view and produces intriguing analysis. As before, we use

the guess-and-verify method proposing the optimal strategy and then verify it and derive

the corresponding option price. This chapter is based on [28].

Chapter 5 presents the description and proof of convergence of a modified Least Squares

Monte Carlo method, designed to price American options whose maturity is constrained

by an arbitrary stopping time. The chapter concludes with numerical results for several

selected instruments of this type. This chapter is based on [29].
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Chapter 1

Introduction

American options are one of the most popular instruments traded on the financial markets.

They are a type of derivative security which gives their holders a right, but not obligation,

to buy or sell a given asset. For this reason, they are an excellent hedging tool. On the

other hand, the risks associated with standard contracts of this kind expose sellers to

potentially significant losses. In case of the call options, the possible loss is unlimited.

Additionally, investors writing these contracts must have sufficient liquid assets to meet

margin requirements. For these reasons, many modifications of the standard American

options are considered. They are supposed to reduce the risk and consecutively lower the

price of the contract.

One instrument gaining more interest as a method of minimizing buyer’s expense is the

so-called capped option. It can be automatically terminated before the prespecified time

to maturity. In most examples, these instruments have the constraint on the payoff. It

means that if a certain level of buyer’s profit is exceeded, then the contract is exercised,

and thus the loss of a seller is limited.

This thesis introduces a new approach to capped American options. Here, the constraint

is set on the possible exercise time instead of the holder’s profit. This means that the

contract can be exercised at any time up to a prespecified random event. In general, such

an event may be dependent or independent of the underlying asset price.

1.1 Financial markets and European options

Financial market is a market which allows people to trade variety of financial instruments,

commodities and other assets. In addition to goods such as gold or silver, one of the most

basic financial instruments is a share of a company. It is the ownership of a given part of

this firm. Each shareholder is therefore entitled to participate in the distribution of the

company’s profit. Shareholders receive the money in the form of dividends and for many

investors it is one of the two main reasons of holding the stock. The other possible profit

comes from growth in the value of shares they have.

Every participant of the financial markets must take into account the risk of losing money.

The value of stock may decrease over time and thus result in a loss for the shareholder.

The risk also concerns exchange rates of currencies, prices of commodities (e.g. precious
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metals or oil) or indices, i.e., market indicators usually made up from a weighted sum of

a given collection of shares. It is generally assumed that bonds are one of the few riskless

securities. Holders of such an instrument should know a priori how much they will earn,

and the interest should be accumulated at a risk free rate.

One of the possible ways to hedge against risks in financial markets is to use derivative

financial instruments (or derivatives). These contracts depend on other more fundamental

assets, such as shares or indices. The price and payoff (i.e., the amount of money investors

gain or lose during the execution of a contract) of a derivative are usually functions of the

underlying asset performance (e.g. share price or exchange rate of a currency pair). In

addition to hedging, derivatives can be used for speculation purposes or as a proxy for the

hard or impossible to trade instruments (such as indices).

One of the most commonly used types of derivatives are the so–called European options.

These instruments provide their holders with the right, but not obligation, to trade a given

asset in the future at a predetermined price. On the other hand, the seller of the option

has to trade the asset if the buyer demands it. Contracts of this type have been in use for

more than 2000 years. The works of Aristotle tell the story of the philosopher Thales, who

successfully predicted an extraordinarily fertile olive season. Confident of his predictions,

he paid for the right to use the olive press exclusively during the olive harvest. When the

abundance of these fruits increased the demand for presses, he rented them at a higher

price and thus earned some money (see [8]).

We can distinguish two basic types of options: call options and put options. The European

call options give their holders the right to buy a given asset for a prespecified amount of

money (strike price) at a prespecified time (maturity date), whereas the put European

options give the right to sell the asset. The buyer of a call option should exercise his/her

contract if the market price of the underlying asset at the maturity date is greater than

the strike price. When the strike price is greater than the current price of the underlying,

exercising the option would result in a loss. Thus, the option holder’s profit at the maturity

date can be described by the payoff function given by the formula:

h(ST ) = max(ST −K, 0), (1.1)

where K is the strike price and ST is the price of the underlying at the maturity date

T . Similarly, the put option should not be exercised if K < ST and therefore the payoff

function for this contract is given by the formula:

h(ST ) = max(K − ST , 0). (1.2)

The value of the European options at expiration is often presented in the so-called payoff

diagrams. These charts allow to easily visualize the payoffs of derivatives based on the

value of the underlying (as in Figure 1.1).

Both the formulas (1.1) and (1.2) and the Figure 1.1 indicate that the holder of the option

cannot lose money on this contract. The payoff never drops below zero. This means that

the options are completely riskless for their buyers. The sellers bear all the risk and for

this reason they need to be awarded with a premium, i.e., the amount paid for the contract
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Figure 1.1: Payoff diagrams of the European options. The initial price of the options was
not included.

by the holder.

The fair price of European options can be found analytically. In 1969 Fischer Black

and Myron Scholes proposed a model describing the dynamics of this price (see [3]). It

contained many assumptions about financial markets:

� the risk–free rate is known and constant and all participants of the market can lend

or borrow any amount of money at this rate,

� there is no arbitrage possibility, i.e. nobody can earn money without the risk other

than by lending money at the risk–free rate,

� any amount, even fractional, of the underlying assets can be bought or sold; short

selling is possible,

� there are no transaction costs on the underlying assets — the market is frictionless,

� the dynamics of the underlying asset price can by described by the geometric Brow-

nian motion.

The authors of the model spent a couple of years justifying it and in 1973 they published

the so–called Black–Scholes equation describing the dynamics of prices of European call

and put options (see e.g. [2], [3], [37]):

∂V (S, t)

∂t
+

1

2
σ2S2∂

2V (S, t)

∂S2
+ rS

∂V (S, t)

∂S
− rV (S, t) = 0,

where V is the price of the option, t is the time, S is the price of the underlying asset

at time t, σ is the volatility of the underlying and r is the risk–free rate. This equation,

along with the proper boundary conditions, is sufficient to find the closed–form formulas

for the prices of European options. The price of the call option is given by the following
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formula (see e.g. [2]):

V (S, T ) = SN

 log
(
S
K

)
+
(
r + σ2

2

)
T

σ
√
T

−Ke−rTN

 log
(
S
K

)
+
(
r − σ2

2

)
T

σ
√
T

,
where S is the initial asset price and N (·) is the cumulative distribution function of the

standard normal distribution. Similarly, for a put option, the price is given by the formula:

V (S, T ) = Ke−rTN

−
log
(
S
K

)
+
(
r − σ2

2

)
T

σ
√
T

− SN

−
log
(
S
K

)
+
(
r + σ2

2

)
T

σ
√
T

.
Black-Scholes model allows to price other types of options as well, for example binary

options. However, not for every option price the analytical solution has been found. One

of the examples of such contracts is the American option.

1.2 American options

American options are one of the most popular derivative financial instruments (see e.g.

[32] or [37]). They can be found in all significant financial markets, such as commodity,

equity, currency exchange, energy, credit and insurance markets (see [23]). They differ

from their European counterparts in the possibility of exercising them at any time from

signing the contract up to the maturity date T or at this date. This feature makes them

more interesting for research analysis and more difficult to price.

It is not clear when exactly the history of the American options began. However, in the late

17th century John Houghton published A Collection for the Improvement of Husbandry

where he described the then English financial market (see [32]). It was probably the first

decent description of securities trading in London. Houghton described a contract that

allowed its holder to buy a share on any day before a prespecified maturity date. Today,

such a contract would be considered an American option.

American options give their holders more rights and more possibilities to earn money

than European options. The ability to exercise at any time is certainly valuable for both

hedging and speculation purposes. For this reason, American options cannot be cheaper

than their European counterparts written on the same underlying with the same strike

price and maturity date. In fact, only if a no–dividend case is considered, the prices of the

European and American call options should be equal (see e.g. [2]). This is due to the fact

that the underlying asset price is assumed to increase over time and therefore call options

are not rationally exercised early.

The main issue with pricing other kinds of these contracts is deciding when is the right

time to exercise. Despite extensive research on the subject, there is no explicit solution for

this problem. The optimal exercise boundary, i.e., the set of underlying asset prices over

time for which the early exercise should occur, is not known a priori for the American

puts and must be found as a part of the solution to the problem of pricing the option.

The only American put option for which the analytical formula for the price is known is
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the so-called perpetual option, where the time to maturity is equal to infinity (see [37]).

Solving the problem of finding the optimal exercise boundary is significant from both a

theoretical and a practical point of view. On the theoretical side, this is the example of

the optimal stopping problem, which is often considered by mathematicians working with

optimization theory or stochastic analysis. On the practical side, it may not only be useful

for pricing derivatives but also for estimating the optimal time to, for example, sell a house

or build a power plant.

For these reasons, many attempts have been made to find a numerical solution to this

problem. Among the most popular methods of pricing American options, one can distin-

guish: bi– or trinomial trees, finite–difference and finite–element schemes or Monte Carlo

methods (see [23]).

There are many ways of valuing these derivatives and they all share one common feature:

the underlying asset price process is assumed to be time–discrete, as it is not possible to

simulate a time–continuous geometric Brownian motion using computers. This leads to a

situation where, instead of the American option, the so–called Bermuda option is priced.

Bermuda option is a contract that can be exercised only at some specified times before

expiration (see [37]). However, such simplification may be justified, as when the time

between the possible moments of exercising the option approaches zero, the price of the

Bermuda option should approach the price of the American option (see [23, 34]). There

is no consensus on which of these methods is the best. However, Monte Carlo methods

are sometimes considered as last resort methods because the result they give is a random

variable and they can be slow. Nevertheless, they may turn out to be very useful in the

valuation of more sophisticated derivatives.

1.3 Capped American options

Standard, or vanilla, American options along with standard European options are consid-

ered basic contracts of this type, unlike their exotic counterparts, such as barrier options

(see [36]). One of the possible modifications of standard American or European options

is adding a cap on their payoff function. One of the simplest examples of such contracts

are capped European options on the S&P 100 and S&P 500 indices introduced in 1991

by the Chicago Board of Options Exchange (see [5]). They were immediately exercised

when the closing index value exceeded a certain threshold (cap). Such instruments are

characterized by the limited risk of the seller and thus can be an interesting alternative

to the vanilla options for many investors. One of the advantages of these contracts is that

for both European and American version the analytical formulas for the price exist for

a zero- or low–dividend case (see [5]).

So far, different versions of the capped options have been examined. For example, Boyle

and Turnbull [4] analyzed long-term foreign currency contracts and their insensitivity

to the volatility parameter. Ott [27] has been working with capped American lookback

options. Broadie and Detemple [5] focused on pricing capped American calls with constant

and growing caps. Deng and Peng [9] used capped options to improve the Least Squares

Monte Carlo and binomial tree methods.
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However, little has been done for the options where the cap is not set on the payoff but on

the possible exercise time. One of the first such examples is the paper of Egloff, Farkas and

Leippold [10], who used numerical methods to price American options with stochastic stop-

ping time constraints, where the exercise of the option is restricted to specific conditions

being met. These conditions, defined in terms of the states of a Markov process, are linked

to a stochastic performance condition. As the authors noted, such performance-based

constraints play an important role in structuring new investment products and designing

executive stock option plans with exercise conditions tied, for example, to outperforming

a reference index. To some extent, the motivation for considering a time-capped option

is very similar: this thesis introduces a class of options that remain valid until they are

either terminated by the buyer or triggered by an event described above, whichever occurs

first. However, the difference in pricing is crucial. In [10] the buyer can only exercise the

option when a prespecified condition, associated with the performance of the underlying

asset, is satisfied. Therefore, it was possible to transform the constrained pricing problem

into an unconstrained optimal stopping problem that corresponds to a generalized barrier

option pricing and a stochastic Cauchy-Dirichlet problem.

Several authors have also explored the concept of time-capping in American options. In

[35], the random cap is a first hitting time of a fixed barrier by the underlying asset

price. In [27], the fixed time cap is examined for Russian and American look-back options.

Finally, there are other related works. For example, [39, 38] investigate Russian options

that terminate when the stock price hits its running maximum for the last time, as well

as American options that terminate when the stock price reaches a prespecified level for

the last time.

Time-cap is closely related to cancellable options, which are terminated early when a

specific event occurs. In fact, the price of the stopped option consists of the value of the

cancellable option and the discounted payoff (under the risk-neutral measure) at the event

time, provided the event happens before maturity. Typically, this event is described as

the first or last time when the underlying asset price reaches a specific threshold; see,

e.g., [14, 13] and references therein. Similar early termination features can be found in

game options (like, e.g., Israeli options) where the seller has the right to terminate the

contract early, subject to a fixed penalty paid to the buyer; see the seminal paper [17] and

subsequent works such as [24, 40, 41].

This thesis presents a novel approach to the time–capped instruments. The considered

American options are immediately exercised after a prespecified event occurs. Since they

are exercised and not terminated, the holders of such options can still receive a non-zero

payoff. We formulate closed-form price formulas for three types in this class of instruments.

We consider contracts where the time cap is the first or the last time when the underlying

asset exits some interval and the options terminated by drawdown, i.e., the first time when

the ratio between the current asset price and its historical maximum exceeds a certain level.

We consider a Lévy market where downward jumps of stock price may occur. We provide

analytical formulas for perpetual American time-capped put options. We do not consider

the call options here, as they are less interesting when working with spectrally negative

Lévy processes. The reason for this is that the downward jumps cannot move the process
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directly into the stopping region. Additionally, the calculations for the call options would

be very similar, so they would not contribute much to the thesis, while at the same time

significantly increase its length.

Additionally, we introduce a modified LSMC method which can handle all time-capped

American options with finite maturity and the time constraint defined as any stopping

time adapted to the natural filtration generated by the stock price process. Thus, we allow

a variety of new instruments to be introduced on the OTC financial markets. To the best

of our knowledge, the results presented here have not been analyzed or described before.

This thesis is organized as follows. In Section 1.4, we introduce the functions, symbols,

and notations used throughout the rest of the dissertation. In Chapter 2 we find the price

of the American put option capped by the first time when the underlying asset price exits

a predefined interval. In Chapter 3 we deal with the option capped by a drawdown event,

i.e., the first moment when the asset price drops below its historical maximum by a fixed

(relative) threshold. We first handle the simpler case in Section 3.1, where we consider

the Black-Scholes market. Then, in Section 3.2 we provide the price of such an instrument

when downward jumps can occur. Next, in Chapter 4 we consider an option stopped

when the underlying asset price exceeds a given threshold for the last time. Finally, in

Chapter 5 we propose a robust modified Least Squares Monte Carlo method capable of

numerically finding the prices of a wider class of the capped American options. We also

provide numerical results for the options considered earlier in this thesis.

1.4 Preliminaries

Consider a Lévy market where the asset price follows the process

St = eXt ,

with {Xt}t∈[0,∞) being a spectrally negative Lévy process and s = S0 representing the

initial asset price. Specifically, we define

Xt = x+ µt+ σBt −
Nt∑
k=1

Uk, (1.3)

where x = X0 = log s and σ ≥ 0. In (1.3) Bt is a Brownian motion, Nt is a homogeneous

Poisson process with intensity λ and {Uk}{k∈N} is a sequence of independent identically

distributed exponential random variables with mean ρ−1 > 0. We assume that Bt, Nt

and {Uk}{k∈N} are mutually independent and that all considered processes live in a com-

mon filtered probability space (Ω,F , {Ft}{t≥0},Q) with natural filtration {Ft}{t≥0} of Xt

satisfying the usual conditions. We allow λ = 0, which corresponds to the standard Black-

Scholes model. For simplicity, we assume that no dividends are paid to the holders of the

underlying asset.

The motivation for the choice of the model is two-fold. First, empirical evidence indicates

that asset returns are typically characterized by asymmetry and heavy-tailed behavior,

with downward jumps being more frequent and more severe than upward ones. Such
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features cannot be captured by the Gaussian framework, but they are naturally accom-

modated by spectrally negative Lévy processes, which allow for a diffusion component

together with negative jumps of arbitrary size. Second, from a mathematical perspective,

spectrally negative Lévy processes constitute a tractable class within the family of Lévy

processes. In particular, the fluctuation theory for this class is well developed and pro-

vides access to a range of explicit identities and analytical tools that are useful in financial

modeling. Hence, this modeling framework simultaneously preserves realistic asset price

dynamics and analytical tractability.

The Laplace exponent of the process Xt is defined as

Ψ(θ) =
1

t
logEQ

x e
θXt . (1.4)

The subscript x of the expected value here denotes that the process Xt starts from x, that

is, X0 = x. When λ is non-zero, the Laplace exponent is given by

Ψ(θ) = µθ +
σ2θ2

2
− λθ

θ + ρ
.

We assume that Q is a risk-neutral measure and e−rtSt is a Q-local martingale. It leads

to condition

Ψ(1) = r. (1.5)

To ensure this, we take

µ = r − σ2

2
+

λ

1 + ρ
.

As pointed out in Cont and Tankov [7], the introduction of jumps in asset price model-

ing leads to market incompleteness, since the randomness introduced by jumps cannot be

hedged using the underlying asset alone. In contrast to the classical Black-Scholes setting,

where the market is complete and the risk-neutral measure is uniquely determined, in

jump models, there exists an infinite family of equivalent martingale measures (EMMs).

Consequently, the no-arbitrage principle alone is insufficient to determine a unique option

price, and an additional modeling choice must be made to select a particular risk-neutral

measure.

In our setting, the martingale condition Ψ(1) = r must hold under the risk-neutral mea-

sure. However, this condition alone does not uniquely specify the measure because there

is more than one way to achieve it. In general, a change of measure in a jump-diffusion

framework involves not only modifying the drift, but also altering the jump intensity λ

and/or the distribution of jump sizes (e.g., the parameter ρ). Each such choice defines a

different EMM and hence leads to different option prices.

To address this non-uniqueness, we adopt a specific modeling convention for selecting the

risk-neutral measure. Following the approach introduced by Merton [25], we adjust only

the drift term µ to enforce the martingale condition, while keeping the jump parame-

ters λ and ρ, as well as the diffusion volatility σ, unchanged. This approach deliberately

avoids altering the structure or statistical properties of the jump component under the

risk-neutral measure. In doing so, we preserve the real-world jump behavior, interpret
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the jumps as a non-hedgeable source of risk, and isolate their contribution to derivative

pricing purely through their effect on the drift adjustment.

This convention effectively mimics the pricing logic of complete markets, even though the

underlying model is incomplete. It allows for analytical tractability, facilitates comparison

with the classical Black-Scholes framework, and is widely used in practice for its simplicity

and economic interpretability. Alternative risk-neutral measures—obtained, for example,

by tilting the jump size distribution or altering the jump intensity—are also valid and

may be better suited in contexts where jump risk premia are significant or empirically

observable. A comprehensive discussion of such alternatives and their implications for

pricing and hedging can be found in Chapter 10 of Cont and Tankov [7].

For r ≥ 0 we define a continuous function W (r) : [0,∞) → [0,∞), called r-scale function,

such that ∫ ∞

0
e−βxW (r)(x) dx =

1

Ψ(β)− r
for β > Φ(r), (1.6)

where Φ is the right-inverse function of Ψ, i.e.,

Φ(r) = sup{y ≥ 0 : Ψ(y) = q}.

With the first scale function we associate the second one given by

Z(r)(x) = 1 + r

∫ x

0
W (r)(y) dy. (1.7)

The scale functions play a key role in applications involving spectrally negative Lévy

processes, especially in problems related to exit times, ruin probabilities, and optimal

stopping. Although they are defined via the Laplace transform, they also have a clear

probabilistic interpretation and useful analytical properties.

First, W (r)(x) is zero for negative x, continuous, and strictly increasing for x ≥ 0. When

the process has unbounded variation — such as when a Brownian component is present —

W (r)(0) = 0. For processes of bounded variation, it starts from a strictly positive value at

zero. As the discount rate r increases, the function gets squeezed down, and in the limit

r → ∞, it tends to zero pointwise.

From a practical perspective, the scale function gives us a direct way to compute quantities

like the probability of exiting an interval before ruin, or the expected discounted time

of such events. For example, the ratio W (r)(x)/W (r)(a) tells us the probability (under

exponential discounting) that the process will reach a level a > x before falling below

zero. This makes scale functions particularly useful in risk theory, where they can represent

survival probabilities, and in finance, where they appear in the pricing of barrier-type and

American-style options.

Scale functions also provide building blocks for constructing value functions in a variety

of control problems, such as dividend optimization or capital injection strategies. In such

contexts, their increasing and convex behavior (in many cases) aligns well with economic

intuition: the further away the process is from a critical boundary (like ruin), the better

the expected outcomes. For reference, see e.g. [21] or [7].
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Lemma 1. The scale function for the process X defined by (1.3) is given by

W (r)(x) =

3∑
i=1

Cie
γix, (1.8)

where:

γ1 = 1, γ2/3 =
−1

2(ρσ2 + σ2)

(
2λ+ 2r + ρ2σ2 + ρσ2 + 2rρ± 2

√
ω
)
, (1.9)

and

ω = λ2 + λ(ρ+ 1)(2r + ρσ2) + (ρ+ 1)2
(
r − 1

2
ρσ2

)2

.

Furthermore,

C1 =
2(γ1 + ρ)

σ2(γ1 − γ2)(γ1 − γ3)
, C2 =

2(γ2 + ρ)

σ2(γ2 − γ1)(γ2 − γ3)
, (1.10)

C3 =
2(γ3 + ρ)

σ2(γ3 − γ1)(γ3 − γ2)
. (1.11)

Proof. From (1.4) and (1.6) it follows that the scale function is of the form (1.8) where

γi (i = 1, 2, 3) solve Ψ(γ) = r (see also e.g. [15, 42]). From (1.5) we can conclude that

γ1 = 1. Solving the remaining square equation we derive (1.9). Observing that (1.6) is

equivalent to

ρ+ θ
σ2

2 (θ − γ1)(θ − γ2)(θ − γ3)
=

3∑
i=1

Ci

θ − γi

gives (1.10) and (1.11).

Additionally

Z(r)(x) = 1 + r

∫ x

0
W (r)(y) dy =

3∑
i=1

rCi

γi
eγix. (1.12)

Note that
∑3

i=1
rCi
γi

= 1. Now, let us introduce a change of measure that will simplify

several calculations later on. This is achieved by changing the numéraire from the risk-

free asset e−rt to the underlying asset St = eXt , which induces a new probability measure

P.
In arbitrage pricing theory, a numéraire is any strictly positive, tradable asset that serves

as the unit in which all other asset prices are expressed. While asset prices are typically

quoted in units of a fixed currency (e.g., USD or EUR), this viewpoint can be generalized:

by choosing a different tradable asset as the reference unit, we can re-express all prices

relative to that asset. This idea forms the basis of the change of numéraire technique. The

change of numéraire is always accompanied by a change of probability measure, defined

via a Radon-Nikodym derivative that reflects the relative growth of the new and old

numeraires. In practice, this technique provides a powerful and flexible tool to reframe

pricing problems under a measure where the relevant quantities become easier to compute

or interpret.

Importantly, this new measure P is not to be interpreted as the historical or real-world
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measure. Rather, it is an auxiliary measure, introduced solely to facilitate analytical

computations. The transformation is defined via the Radon-Nikodym derivative:

dP
dQ

∣∣∣
Ft

=
eXt−rt

ex
.

Moreover, from [21, eq. (8.6)] we know that (X,P) is also a spectrally negative Lévy

process and its Laplace exponent is given by

ΨP(x) = Ψ(x+ 1)−Ψ(1) = Ψ(x+ 1)− r. (1.13)

Let us now define W (0) scale function for (X,P). We will denote it by W P:

∞∫
0

e−βxW P(x) dx =
1

ΨP(β)
for β > 0.

Since (1.13) holds, we can write:

∞∫
0

e−βxW P(x) dx =
1

Ψ(β + 1)− r
=

∞∫
0

e−xe−βxW (r)(x) dx.

This gives us:

W P(x) = e−xW (r)(x). (1.14)

Additionally:

ZP(x) = 1 + 0

x∫
0

W P(y) dy ≡ 1. (1.15)

From (1.14) it is clear that the coefficients of the scale function on P must satisfy the

following equalities:

W P(x) =

3∑
i=1

C̃ie
γ̃ix ⇐⇒ ∀i∈{1,2,3}C̃i = Ci and γ̃i = γi − 1

Additionally, by looking closer to the Laplace exponent, we get

ΨP(θ) = Ψ(θ + 1)−Ψ(1) = µ(θ + 1) +
σ2

2
(θ + 1)2 − λ(θ + 1)

θ + 1 + ρ
− r

=
σ2

2
θ2 + θ(µ+ σ2)− λ(θ + 1)

θ + 1 + ρ
+

σ2

2
+ µ− r =

σ2

2
θ2 + θ(µ+ σ2)− λ(θ + 1)

θ + 1 + ρ
+

λ

1 + ρ

=
σ2

2
θ2 + θ(µ+ σ2)− λρθ

(θ + 1 + ρ)(ρ+ 1)
=

σ2

2
θ2 + θ(µ+ σ2)− λρ

ρ+ 1

θ

θ + (ρ+ 1)
.
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Therefore, for (X,P) we have:

µ̃ = µ+ σ2,

λ̃ =
λρ

ρ+ 1
,

ρ̃ = ρ+ 1.

Now, since we allow for the case with λ = 0, we should also recalculate the scale functions

for such a scenario. Observe that with λ = 0, we get a simpler Laplace exponent

Ψ(θ) =

(
r − σ2

2

)
θ +

σ2θ2

2
.

Furthermore, the scale function of Xt is given by

W (r)(x) = C1e
x + C2e

γx,

where

γ = −2r

σ2

and

C1 =
1

r + σ2

2

, C2 =
−1

r + σ2

2

.
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Chapter 2

First passage cap

The main objective of this section is to derive a closed-form formula for the price of the

perpetual American put option capped by the first exit time. Such instrument resembles a

double barrier American option, previously studied by Gapeev in 2006, see [12]. However,

a key distinction is that if the underlying asset’s price falls below the lower barrier due to a

Poissonian jump, the option is exercised immediately rather than canceled. Consequently,

the option holder still receives a non-zero payoff.

Both sides benefit from this modification of the classical American payout: it mitigates

the risk for the option issuer by terminating the contract before the asset price falls

too low, while also providing the buyer with a hedge against losses. Unlike traditional

cancellation features, which might leave investors with nothing if the stock price drops too

much, this mechanism ensures a non-zero payout. The pricing model is constructed using

the guess-and-verify technique and relies on the Hamilton-Jacobi-Bellman framework. We

provide explicit formulas for the optimal stopping boundary and the option value, validated

through numerical analysis.

2.1 Main result

Let K be the strike price, L a lower and H an upper barrier of the process Xt, such that

the option is in force as long as L < Xt < H. We assume H > log(K) > L. We introduce

the exit time η as:

η = inf{t ≥ 0 : Xt /∈ (L,H)}.

Our goal is to identify the value function defined via the following optimization problem:

V (x) = sup
τ∈T

EQ
ex [e

−rτ∧η(K − Sτ∧η)
+], (2.1)

where T is the family of stopping times with respect to the natural filtration Ft of Xt. The

subscript ex of the expected value denotes here that the process St starts from ex. Thus,

the process Xt starts from x. Here, p∧ q = min(p, q) and p∨ q = max(p, q). Furthermore,

we want to identify the so-called optimal stopping rule τ∗ ∈ T for which the supremum

in (2.1) is attained.

To find the fair value of the option, we need to identify the optimal stopping time.
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Let us define a stopping time τ∗ as

τ∗ = inf{t ≥ 0 : Xt ≤ a∗}, (2.2)

where

a∗ = a ∨ L (2.3)

and a solves the following equation:

Z(r)(H − a) =
eH

K
. (2.4)

We will later show that this is the optimal stopping time.

Theorem 1. The value function defined in (2.1) is given by

V (x) = KZ(r)(x− a∗)− ex +
W (r)(x− a∗)

W (r)(H − a∗)

(
eH −KZ(r)(H − a∗)

)
for x ∈ (a∗, H).

(2.5)

Moreover, τ∗ defined in (2.2) is the optimal stopping time

Remark 1. We define the stopping region as the region for the asset price when the option

should be exercised, either optimally by the buyer or automatically by the cap feature. That

is, τ∗ = inf{t ≥ 0 : Xt ∈ D}. From this we can conclude that the solution to (2.1) on D is

given by V (x) = (K − ex)+. The continuation region is defined as the completion of the

stopping region. From Theorem 1 we have:

C = (a∗, H), D = C∁.

Let L be the extended generator of the process Xt, i.e.,

Lf(x) = µf ′(x) +
1

2
σ2f ′′(x) + λρ

∫ ∞

0
(f(x− y)− f(x)) e−ρy dy.

Lemma 2. Suppose that function V̂ ∈ C2(R\{a∗}). Assume that V̂ satisfies the following

HJB system of equations:

(LV̂ − rV̂ )(x) = 0 for H > x > a∗, (2.6)

(LV̂ − rV̂ )(x) ≤ 0 for x ≤ a∗, (2.7)

V̂ (x) = (K − ex)+ for x ≤ a∗, (2.8)

V̂ (x) > (K − ex)+ for H > x > a∗, (2.9)

V̂ (a∗) = (K − ea
∗
)+, (2.10)

V̂ ′(a∗) =
d

dx
(K − ex)+

∣∣
x=a∗

. (2.11)

Then V̂ (x) ≥ V (x) for every L < x < H.
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Proof. Assumed smoothness of V̂ along with equation (2.11) allow us to use Theorem 3.1

from [31] and write

e−rtV̂ (Xt) = V̂ (x) +

∫ t

0
e−ru

(
LV̂ − rV̂

)
(Xu) du

+

∫ t

0
e−ruV̂ ′(Xu)σ dBu +

∑
u≤t

e−ru
[
V̂ (Xu)− V̂ (Xu−)

]
− λ

∫ t

0
e−ru

∫ ∞

0

(
V̂ (Xu − y)− V̂ (Xu)

)
ρe−ρy dy du.

Let us now define Lt as

Lt =

∫ t

0
e−ruV̂ ′(Xu)σ dBu +

∑
u≤t

e−ru
[
V̂ (Xu)− V̂ (Xu−)

]
− λ

∫ t

0
e−ru

∫ ∞

0

(
V̂ (Xu − y)− V̂ (Xu)

)
ρe−ρy dy du.

Observe that the double integral in the second line is the compensator of the sum in the

first line (see [20, Thm. 3.4]). Moreover, from [16, eq. (4.34)] the integral over Bu is a

local martingale. Thus, Lt is a local martingale with a zero mean. Now, with (2.6) and

(2.7) we get

e−rtV̂ (Xt) ≤ V̂ (x) + Lt, t ≥ 0.

Then, by applying the expected value to both sides of the inequality we get

EQ
x [e

−rtV̂ (Xt)] ≤ V̂ (x).

Hence, e−rtV̂ (Xt) is a supermartingale and e−rtV̂ (x) is a superharmonic function that

dominates the payout. Now, from [30, (2.2.80), p. 49] we additionally know that V̂ is also

lower semi-continuous. It allows us to use [30, Thm. 2.7, p. 40] and claim that it is the

optimal solution to the considered stopping problem. Hence V̂ (x) ≥ V (x).

Now, let us define the first time of hitting the upper barrier H by θ

θ = inf{t ≥ 0 : Xt = H}.

Here, we want to introduce a candidate solution for the function V̂ (x) as

V̂ (x) =


0, x > H,

EQ
ex [e

−rτ∗∧η(K − Sτ∗∧η)
+], x ∈ C,

K − ex, x < a∗,

(2.12)

for τ∗ given in (2.2) and C defined in Remark 1.

Remark 2. If function V̂ that satisfies the HJB system from Lemma 2 exists, then V̂ (x) ≥
V (x). On the other hand, V is the supremum over all stopping times, so if we choose V̂

as in (2.12), that is, the expected value from (2.1) but for a specifically chosen stopping
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time, then clearly V̂ (x) ≤ V (x). Therefore, if we show that for V̂ the HJB system holds,

then V̂ (x) = V (x).

Going further, for x ∈ C

V̂ (x) = EQ
x

[
e−rτ∗∧η (K − eXτ∗∧η

)+]
= EQ

x

[
e−rτ∗∧θ (K − eXτ∗∧θ

)+]
= EQ

x

[
e−rθ

(
K − eH

)+ I{θ<τ∗}

]
+ EQ

x

[
e−rτ∗

(
K − eXτ∗

)
I{τ∗<θ}

]
= EQ

x

[
e−rτ∗

(
K − eXτ∗

)
I{τ∗<θ}

]
= KEQ

x

[
e−rτ∗I{τ∗<θ}

]
− EQ

x

[
eXτ∗−rτ∗I{τ∗<θ}

]
,

where I{ω} is the indicator function of event ω. The first expected value standing by K

is a known two-sided exit problem described e.g. in [21]. Following equation (8.12) from

[21] we can write

KEQ
x

[
e−rτ∗I{τ∗<θ}

]
= K

[
Z(r)(x− a∗)− Z(r)(H − a∗)

W (r)(x− a∗)

W (r)(H − a∗)

]
.

The second expected value is easy to calculate after changing the numéraire to the under-

lying asset. Observe that after switching to the P measure, we get

EQ
x

[
eXτ∗−rτ∗I{τ∗<θ}

]
= exEP

x

[
I{τ∗<θ}

]
= ex

[
ZQ(x− a∗)− ZQ(H − a∗)

WQ(x− a∗)

WQ(H − a∗)

]
= ex

(
1− eH−x W (r)(x− a∗)

W (r)(H − a∗)

)
= ex − eH

W (r)(x− a∗)

W (r)(H − a∗)
.

Finally,

V̂ (x) = KZ(r)(x− a∗)− ex +
W (r)(x− a∗)

W (r)(H − a∗)

(
eH −KZ(r)(H − a∗)

)
. (2.13)

Now, let us find such a that the function V̂ (x) satisfies equations (2.10) and (2.11). Observe

that if a < L, then V̂ (x) = K − ex in the neighborhood of a and therefore both equations

hold. We will check what happens when a > L. Firstly, let us write

V̂ (a) = KZ(r)(0)− ea +
W (r)(0)

W (r)(H − a)

(
eH −KZ(r)(H − a)

)
= K − ea.

This immediately proves (2.10). Moving forward to equation (2.11), we write

V̂ ′(x) = KZ ′(r)(x− a)− ex +
W ′(r)(x− a)

W (r)(H − a)

(
eH −KZ(r)(H − a)

)
= rKW (r)(x− a)− ex +

W ′(r)(x− a)

W (r)(H − a)

(
eH −KZ(r)(H − a)

)
.
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Since

W ′(r)(0) =
3∑

i=1

Ciγi =
2

σ2

(see [19, Lem. 3.2]), then

V̂ ′(a) = −ea +
2

σ2W (r)(H − a)

(
eH −KZ(r)(H − a)

)
.

From (2.10) we know that we search for such a that V̂ ′(a) = −ea. In other words, we need

to ensure that

eH −KZ(r)(H − a) = 0 (2.14)

which is equivalent to (2.4). □

Now, we need to verify that the candidate solution from equation (2.5) satisfies the system

from Lemma 2. We can immediately state that equations (2.10) and (2.11) hold from our

choice of a. Further, equation (2.8) holds directly from the choice of the candidate solution

in (2.12).

Now, we can easily check that for the scale functions W (r)(x) and Z(r)(x) defined in (1.8)

and (1.12), we have:

Lex = rex, LW (r)(x)− rW (r)(x) = 0 and LZ(r)(x)− rZ(r)(x) = 0. (2.15)

In the continuation region, the candidate function V̂ is a combination of functions W (x),

Z(x) and ex and therefore equation (2.6) holds. Observe that in the stopping region

candidate function V̂ (x) is either equal to 0 or to K − ex. In both cases LV̂ (x) = 0.

Therefore, (LV̂ − rV̂ )(x) is either equal to 0 or −rK, which proves (2.7). To prove (2.9)

observe that since condition (2.14) holds, we can rewrite (2.13) as:

V̂ (x) = KZ(r)(x− a∗)− ex +
W (r)(x− L)

W (r)(H − L)

(
eH −KZ(r)(H − L)

)
I{a<L}. (2.16)

From (1.7) it is clear that Z(r)(x) is a strictly increasing function (sinceW (r)(x) is positive)

and that Z(r)(x) > 1 for x > 0. If a < L then

eH −KZ(r)(H − L) > eH −KZ(r)(H − a) = 0.

Therefore
W (r)(x− L)

W (r)(H − L)

(
eH −KZ(r)(H − L)

)
I{a<L} ≥ 0.

Further,

KZ(r)(x− a∗)− ex > K − ex

which proves (2.9). Since all conditions from Lemma 2 are satisfied, the candidate V̂ (x)

is the optimal solution and Theorem 1 is proved. □
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Figure 2.1: Smooth paste of the option price V and the option payoff when L < a. The
term ”Projection” mentioned in the legend refers to the form of function V̂ defined on the
continuation region, applied to the stopping region.

2.2 Numerical analysis

In this section, we present charts comparing the option price V (x), with the payoff function

(K − ex)+. From the form of function given in equation (2.16), it is evident that the

option’s value is significantly influenced by whether the optimal threshold, a, is greater or

smaller than the lower barrier L. For our analysis, we choose the following set of option

parameters and market values: r = 0.05, σ = 0.2, ρ = 1, λ = 0.2, K = 100, eH = 130.

From (2.4) we get that the optimal stopping boundary is approximately 63. We will

consider two scenarios: one where L < a and the other where L > a.

In the first case, where L < a, the option should be exercised by the buyer before termi-

nation at the lower barrier—unless a jump occurs that takes the process from Xt− > a to

Xt < L. In this scenario, we observe smooth pasting of the function KZ(r)(x − a) − ex

and the payoff function (K − ex)+. The results for L = 60 are presented in Figure 2.1.

In contrast, when L > a option price pastes to the payoff function at S = eL, but not in

a smooth manner. However, condition (2.11) still holds, as in the neighborhood of a, the

function V (x) is equal to K − ex. The interaction between payoff and price for L = 70 is

shown in Figure 2.2.

Both figures show that even though boundary L does not appear explicitly in the value

function, it still significantly affects the option price. The buyer should know the relation-

ship between barriers a and L to make the right decision when to exercise.
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Figure 2.2: Smooth paste of the option price V and the option payoff when L > a. The
term ”Projection” mentioned in the legend refers to the form of function V̂ defined on the
continuation region, applied to the stopping region.
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Chapter 3

Drawdown cap

In this section, our study focuses on a non-deterministic time cap, where the termination

of the option is triggered by the asset price experiencing a drawdown that exceeds a fixed

threshold. Here, drawdown refers to the relative drop in the asset price compared to its

historical maximum. We derive a closed-form formula for the price of the American put

option under this random maturity condition and determine the corresponding optimal

exercise strategy.

Let us define the running maximum of the asset price as

St = ex ∨ sup
0≤u≤t

Su,

where ex is the historical maximum of the underlying asset price prior to the beginning of

the contract. For the fixed threshold c > 0 let

τD = inf

{
t ≥ 0 :

St

St
≥ ec

}
be the first time when the (relative) drawdown is greater than ec. In the main result of

this section we identify the closed-form formula for the price of the American put option

with the random maturity determined by a drawdown event given by

V (x, x) = sup
τ∈T

EQ
ex,ex

[
e−rτ∧τD(K − Sτ∧τD)

+
]
, (3.1)

for a family of stopping times T and fixed strike price K > 0. Here, the subscript denotes

that the process St starts from ex and St from ex. We restrict the domain of V to

D := {(x, x) ∈ R2 : x ≤ x}.
The first crucial step is to prove that the optimal stopping rule for (3.1) is the first

downward crossing epoch of some boundary depending on the running supremum.

Proposition 1. The optimal stopping time τ∗ is of the following form:

τ∗ = inf{t ≥ 0 : Xt ≤ a0(Xt)}

for some function a0.
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Proof. Let

D = {(x, x) ∈ R2 : V (x, x) = (K − ex)+}.

Note that

Zt = (Xt, Xt) (3.2)

is a Feller process. By [30, Thm. 2.7, p. 40 and (2.2.80), p. 49] it follows that

τ∗ = inf{t ≥ 0 : Xt ∈ D},

that is, D is a stopping region, where the option should be exercised immediately. Assume

there exist (x, x) ∈ D. We additionally assume that x < logK, otherwise the immediate

payout is null. Let τy and τx be the optimal stopping rule for starting point (y, x) and

(x, x) respectively. Observe that if y < x, then, for a chosen c, we have τD(y, x) ≤ τD(x, x),

where τD(x, x) denotes τD for the starting point (x, x). Further, we have:

V (y, x)− V (x, x)

= EQ
y,x[e

−rτy∧τD(y,x)(K − eXτy∧τD(y,x))+]− EQ
x,x[e

−rτx∧τD(x,x)(K − eXτx∧τD(x,x))+]

≤ EQ
y,x[e

−rτy∧τD(y,x)(K − eXτy∧τD(y,x))+]− EQ
x,x[e

−rτy∧τD(y,x)(K − eXτy∧τD(y,x))+]

= EQ[e−rτy∧τD(y,x)(K − ey+Xτy∧τD(y,x))+]− EQ[e−rτy∧τD(y,x)(K − ex+Xτy∧τD(y,x))+]

≤ EQ[e−rτy∧τD(y,x)(K − ey+Xτy∧τD(y,x))]− EQ[e−rτy∧τD(y,x)(K − ex+Xτy∧τD(y,x))]

= (ex − ey)EQ[e−rτy∧τD(y,x)+Xτy∧τD(y,x) ] = ex − ey.

Therefore we get

V (y, x)− V (x, x) ≤ ex − ey = (K − ey)− (K − ex)

and further

V (y, x) ≤ (K − ey) ≤ (K − ey)+.

On the other hand the payoff function of the option cannot be higher than its value

function, therefore

V (y, x) ≥ (K − ey)+.

This gives (y, x) ∈ D. This leads to the conclusion that for a certain x the optimal

stopping region can be achieved by the pair (Xt, Xt) when Xt drops down to some value

a0(Xt) before it reaches its past maximum.

The question remains if the optimal stopping region can also be achieved from below, when

both Xt and Xt hit some level for the first time. We will show that this is not possible.

Indeed, assume a contrario that there exists such threshold b that there exist x and x < b

such that (x, x) /∈ D and (b, b) ∈ D. Let us take a positive ε such that b− ε > x. Let θ be

the first time when the process Xt hits the level b− ε from below, i.e.,

θ = inf{t > 0 : Xt = b− ε}

and let τb be the first time when the process Xt hits the level b from below. Then θ < τb
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and eXθ < eXτb . Therefore

EQ
x,x[e

−rθ∧τD(x,x)(K − eXθ∧τD(x,x))+] ≥ EQ
x,x[e

−rτb∧τD(x,x)(K − eXτb∧τD(x,x))+]. (3.3)

But we assumed that τb is the optimal stopping rule and therefore it should dominate over

the expected value taken with a different stopping rule. Inequality (3.3) leads then to the

contradiction, which completes the proof.

3.1 Black-Scholes model

Let us first consider a scenario where we set λ = 0, thus simplifying the market to the

standard Black-Scholes setup.

3.1.1 Main result

The main theorems for the Black-Scholes setup in this section are as follows.

Theorem 2. The optimal stopping barrier is the first downward asset price time

τ∗ = inf{t ≥ 0 : Xt ≤ a∗}, (3.4)

where

a∗ = log

K

(
γ (eγc − ec)

(1− γ)ec

) W (r)(c)

W (r)′ (c)

. (3.5)

The option should be stopped either at Xt = a∗ or Xt = Xt − c, whichever occurs first.

Theorem 3. The value function V (x, x) is given by

V (x, x) =



(K − ex)+ for x < a∗ ∧ x− c

V1(x, x) + V2(x, x)
(
V3(x) + V4(x)V5

)
for x > x− c, x < a∗ + c,

V6(x, x) + V7(x, x)V8(x) for x > x− c, a∗ + c < x < log(K) + c,

0 for x > log(K) + c,
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where

V1(x, x) =
(
K − ea

∗
)(

Z(r)(x− a∗)− Z(r)(x− a∗)
W (r)(x− a∗)

W (r)(x− a∗)

)
,

V2(x, x) =
W (r)(x− a∗)

W (r)(x− a∗)
,

V3(x) =
(
K − ea

∗
)(

Z(r)(x− a∗)− Z(r)(c)
W (r)(x− a∗)

W (r)(c)

)
,

V4(x) =
W (r)(x− a∗)

W (r)(c)
,

V5 =
σ2

2

[
W (r)′(c)− W (r)(c)W (r)′′(c)

W (r)′(c)

]K

1− e
−W (r)′ (c)

W (r)(c)
(log(K)−a∗)

1− W (r)′ (c)
W (r)(c)

+

W (r)′ (c)
W (r)(c)

ea
∗

1− W (r)′ (c)
W (r)(c)

 ,

V6(x, x) =
(
K − ex−c

) [
Z(r)(x+ c− x)− Z(r)(c)

W (r)(c)
W (r)(x+ c− x)

]
,

V7(x, x) =
W (r)(x+ c− x)

W (r)(c)
,

V8(x) =
σ2

2

[
W (r)′(c)− W (r)(c)W (r)′′(c)

W (r)′(c)

]
K − ex,

+Ke
W (r)′ (c)
W (r)(c)

(x−log(K)−c)

(
ec − σ2

2

[
W (r)′(c)− W (r)(c)W (r)′′(c)

W (r)′(c)

])
.

By L we denote an infinitesimal generator of the Markov process Zt defined in (3.2), which

equals

Lf(x, x) =
(
r − σ2

2

)
∂

∂x
f(z) +

σ2

2

∂2

∂x2
f(z) for 0 < x < x

and the domain of this (full) generator includes the functions f ∈ C2
0(R) such that

∂

∂x
f(x, x) = 0 for x = x. (3.6)

In the next step, we prove the following verification lemma.

Lemma 3. Let V̂ (x, x) ∈ C2
0(R) be such that (3.6) holds. Assume that for some function

b,

(LV̂ − rV̂ )(x, x) = 0 for x > b(x), (3.7)

(LV̂ − rV̂ )(x, x) ≤ 0 for x ≤ b(x), (3.8)

V̂ (x, x) = (K − ex)+ for x ≤ b(x), (3.9)

V̂ (x, x) > (K − ex)+ for x > b(x), (3.10)
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V̂ (x, x)
∣∣
x=b(x)

= (K − eb(x))+, (3.11)

∂

∂x
V̂ (x, x)

∣∣
x=b(x)

=
∂

∂x
(K − ex)+

∣∣
x=b(x)

if b(x) < x− c. (3.12)

Then V̂ (x, x) ≥ V (x, x).

Remark 3. Conditions (3.11) and (3.12) are the so-called smooth paste conditions of the

value function. Note that condition (3.11) is mainly required to write (3.12) which is used

in the proof of Lemma 3.

Proof. Due to the assumed smoothness of V̂ , the smooth paste conditions (3.11) - (3.12)

and an appropriate version Itô’s theorem (see [11, p. 208]) we have

e−rtV̂ (Xt, Xt) = V̂ (x, x) + σ

∫ t

0
e−ru ∂

∂x
V̂ (Xu, Xu) dBu +

∫ t

0
e−ru ∂

∂x
V̂ (Xu, Xu) dXu

+

∫ t

0
e−ru

(
LV̂ (Xu, Xu)− rV̂ (Xu, Xu)

)
du

+
1

2

∫ t

0

(
∂

∂x
V̂ (x, x)

∣∣
x=b(x)

− ∂

∂x
(K − ex)+

∣∣
x=b(x)

)
dL(s),

where L is a local time of the process X − b(X) at 0. Now, requirement (3.6) guarantees

that the integral over dXu is zero, since Xt can only change when Xt = Xt. Similarly, the

smooth-paste conditions make sure that the integral over local time also vanishes. Finally,

relations (3.7) and (3.8) lead to the conclusion that the integral over dx, u is non-positive.

If we take the expectation of both sides, we get the following result

e−rtEQ
x,xV̂ (Xt, Xt) = V̂ (x, x) + σEQ

x,x

∫ t

0
e−ru ∂

∂x
V̂ (Xu, Xu) dBu

+ EQ
x,x

∫ t

0
e−ru

(
LV̂ (Xu, Xu)− rV̂ (Xu, Xu)

)
du ≤ V̂ (x, x)

since the integral over Brownian motion is a zero-mean Q-local martingale. Hence, by

the assumptions made, the process e−rt∧τD V̂ (Xt∧τD , Xt∧τD) = e−rt∧τD V̂ (Zt∧τD) is a su-

permartingale and V̂ (x, x) is a superharmonic function that dominates the payout. Now,

from [30, (2.2.80), p. 49] we additionally know that V̂ is also lower semi-continuous. It

allows us to use [30, Thm. 2.7, p. 40] and claim that it is the optimal solution to the

considered stopping problem. Hence V̂ (x, x) ≥ V (x, x).

Remark 4. In V̂ we chose a specific stopping time, as the first moment when the process

Xt reaches the stopping region. On the other hand, the form of V defined in (3.1) ensures

that an optimal strategy is chosen. As a result V̂ (x, x) ≤ V (x, x). Together with Lemma

3, we finally get V̂ (x, x) = V (x, x). If we manage to find such functions V̂ and b(x) that

satisfy the HJB system, then we know that we found the optimal stopping rule and the

fair value of the option. Moreover, these results are unique.

By Proposition 1 and Lemma 3 it follows now that it is sufficient to show that for τ∗

defined in (3.4) the value function

V̂ (x, x) = EQ
x,x[e

−rτ∗∧τD(K − Sτ∗∧τD)
+]
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satisfies all the assumptions of Lemma 3 with

� b(x) = a∗ where a∗ is defined in (3.5) when x < a∗ + c;

� b(x) = x− c when a∗ + c < x < log(K) + c.

Indeed, in this case V̂ (x, x) ≥ V (x, x) by Lemma 3 and V̂ (x, x) ≤ V (x, x) due to the fact

that we choose specific stopping rule.

Observe that when x ≥ log(K) + c and when x < a∗ then the option is immediately

exercised. In this case, the assertion of Theorem 2 is trivial and holds true.

When the second case holds, that is, when a∗+c ≤ x < log(K)+c, then the level a∗ cannot

be achieved by the process Xt since the drawdown event will happen first. Therefore, we

choose b(x) = x− c in Lemma 3.

We will first find the value function V̂ (x, x). We will do it via some fluctuation identities

using the scale functions. Let us recall from equations (2.15) that

LW (r)(x)− rW (r)(x) = 0 and LZ(r)(x)− rZ(r)(x) = 0.

3.1.2 The case when x < a∗ + c

We start from the case when x < a∗ + c, that is, when b(x) = a∗ in Lemma 3 with a∗

defined in (3.5). Let τ = τ∗ ∧ τD be the time then the option is stopped either optimally

or by the drawdown. Observe that in this case

V̂ (x, x) = EQ
x,x

[
e−rτ

(
K − eXτ

)+]
= EQ

x,x

[
e−rτ

(
K − eXτ

)+ I{τ−
a∗∨x−c

<τ+x }

]
(3.13)

+ EQ
x,x

[
e−rτ

(
K − eXτ

)+ I{τ−
a∗∨x−c

>τ+x }

]
= EQ

x,x

[
e−rτ−

a∗
(
K − ea

∗
)
I{τ−

a∗<τ+x }

]
+ EQ

x,x

[
e−rτ+x I{τ+x <τ−

a∗}

]
EQ
x,x

[
e−rτ

(
K − eXτ

)+]
= EQ

x,x

[
e−rτ−

a∗
(
K − ea

∗
)
I{τ−

a∗<τ+x }

]
+ EQ

x,x

[
e−rτ+x I{τ+x <τ−

a∗}

]
×
(
EQ
x,x

[
e−rτ−

a∗
(
K − ea

∗
)
I{τ−

a∗<τ+
a∗+c

}

]
+

+ EQ
x,x

[
e−rτ+

a∗+cI{τ−
a∗>τ+

a∗+c
}

]
EQ
a∗+c,a∗+c

[
e−rτD

(
K − eXτD

)
I{τD<τ+logK+c}

])
,

:= V1(x, x) + V2(x, x)
(
V3(x) + V4(x)V5

)
,

where

τ−x = inf{t ≥ 0 : Xt ≤ x} and τ+x = inf{t ≥ 0 : Xt ≥ x}.

The condition τD < τ+logK+c in V5 is necessary to ensure thatK ≥ eXτD so that
(
K − eXτD

)+
=(

K − eXτD

)
. Further in this chapter we will skip one subscript when both processes Xt

and Xt start from the same point, i.e., we will denote EQ
x f(Xt, Xt) := EQ

x,xf(Xt, Xt). We

will analyze the above components one by one. Using formula [26, eq. (2.4)] we get that

V1(x, x) = EQ
x,x

[
e−rτ

(
K − ea

∗
)
I{τ−

a∗<τ+x }

]
=
(
K − ea

∗
)(

Z(r)(x− a∗)− Z(r)(x− a∗)
W (r)(x− a∗)

W (r)(x− a∗)

)
(3.14)
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and

V3(x) = EQ
x

[
e−rτ−

a∗
(
K − ea

∗
)
I{τ−

a∗<τ+
a∗+c

}

]
=
(
K − ea

∗
)(

Z(r)(x− a∗)− Z(r)(c)
W (r)(x− a∗)

W (r)(c)

)
. (3.15)

From [26, eq. (2.3)] we also have that

V2(x, x) = EQ
x,x

[
e−rτ+x I{τ+x <τ−

a∗}

]
=

W (r)(x− a∗)

W (r)(x− a∗)
(3.16)

and

V4(x) = EQ
x,x

[
e−rτ+

a∗+cI{τ−
a∗>τ+

a∗+c
}

]
=

W (r)(x− a∗)

W (r)(c)
. (3.17)

To find the last component V5 = EQ
a∗+c

[
e−rτD

(
K − eXτD

)
I{τD<τ+logK+c}

]
we introduce the

following notations:

ηQ =
W (r)′(d)

W (r)(d)
, (3.18)

Fr,d(y) = ηQe−yηQ , y ∈ R+,

∆Q =
σ2

2

[
W (r)′(d)− 1

ηQ
W (r)′′(d)

]
. (3.19)

Now, by [26, eq. (3.11)] we obtain

V5 =EQ
a∗+c

[
e−rτD

(
K − eXτD

)
I{τD<τ+logK+c}

]
= KEQ

a∗+c

[
e−rτDI{τD<τ+logK+c}

]
− EQ

a∗+c

[
e−rτD+XτD I{τD<τ+logK+c}

]
= K

∫ logK+c

a∗+c
Fr,c(v − (a∗ + c))∆Q dv

−
∫ logK+c

a∗+c
ev−cFr,c(v − (a∗ + c))∆Q dv

= ∆Qe(a
∗+c)ηQ

(
K
(
e−(a∗+c)ηQ − e−(logK+c)ηQ

)
− e−c ηQ

1− ηQ

(
e(1−ηQ)(log(K)+c) − e(1−ηQ)(a∗+c)

))
= ∆Q

(
K

(
1− e−ηQ(log(K)−a∗)

1− ηQ

)
+

ηQea
∗

1− ηQ

)
. (3.20)

Inserting formulas (3.14)-(3.17) and (3.20) into (3.13) gives the price V̂ (x, x) which is in

C2
0 and it is a linear combination of the scale functions W and Z and therefore by (2.15)

condition we have that LV̂ − rV̂ (x, x) = 0 and conditions (3.7) and (3.8) are satisfied. We

recall that to have V̂ (x, x) in the domain of the generator L of the Markov process Zt (see

(3.6)) we need
∂

∂x
V̂ (x, x)

∣∣
x=x

= 0
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which we will show now. Observe that

∂

∂x
V̂ (x, x) =

∂

∂x
V1(x, x) + V5

(
V4(x)

∂

∂x
V2(x, x) + V2(x, x)

∂

∂x
V4(x)

)
+ V2(x, x)

∂

∂x
V3(x) + V3(x)

∂

∂x
V2(x, x).

Direct verification gives that for all x and x we have V4(x)
∂
∂xV2(x, x)+V2(x, x)

∂
∂xV4(x) = 0.

Therefore

∂

∂x
V̂ (x, x)

∣∣
x=x

= −
(
K − ea

∗
) Z(r)′(x− a∗)W (r)(x− a∗)−W (r)′(x− a∗)Z(r)(x− a∗)

W (r)(x− a∗)

− W (r)′(x− a∗)

W (r)(x− a∗)

(
K − ea

∗
)(

Z(r)(x− a∗)− Z(r)(c)

W (r)(c)
W (r)(x− a∗)

)

+
(
K − ea

∗
)(

Z(r)(x− a∗)− Z(r)′(c)

W (r)(c)
W (r)′(x− a∗)

)

=
K − ea

∗

W (r)(x− a∗)

(
W (r)′(x− a∗)Z(r)(x− a∗)− Z(r)′(x− a∗)W (r)(x− a∗)

−W (r)′(x− a∗)Z(r)(x− a∗) +
Z(r)(c)

W (r)(c)
W (r)(x− a∗)W (r)′(x− a∗)

+Z(r)′(x− a∗)W (r)(x− a∗)− Z(r)(c)

W (r)(c)
W (r)(x− a∗)W (r)′(x− a∗)

)
= 0

which gives (3.6).

We recall that in the first case b(x) = a∗. Observe that W (r)(0) = 0 and Z(r)(0) = 1.

Because of that, V1(a
∗, x) =

(
K − ea

∗)
and V2(a

∗, x) = 0. This immediately gives (3.11).

We will show that the smooth paste condition (3.12) holds, that is,

∂

∂x
V̂ (x, x)

∣∣
x=a∗

= −ea
∗
.

Observe that out of factors V1 to V5 only V1 and V2 are dependent on x. Therefore

∂

∂x
V̂ (x, x)

∣∣
x=a∗

=
∂

∂x
V1(x, x)

∣∣
x=a∗

+ (V3(x) + V4(x)V5)
∂

∂x
V2(x, x)

∣∣
x=a∗

.

Direct computations give

∂

∂x
V1(x, x)

∣∣
x=a∗

=
(
K − ea

∗
)(

−(1− γ)C1
Z(r)(x− a∗)

W (r)(x− a∗)

)

and
∂

∂x
V2(x, x)

∣∣
x=a∗

=
(1− γ)C1

W (x− a∗)
.
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Further,

∂

∂x
V̂ (x, x)

∣∣
x=a∗

=
(1− γ)C1

W (x− a∗)

[
−
(
K − ea

∗
)
Z(r)(x− a∗)

+
(
K − ea

∗
)(

Z(r)(x− a∗)− Z(r)(c)
W (r)(x− a∗)

W (r)(c)

)
+ V4(x)V5

]

=
(1− γ)C1

W (x− a∗)

[
−
(
K − ea

∗
)
Z(r)(c)

W (r)(x− a∗)

W (r)(c)
+

W (r)(x− a∗)

W (r)(c)
V5

]

=
(1− γ)C1

W (c)

[
∆Q

(
K

(
1− e−ηQ(log(K)−a∗)

1− ηQ

)
+

ηQea
∗

1− ηQ

)
− Z(r)(c)

(
K − ea

∗
)]

=
1− γ

ec − eγc

[
∆Q

1− ηQ

(
K
(
1− ηQ − e−ηQ(log(K)−a∗)

)
+ ηQea

∗
)
− eγc − γec

1− γ

(
K − ea

∗
)]

=
1− γ

ec − eγc

[
−
(
K − ea

∗
)(eγc − γec

1− γ
+

ηQ∆Q

1− ηQ

)
+

K∆Q

1− ηQ

(
1− e−ηQ(log(K)−a∗)

)]
.

Observe that
ηQ∆Q

1− ηQ
= −ec.

Therefore,

∂

∂x
V̂ (x, x)

∣∣
x=a∗

=
1− γ

ec − eγc

[(
K − ea

∗
)(

ec − eγc − γec

1− γ
+

)
+

Kec

ηQ

(
1− e−ηQ(log(K)−a∗)

)]
=

1− γ

ec − eγc

[(
K − ea

∗
) ec − eγc

1− γ
−Kec

ec − eγc

ec − γeγc

(
1− e−ηQ(log(K)−a∗)

)]
= −ea

∗
+K

[
1− (1− γ)ec

ec − γeγc

(
1− e−ηQ(log(K)−a∗)

)]
.

Now, a∗ given in (3.5) is chosen in such a way that

1− (1− γ)ec

ec − γeγc

(
1− e−ηQ(log(K)−a∗)

)
= 0

which completes the proof of Theorem 2 and the second case of Theorem 3. □

3.1.3 The case of a∗ + c < x < log(K) + c

We recall that in this case we choose b(x) = x− c in Lemma 3. Furthermore, we have

V̂ (x, x) = EQ
x,x

[
e−rτD

(
K − eXτD

)
I{τ−x−c

< τ+x }
]

+ EQ
x,x

[
e−rτ+x I{τ−x−c>τ+x }

]
EQ
x

[
e−rτD

(
K − eXτD

)
I{τD<τ+

log(K)+c
}

]
:= V6(x, x) + V7(x, x)V8(x).
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Now, we use [26, equations (2.3), (2.4), (3.11)] to get

V6(x, x) = EQ
x,x

[
e−rτD

(
K − eXτD

)
I{τ−x−c<τ+x }

]
=
(
K − ex−c

) [
Z(r)(x+ c− x)− Z(r)(c)

W (r)(c)
W (r)(x+ c− x)

]
,

V7(x, x) = EQ
x,x

[
e−rτ+x I{τ−x−c>τ+x }

]
=

W (r)(x+ c− x)

W (r)(c)
,

V8(x) = EQ
x

[
e−rτD

(
K − eXτD

)
I{τD<τ+

log(K)+c
}

]
= ∆QK − ex +Keη

Q(x−log(K)−c)
(
ec −∆Q

)
.

Observe that in this case V̂ (x, x) is again in C2
0 and it is a linear combination of the

scale functions W and Z and therefore by (2.15) we have that (LV̂ − rV̂ )(x, x) = 0 and

conditions (3.7) and (3.8) are satisfied. To have (3.6) satisfied, we need to verify that
∂
∂x V̂ (x, x)

∣∣
x=x

= 0. Note that

∂

∂x
V̂ (x, x)

∣∣
x=x

=

(
∂

∂x
V6(x, x) + V7(x, x)

∂

∂x
V8(x) + V8(x)

∂

∂x
V7(x, x)

)∣∣∣∣
x=x

=
(
K − ex−c

) [
−Z(r)′(c) +

Z(r)(c)

W (r)(c)
W (r)′(c)

]
− ex +KηQeη

Q(x−log(K)−c)
(
ec −∆Q

)
− W (r)′(c)

W (r)(c)

(
∆QK − ex +Keη

Q(x−log(K)−c)
(
ec −∆Q

))
.

We also have Z(r)′(c) = rW (r)(c) and W (r)′ (c)
W (r)(c)

= ηQ. Therefore

∂

∂x
V̂ (x, x)

∣∣
x=x

=
(
K − ex−c

) [
−Z(r)′(c) +

Z(r)(c)

W (r)(c)
W (r)′(c)

]
(3.21)

− ex
(
1− ηQ

)
− ηQ∆QK =

(
K − ex−c

) [
−Z(r)′(c) +

Z(r)(c)

W (r)(c)
W (r)′(c)

]

− ex
(
1− ηQ

)
− σ2

2
K
(
ηQW (r)′(c)−W (r)′′(c)

)
= K

 Z(r)(c)

W (r)(c)
W (r)′(c)− rW (r)(c)−

(
σW (r′)(c)

)2
2W (r)(c)

+
σ2

2
W (r)′′(c)


+ ex

(
rW (r)(c)e−c − Z(r)(c)

W (r)(c)
W (r)′(c)e−c − 1 +

W (r)′(c)

W (r)(c)

)
.

We will prove that both brackets are equal to zero. Note that Z(r)(c) = 1
1−γ (eγc− γec)
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and observe that:

Z(r)(c)

W (r)(c)
W (r)′(c)− rW (r)(c)−

(
σW (r′)(c)

)2
2W (r)(c)

+
σ2

2
W (r)′′(c) (3.22)

=
1

1− γ
(eγc − γec)

ec − γeγc

ec − eγc
− r

r + σ2

2

(ec − eγc)−
σ2

2

r + σ2

2

(
(ec − γeγc)2

ec − eγc

)
=

1

1− γ
(eγc − γec)

ec − γeγc

ec − eγc
+

γ

1− γ
(ec − eγc)− 1

1− γ

(
(ec − γeγc)2

ec − eγc

)
= − 1

r + σ2

2

(ec − eγc) +
(ec − eγc)−1

1− γ

×
[
ec(1+γ2) − γ(e2c + e2γc)− e2c − γ2e2γc + 2γec(1+γ) + e2c + γ2e2γc − (1 + γ2)ec(1+γ)

]
=

γ(ec − eγc)−1

1− γ

(
e2c + e2γc − 2ec(1+γ)

)
− 1

r + σ2

2

(ec − eγc)

= (ec − eγc)
1

1− 1
γ

− 1

1− 1
γ

(ec − eγc) = 0.

Additionally,

rW (r)(c)e−c − Z(r)(c)

W (r)(c)
W (r)′(c)e−c − 1 +

W (r)′(c)

W (r)(c)
= (3.23)

=
1

W (r)(c)

[
r(W (r)(c))2e−c − Z(r)(c)W (r)′(c)e−c −W (r)(c) +W (r)′(c)

]
=

C1e
−c

W (r)(c)

[
rC1(e

c − eγc)2 − 1

1− γ
(eγc − γec)(ec − γeγc)− ec(ec − eγc − ec + γeγc)

]
=

C1e
−c

W (r)(c)

[
1

1− γ

(
γe2c + γe2γc − ec(1+γ) − γ(e2c + e2γc − 2ec(1+γ))

)
+ (1− γ)ec(1+γ)

]
= 0.

Combining (3.21), (3.22) and (3.23) we get that ∂
∂x V̂ (x, x)

∣∣
x=x

= 0. This completes the

proof. □

3.1.4 Numerical analysis

In this section, we explore several properties of the options capped by drawdown. First,

Figure 3.1 illustrates the smooth-paste condition defined by equations (3.11) and (3.12).

The parameters are selected such that x < a∗+c, which allows us to observe the occurrence

of a drawdown event.

Next, Figure 3.2 demonstrates how the option price depends on the initial values X0 = x

and X0 = x. Notably, when x exceeds log(K) + c, the option becomes worthless unless

x < log(K). This is because, at such a level of x, it is no longer possible for the stock price

process to reach the strike before the option is terminated by the drawdown. Of course,

one can hypothetically consider a pair (x, x) such that the difference between them is

greater than c. In that case, the option is immediately exercised and its price is equal to

the immediate payoff. For x < log(K) + c, the plot shows a smooth pasting of the price

function to the payoff function.
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Finally, we perform a sensitivity analysis of both the stopping barrier and the option price

with respect to the volatility σ and the risk-free rate r. In Figure 3.3, we analyze the

optimal barrier ea
∗
of the underlying asset price process. It is evident that the barrier

increases with higher r and lower σ, indicating that an increase in the drift parameter of

Xt leads to an upward shift in the barrier.

Similarly, Figure 3.4 presents the sensitivities of the option price. In contrast to the

previous chart, we can see that the function increases with higher interest rate and lower

volatility. This behavior is intuitive: greater σ leads to higher uncertainty for the seller,

which has an effect on the risk premium. On the other hand, the decrease of r translates to

discount factors closer to 1 and in consequence: to higher present value of future payouts.

The relation between Figures 3.3 and 3.4 is also reasonable. The highest option price

coincides with the lowest optimal stopping barrier. This is logical, since reaching a lower

asset price can lead to a higher payout than if the contract were exercised earlier.

Figure 3.1: Smooth paste of the option price V and the option payoff. Parameters of the

model: r = 0.1, σ = 0.2, ec = 1.2, ex = K = 100.
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Figure 3.2: Option price depending on x and x. Note that the function is not defined for

x < x.

Figure 3.3: Stopping barrier ea
∗
of the underlying asset price process St depending on the

risk-free rate r and the volatility σ.
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Figure 3.4: Sensitivities of the option price depending on the risk-free rate r and the

volatility σ.

3.2 Jump-diffusion model

In this section, we no longer assume that λ = 0, thus allowing for the downward jumps.

In the main theorem of this part, we postulate the formula for the option price. First, we

start with claiming the form of the optimal stopping rule:

Theorem 4. The optimal stopping barrier is the first downward asset price time

τ∗ = inf {t ≥ 0 : Xt ≤ a∗} ,

where a∗ is the unique solution of equation (3.48). Moreover, we have V (x, x) = V̂ (x, x)

for the function V̂ (x, x) identified in Theorem 5.

Remark 5. By Proposition 1 we know that the optimal stopping rule τ∗ is of the one-

sided form. In the next step, we postulate that the optimal stopping boundary is even

more specific, namely, that

� b(x) = a∗ for some optimal a∗ when x < a∗ + c;

� b(x) = x− c when a∗ + c < x < log(K) + c.

We will calculate the value function

V̂ (x, x) = EQ
x,x[e

−rτ∗∧τD(K − Sτ∗∧τD)
+]

for this postulated stopping rule τ∗ and we will show that all the assumptions of Lemma 3

are satisfied for V̂ . Hence in this case V̂ (x, x) ≥ V (x, x) by Lemma 3 and V̂ (x, x) ≤ V (x, x)

due to the fact that we choose specific stopping rule. Thus, V̂ (x, x) = V (x, x) is a true

value function and τ∗ is the optimal stopping rule.
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Similarly as in Remark 4, from general stopping theory applied to the Markov process

(St∧τD , St∧τD) (see [30, Thm. 2.7, p. 40 and (2.2.80), p. 49]) it follows that the stopping

region is the set when the value function meets the payout function and hence it is unique

which is due to the existence of the value function V (x, x). In other words, our stopping

region is unique as well.

3.2.1 Main result

Theorem 5. The following holds.

For x > a∗ and x− x < c:

(i) If x < a∗ + c then we have

V̂ (x, x) = V1(x, x) + V2(x, x)(V3(x) + V4(x)(V5 + V6V7))

, where V1, V2, V3, V4, V5, V6, V7 are given in (3.26), (3.24), (3.27), (3.25), (3.31),

(3.34), (3.36), respectively.

(ii) If a∗ + c < x < log(K) + c then we have

V̂ (x, x) = V10(x, x) + V11(x, x)(V12(x) + V13(x)V7)

, where V10, V11, V12, V13 are given in (3.37), (3.38), (3.40), (3.41), respectively.

(iii) If x > log(K) + c then we have

V̂ (x, x) = V14(x, x) + V15(x, x)V16(x)

, where V14, V15, V16 are given in (3.44), (3.45), (3.46), respectively.

For x ≤ a∗ or x− x ≥ c:

(iv)

V̂ (x, x) = (K − ex)+ .

Proof. Assume first that x < a∗ + c. Then

V̂ (x, x) = EQ
x,x

[
e−rτ∧τD

(
K − eXτ∧τD

)+]
= EQ

x,x

[
e−rτ

(
K − eXτ

)
I{τ < τ+x }

]
+ EQ

x,x

[
e−rτ+x I{τ > τ+x }

] (
EQ
x

[
e−rτ

(
K − eXτ

)
I{τ < τ+a∗+c}

]
+ EQ

x

[
e−rτ+

a∗+cI{τ > τ+a∗+c}
]

×
(
EQ
a∗+c

[
e−rτD

(
K − eXτD

)
I{τD < τ+log(K)+c}

]
+ EQ

a∗+c

[
e
−rτ+

log(K)+cI{τD > τ+log(K)+c}
]

× EQ
log(K)+c

[
e−rτD

(
K − eXτD

)+]))
= V1(x, x) + V2(x, x)(V3(x) + V4(x)(V5 + V6V7)).

From [26, eq. (2.3)] we have that

V2(x, x) = EQ
x,x

[
e−rτ+x I{τ+x < τ}

]
=

W (r)(x− a∗)

W (r)(x− a∗)
(3.24)
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and

V4(x) = EQ
x

[
e−rτ+

a∗+cI{τ+a∗+c < τ}
]
=

W (r)(x− a∗)

W (r)(c)
. (3.25)

Now, from [26, eq. (2.4)], we get

V1(x, x) = EQ
x,x

[
e−rτ

(
K − eXτ

)
I{τ < τ+x }

]
= KEQ

x,x

[
e−rτ I{τ < τ+x }

]
− EQ

x,x

[
e−rτ+Xτ I{τ < τ+x }

]
= KEQ

x,x

[
e−rτ I{τ < τ+x }

]
− exEP

x,x

[
I{τ < τ+x }

]
= K

(
Z(r)(x− a∗)− Z(r)(x− a∗)

W (r)(x− a∗)

W (r)(x− a∗)

)

− ex
(
ZP(x− a∗)− ZP(x− a∗)

W P(x− a∗)

W P(x− a∗)

)
= K

(
Z(r)(x− a∗)− Z(r)(x− a∗)

W (r)(x− a∗)

W (r)(x− a∗)

)
−
(
ex − exW P(x− a∗)

W P(x− a∗)

)

= K

(
Z(r)(x− a∗)− Z(r)(x− a∗)

W (r)(x− a∗)

W (r)(x− a∗)

)
−

(
ex − exW (r)(x− a∗)

W (r)(x− a∗)

)
(3.26)

and

V3(x) = EQ
x

[
e−rτ

(
K − eXτ

)
I{τ < τ+a∗+c}

]
= KEQ

x

[
e−rτ I{τ < τ+a∗+c}

]
− EQ

x

[
e−rτ+Xτ I{τ < τ+a∗+c}

]
= KEQ

x

[
e−rτ I{τ < τ+a∗+c}

]
− exEP

x

[
I{τ < τ+a∗+c}

]
= K

(
Z(r)(x− a∗)− Z(r)(c)

W (r)(c)
W (r)(x− a∗)

)
− ex

(
ZP(x− a∗)− ZP(c)

W P(c)
W P(x− a∗)

)

= K

(
Z(r)(x− a∗)− Z(r)(c)

W (r)(c)
W (r)(x− a∗)

)
−
(
ex − exW P(x− a∗)

W P(c)

)

= K

(
Z(r)(x− a∗)− Z(r)(c)

W (r)(c)
W (r)(x− a∗)

)
−

(
ex − ea

∗+cW (r)(x− a∗)

W (r)(c)

)
.

(3.27)

Moving on to V5, observe that

V5 = EQ
a∗+c

[
e−rτD

(
K − eXτD

)
I{τD < τ+log(K)+c}

]
= KEQ

a∗+c

[
e−rτDI{τD < τ+log(K)+c}

]
− ea

∗+cEP
a∗+c

[
e−rτDI{τD < τ+log(K)+c}

]
.

Let us introduce the following notations to deal with last terms

R(r, dy) =

[
1

ηQ
W (r)′(y) dy −W (r)(y) dy

]
,

Xt = sup
0≤u≤t

Xu ∨ x,

Xt = inf
0≤u≤t

Xu,

Dt = Xt −Xt.
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By

Λ(y − c− dh) = λρeρ(y−c−h) dh, h ∈ (0,∞)

we denote the Lévy measure of the Lévy proc:ess Xt. Now, let us define the following two

events:

Ao = {XτD
≥ u; XτD ∈ dv;DτD− ∈ dy;DτD − c ∈ dh},

Ac = {XτD
≥ u; XτD ∈ dv;DτD− = c}.

The first one is associated with drawdown exceeding the threshold with a Poissonian jump,

the latter is related to the hitting the threshold by creeping. From [26, eq. (3.10, 3.11)]

we have

EQ
x

[
e−rτDIAo

]
=

W (r)((x− u) ∧ c)

W (r)(c)
FQ(v − (x ∨ (u+ c))) dvR(r, dy)Λ(y − c− dh).

EQ
x

[
e−rτDIAc

]
=

W (r)((x− u) ∧ c)

W (r)(c)
FQ(v − (x ∨ (u+ c)))∆Q.

We can represent events Ao and Ac as follows

A5
o = {XτD ∈ dv, v ∈ [a∗ + c, log(K) + c);DτD− ∈ dy, y ∈ [0, c) ;

DτD − c ∈ dh, h ∈ (0,∞)}.

A5
c = {XτD

≥ a∗; XτD ∈ dv, v ∈ [a∗ + c, log(K) + c); DτD = c}.

For the first event, A5
o, the first condition XτD

≥ u disappears as the jump sizes are

unbounded, allowing XτD
to be arbitrarily small. Additionally, observe that no matter if

we take u = −∞ or u = a∗, we get (a∗ + c− u)∧ c = c and a∗ + c∨ (u+ c) = a∗ + c. As a

result, we get W (r)((x−u)∧a∗)
W (r)(a∗)

= 1. This gives

EQ
a∗+c

[
e−rτDI{τD < τ+log(K)+c}

]
=

log(K)+c∫
a∗+c

FQ(v−(a∗+c)) dv

∆Q +

∞∫
0

c∫
0

R(r, dy)Λ(y − c− dh)

 .

The first integral equals

log(K)+c∫
a∗+c

FQ(v − (a∗ + c)) dv =

log(K)+c∫
a∗+c

ηQe−(v−(a∗+c))ηQ dv

= e(a
∗+c)ηQ

(
e−(a∗+c)ηQ − e−(log(K)+c)ηQ

)
= 1− e(a

∗−log(K))ηQ
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and the double integral from the square bracket is

∞∫
0

c∫
0

R(r, dy)Λ(y − c− dh) =

c∫
0

∞∫
0

[
ηQ−1W (r)′(y)−W (r)(y)

]
λρeρ(y−d−h) dhdy

= λe−ρc

∞∫
0

ρe−ρh dh

c∫
0

eρy
[
ηQ−1W (r)′(y)−W (r)(y)

]
dy

= λe−ρc

∞∫
0

ρe−ρh dh

c∫
0

eρy

[
ηQ−1

3∑
i=1

Ciγie
γix −

3∑
i=1

Cie
γix

]
dy

= λe−ρc
3∑

i=1

Ci

γi + ρ

(
γi
ηQ

− 1

)(
ec(γi+ρ) − 1

)
:= ΓQ. (3.28)

Observe that
∑3

i=1
Ci

γi+ρ = 0 since Ci =
2
σ2

γi+ρ
(γi−γj)(γi−γk)

for i, j, k ∈ {1, 2, 3}, i ̸= j, i ̸=
k, j ̸= k. Additionally,

λe−ρc
3∑

i=1

Ci

γi + ρ

γi
ηQ

= λe−ρc 1

ηQ

3∑
i=1

Ciγi
γi + ρ

= 0 (3.29)

because

3∑
i=1

Ciγi
γi + ρ

=
2

σ2

3∑
i=1

γi + ρ

(γi − γj)(γi − γk)

γi
γi + ρ

=
2

σ2

[
γ1

(γ1 − γ2)(γ1 − γ3)
+

γ2
(γ2 − γ1)(γ2 − γ3)

+
γ3

(γ3 − γ1)(γ3 − γ2)

]
=

2

σ2(γ1 − γ2)(γ1 − γ3)(γ2 − γ3)
[γ1(γ2 − γ3)− γ2(γ1 − γ3) + γ3(γ1 − γ2)] = 0.

Therefore, we can simplify ΓQ in the following way

ΓQ = λ
3∑

i=1

Ci

γi + ρ

(
γi
ηQ

− 1

)
eγic. (3.30)

To handle the expected value on P measure, we need to introduce the similar notations as

for Q measure:

ηP =
W P′

(c)

W P(c)
=

e−c
(
W (r)′(c)−W (r)(c)

)
e−cW (r)(c)

= ηQ − 1,

F P(y) = ηPe−yηP , y ∈ R+
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and

∆P =
σ2

2

[
W P′

(c)− ηP−1W P′′
(c)
]

=
σ2

2
e−c

W (r)′(c)−W (r)(c)−
W (r)(c)

(
W (r)′′(c)− 2W (r)′(c) +W (r)(c)

)
W (r)′(c)−W (r)(c)


=

σ2

2
e−c

W (r)′(c)−
W (r)(c)

(
W (r)′′(c)−W (r)′(c)

)
W (r)′(c)−W (r)(c)


=

σ2

2
e−c

(
W (r)′(c)− W (r)′′(c)−W (r)′(c)

ηQ − 1

)
=

ηQ

ηQ − 1

σ2

2
e−c

(
W (r)′(c)− W (r)′′(c)

ηQ

)

=
ηQ

ηQ − 1
e−c∆Q.

Finally, let

ΓP = λ̃e−ρ̃c
3∑

i=1

C̃i

γ̃i + ρ̃

(
γ̃i
ηP

− 1

)(
ec(γ̃i+ρ̃) − 1

)
= λ

ρ

ρ+ 1
e−ce−ρc

3∑
i=1

Ci

γi + ρ

(
γi − 1

ηQ − 1
− 1

)(
ec(γi+ρ) − 1

)
=

ρe−c

ρ+ 1

ηQ

ηQ − 1
λe−ρc

3∑
i=1

Ci

γi + ρ

(
γi − 1

ηQ
− ηQ − 1

ηQ

)(
ec(γi+ρ) − 1

)
=

ρe−c

ρ+ 1

ηQ

ηQ − 1
λe−ρc

3∑
i=1

Ci

γi + ρ

(
γi−
ηQ

− 1

)(
ec(γi+ρ) − 1

)
=

ρe−c

ρ+ 1

ηQ

ηQ − 1
ΓQ.

By combining everything together, we get

V5 = KEQ
a∗+c

[
e−rτDI{τD < τ+log(K)+c}

]
− ea

∗+cEP
a∗+c

[
e−rτDI{τD < τ+log(K)+c}

]
= K

[(
1− e(a

∗−log(K))ηQ
)(

∆Q + ΓQ

)]
− ea

∗+c
[(

1− e(a
∗−log(K))ηP

)(
∆P + ΓP

)]
= K

[(
1− e(a

∗−log(K))ηQ
)(

∆Q + ΓQ

)]
− ea

∗+c
[(

1− e(a
∗−log(K))ηQ+log(K)−a∗

)(
∆P + ΓP

)]
=
[(

K −Ke(a
∗−log(K))ηQ

)(
∆Q + ΓQ

)]
−
[(

ea
∗+c −Kece(a

∗−log(K))ηQ
)(

∆P + ΓP

)]
=
[(

K −Ke(a
∗−log(K))ηQ

)(
∆Q + ΓQ

)]
−
[(

ea
∗ −Ke(a

∗−log(K))ηQ
) ηQ

ηQ − 1

(
∆Q +

ρ

ρ+ 1
ΓQ

)]

= Ke(a
∗−log(K))ηQ

∆Q + ΓQ
ρ+1−ηQ

ρ+1

ηQ − 1
− ea

∗ ηQ

ηQ − 1

(
∆Q +

ρ

ρ+ 1
ΓQ

)
+K

(
∆Q + ΓQ

)
.

(3.31)

Now, let us consider an event, when the first drawdown of the process Xt starting from
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a∗ + c occurs after the process hits level log(K) + c. We can then split the time until

drawdown into two sub-intervals: from 0 to τ+log(K)+c and from τ+log(K)+c to τD. As time

before reaching log(K) + c is independent from time to first drawdown starting from

log(K) + c, we can write the following relation:

V6 = EQ
a∗+c

[
e
−rτ+

log(K)+cI{τD > τ+log(K)+c}
]

=
EQ
a∗+c

[
e−rτDI{supt∈(τ+

a∗+c
,τD)Xt ≥ log(K) + c}

]
EQ
log(K)+c [e

−rτD ]
:=

V9

V8
. (3.32)

Let us first handle the denominator. Again, we want to specify events Ao and Ac for V8:

A8
o = {XτD ∈ dv, v ∈ [log(K) + c,∞);DτD− ∈ dy, y ∈ [0, c) ;

DτD − c ∈ dh, h ∈ (0,∞)}.

A8
c = {XτD

≥ log(K); XτD ∈ dv, v ∈ [log(K) + c,∞); DτD = c}.

With these, we get the formula for V8 as follows

V8 =

∞∫
log(K)+c

FQ(v − (log(K) + c)) dv

∆Q +

∞∫
0

c∫
0

R(r, dy)Λ(y − c− dh)

 = ∆Q + ΓQ

as the first integral is equal to 1 and the double integral is the same as one derived for in

V5 in (3.28). On the other hand, from formula (3.3) from [26] we have:

V8 = Z(r)(c)− r
W (r)(c)2

W (r)′(c)

and therefore

∆Q + ΓQ = Z(r)(c)− r
W (r)(c)2

W (r)′(c)
. (3.33)

Similarly, using the same argument for P counterparts and applying the equality (1.15),

we get

∆P + ΓP = ZP(c)− 0 · W
P(c)2

W P′(c)
= 1.

Now, observe that for V9, event Ao is the same as for V8:

A9
o = A8

o = {XτD ∈ dv, v ∈ [log(K) + c,∞);DτD− ∈ dy, y ∈ [0, c) ;

DτD − c ∈ dh, h ∈ (0,∞)}.

and only the lower bound of XτD
changes for Ac in the following way:

A9
c = {XτD

≥ a∗; XτD ∈ dv, v ∈ [log(K) + c,∞); DτD = c}.
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Similarly to V8, we get

V9 =

∞∫
log(K)+c

FQ(v−(a∗+c)) dv

∆Q +

∞∫
0

c∫
0

R(r, dy)Λ(y − c− dh)

 = eη
Q(a∗−log(K))(∆Q+ΓQ).

Finally, by (3.32)

V6 =
V9

V8
= eη

Q(a∗−log(K)). (3.34)

For the last component of V , i.e., V7, we only need the event Ao. It is impossible to get a

non-zero payout from the option for the stock price starting from Kec, if the drawdown

does not occur by a Poissonian jump. Hence in this case

A7
o = {XτD ∈ dv, v ∈ (log(K) + c,∞);DτD− ∈ dy, y ∈ [0, c) ; (3.35)

DτD − c ∈ dh, h ∈ (v − c− log(K),∞)}.

and then

V7 = EQ
log(K)+c

[
e−rτD

(
K − eXτD

)+]
= KEQ

log(K)+c

[
e−rτDI{A7

o}
]
−KecEP

log(K)+c

[
I{A7

o}
]
.

Furthermore, note that

EQ
log(K)+c

[
e−rτDI{A7

o}
]
=

∞∫
log(K)+c

∞∫
v−c−log(K)

c∫
0

FQ(v − (log(K) + c))R(r, dy)Λ(y − c− dh) dv

=

∞∫
log(K)+c

∞∫
v−c−log(K)

c∫
0

ηQe−(v−(log(K)+c))ηQ

[
W (r)′(y)

ηQ
−W (r)(y)

]
λρeρ(y−c−h) dy dhdv

=

∞∫
log(K)+c

ηQe−(v−(log(K)+c))ηQ
∞∫

v−c−log(K)

ρe−ρh dhdv

c∫
0

λeρ(y−c)

[
W (r)′(y)

ηQ
−W (r)(y)

]
dy

= ΓQ

∞∫
log(K)+c

ηQe−(v−(log(K)+c))ηQeρ(log(K)+c−v) dv

= ΓQe
(ρ+ηQ)(log(K)+c) ηQ

ηQ + ρ

[
−e−v(ηQ+ρ)

]∞
log(K)+c

=
ηQΓQ
ηQ + ρ

e(ρ+ηQ)(log(K)+c)−(ρ+ηQ)(log(K)+c) =
ηQΓQ
ηQ + ρ

.

Similarly:

EP
log(K)+c

[
e−rτDI{A7

o}
]
=

ηPΓP
ηP + ρ̃

=

(
ηQ − 1

) ρe−c

ρ+1
ηQ

ηQ−1
ΓQ

ηQ − 1 + ρ+ 1
=

ρ

ρ+ 1

ηQΓQ
ηQ + ρ

e−c.

Finally:

V7 = K

(
ηQΓQ
ηQ + ρ

− ρ

ρ+ 1

ηQΓQ
ηQ + ρ

)
=

KηQΓQ
(ηQ + ρ) (ρ+ 1)

. (3.36)
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This completes the derivation of value function V for x < a∗ + c.

Let us now consider the case where a∗ + c ≤ x < log(K) + c. In this case we have

V̂ (x, x) = EQ
x,x

[
e−rτ∧τD

(
K − eXτ∧τD

)+]
= EQ

x,x

[
e−rτ−x−c

(
K − e

X
τ−
x−c

)
I{τ−x−c < τ+x }

]
+ EQ

x,x

[
e−rτ+x I{τ−x−c > τ+x }

] (
EQ
x

[
e−rτD

(
K − eXτD

)
I{τD < τ+log(K)+c}

]
+EQ

x

[
e
−rτ+

log(K)+cI{τlog(K+c)+<τD}
]
EQ
log(K)+c

[
e−rτD

(
K − eXτD

)+])
= V10(x, x) + V11(x, x)(V12(x) + V13(x)V7).

Observe that V7 appears in both cases when x is smaller or greater than a∗ + c.

Calculations of V10 are similar to calculations of V3:

V10(x, x) = EQ
x,x

[
e−rτ−x−c

(
K − e

X
τ−
x−c

)
I{τ−x−c < τ+x }

]
= KEQ

x

[
e−rτ−x−cI{τ−x−c < τ+x }

]
− exEP

x

[
I{τ−x−c < τ+x }

]
= K

(
Z(r)(x+ c− x)− Z(r)(c)

W (r)(c)
W (r)(x+ c− x)

)

− ex
(
ZP(x+ c− x)− ZP(c)

W P(c)
W P(x+ c− x)

)
= K

(
Z(r)(x+ c− x)− Z(r)(c)

W (r)(c)
W (r)(x+ c− x)

)
−

(
ex − exW (r)(x+ c− x)

W (r)(c)

)
.

(3.37)

Now, similarly to V2 and V4, we have:

V11(x, x) = EQ
x,x

[
e−rτ+x I{τ−x−c > τ+x }

]
=

W (r)(x+ c− x)

W (r)(c)
. (3.38)

The term V12 can be identified in the similar way as it was done for V5. We introduce

A12
o = {XτD ∈ dv, v ∈ (x, log(K) + c);DτD− ∈ dy, y ∈ [0, c) ;

DτD − c ∈ dh, h ∈ (0,∞)}

and

A12
c = {XτD

≥ x− c; XτD ∈ dv, v ∈ (x, log(K) + c); DτD = c}.
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Then

V12(x) = EQ
x

[
e−rτD

(
K − eXτD

)
I{τD < τ+log(K)+c}

]
= KEQ

x

[
e−rτDI{τD < τ+log(K)+c}

]
− exEP

x

[
I{τD < τ+log(K)+c}

]
= K

log(K)+c∫
x

FQ(v − x) dv
(
∆Q + ΓQ

)
− ex

log(K)+c∫
x

F P(v − x) dv
(
∆P + ΓP

)
= K

(
1− e−(log(K)+c−x)ηQ

)(
∆Q + ΓQ

)
− ex

[(
1− e−(log(K)+c−x)ηP

)(
∆P + ΓP

)]
= K

(
1− e−(log(K)+c−x)ηQ

)(
∆Q + ΓQ

)
− ex

[(
1− e−(log(K)+c−x)ηQKec−x

) ηQe−c

ηQ − 1

(
∆Q +

ρ

ρ+ 1
ΓQ

)]
= K

(
1− e−(log(K)+c−x)ηQ

)(
∆Q + ΓQ

)
− ηQ

ηQ − 1

[(
ex−c −Ke−(log(K)+c−x)ηQ

)(
∆Q +

ρ

ρ+ 1
ΓQ

)]
= K

(
1 +

e−(log(K)+c−x)ηQ

ηQ − 1

)(
∆Q + ΓQ

)
(3.39)

− ηQ

ηQ − 1

[
ex−c∆Q +

ΓQ

ρ+ 1

(
ρex−c +Ke−(log(K)+c−x)ηQ

)]
. (3.40)

Following the analysis of V6 changing the starting point of Xt from x to a∗ + c we can

write

V13 = EQ
x

[
e
−rτ+

log(K)+cI{τlog(K+c)+<τD}
]
= e−ηQ(log(K)+c−x). (3.41)

Now let us consider the case when x ≥ log(K) + c. Then

V̂ (x, x) = EQ
x,x

[
e−rτ∧τD

(
K − eXτ∧τD

)+]
= EQ

x,x

[
e−rτD

(
K − eXτD

)+ I{τD < τ+x }
]
(3.42)

+ EQ
x,x

[
e−rτ+x I{τ+x < τ−x+c}

]
Ex

[
e−rτD

(
K − eXτD

)+]
= V14(x, x) + V15(x, x)V16(x).

Observe, that in this case

EQ
x,x

[
e−rτDI{τD < τ+x }I{K > eXτD }

]
= EQ

x

[
e−rτ−x−cI{τ−x−c < τ+x }I{Xτ−x−c

< log(K)}
]
.

To calculate this expected value, we will use the following Gerber-Shiu measure

K(r)(a∗, x,dy,dz) = Ex

[
e−rτ−0 ; −Xτ−0

∈ dy; Xτ−0 − ∈ dz; τ−0 < τ+a∗
]

for x, z ∈ [0, a∗] and y ≥ 0. By [20, Thm. 5.5] we have

K(r)(a∗, x,dy,dz) =
W (r)(x)W (r)(a∗ − z)−W (r)(a∗)W (r)(x− z)

W (r)(a∗)
Λ(z + dy) dz.

Above, the Gerber-Shiu measure is associated with the first downward crossing of 0. The
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proof of [20, Thm. 5.5] is given for the classical Cramer-Lundberg risk process, but it

remains true without any changes for our Lévy process Xt given in (1.3). We are, on the

other hand, interested in the first time when the process starting from x hits the level

x − c. Using the stationarity and independence of increments of Lévy processes, we can

shift our starting point from x to x+ c− x and thus we can search for the first time then

Xt becomes negative. Additionally, to make the condition {Xτ−x−c
< log(K)} true, we

allow the undershoot y of our shifted process to take values from set (x− log(K)− c, ∞).

Thus, we get that

EQ
x

[
e−rτ−x−cI{τ−x−c < τ+x }I{Xτ−x−c

< log(K)}
]

=

∞∫
(x−log(K)−c

c∫
0

λρe−ρ(y+z)W
(r)(x+ c− x)W (r)(c− z)−W (r)(c)W (r)(x+ c− x− z)

W (r)(c)
dz dy.

The calculation of this double integral can be separated into three smaller single integrals.

Firstly,
∞∫

(x−log(K)−c

ρe−ρy dy = eρ(log(K)+c−x). (3.43)

Next,

c∫
0

e−ρzW (r)(c− z) dz =
3∑

i=1

Ci

c∫
0

eγic−z(γi+ρ) dz =
3∑

i=1

Cie
γic

c∫
0

e−z(γi+ρ) dz

=
3∑

i=1

Cie
γic

1− e−c(γi+ρ)

γi + ρ
.

Analogically, we have

c∫
0

e−ρzW (r)(x+ c− x− z) dz =

x+c−x∫
0

e−ρzW (r)(x+ c− x− z) dz

=

3∑
i=1

Cie
γic

1− e−(x+c−x)(γi+ρ)

γi + ρ

because W (r)(x) = 0 for x < 0. Combining everything together, we get

EQ
x

[
e−rτ−x−cI{τ−x−c < τ+x }I{Xτ−x−c

< log(K)}
]
= λeρ(log(K)+c−x)

×
3∑

i=1

Cie
γic

[
W (r)(x+ c− x)

W (r)(c)

1− e−c(γi+ρ)

γi + ρ
− eγi(x−x) 1− e−(x+c−x)(γi+ρ)

γi + ρ

]
.

In order to calculate EQ
x,x

[
e−rτD

(
K − eXτD

)+ I{τD < τ+x }
]
we also need to consider the
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following equality

EQ
x

[
e
X

τ−
x−c

−rτ−x−cI{τ−x−c < τ+x }I{Xτ−x−c
< log(K)}

]
= exEP

x

[
I{τ−x−c < τ+x }I{Xτ−x−c

< log(K)}
]

= exλ̃eρ̃(log(K)+c−x)
3∑

i=1

C̃ie
γ̃ic

[
W P(x+ c− x)

W P(c)

1− e−c(γ̃i+ρ̃)

γ̃i + ρ̃
− eγ̃i(x−x) 1− e−(x+c−x)(γ̃i+ρ̃)

γ̃i + ρ̃

]

=
Kρ

ρ+ 1
λeρ(log(K)+c−x)

3∑
i=1

Cie
γic

[
W (r)(x+ c− x)

W (r)(c)

1− e−c(γi+ρ)

γi + ρ
− eγi(x−x) 1− e−(x+c−x)(γi+ρ)

γi + ρ

]
.

Finally, observe that

V14(x, x) = EQ
x,x

[
e−rτD

(
K − eXτD

)+ I{τD < τ+x }
]

= KEQ
x

[
e−rτ−x−cI{τ−x−c < τ+x }I{Xτ−x−c

< log(K)}
]

− exEP
x

[
I{τ−x−c < τ+x }I{Xτ−x−c

< log(K)}
]
=

K

ρ+ 1
λeρ(log(K)+c−x)

×
3∑

i=1

Cie
γic

[
W (r)(x+ c− x)

W (r)(c)

1− e−c(γi+ρ)

γi + ρ
− eγi(x−x) 1− e−(x+c−x)(γi+ρ)

γi + ρ

]
.

(3.44)

Moving on to the penultimate expected value in (3.42), observe that

V15(x, x) = EQ
x,x

[
e−rτ+x I{τ+x < τ−x+c}

]
=

W (r)(x+ c− x)

W (r)(c)
(3.45)

as in (3.24) and (3.25).

Now, similarly to (3.35), we consider the event

A16
o = {XτD ∈ dv, v ∈ (x,∞);DτD− ∈ dy, y ∈ [0, c) ;

DτD − c ∈ dh, h ∈ (v − c− log(K),∞)}.

Thus, we can split the last expected value into

V16(x) = EQ
x

[
e−rτD

(
K − eXτD

)+]
= KEQ

x

[
e−rτDI{A16

o }
]
− exEP

x

[
I{A16

o }
]
.
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We start by calculating the expected value under Q

EQ
x

[
e−rτDI{A16

o }
]
=

∞∫
x

∞∫
v−c−log(K)

c∫
0

FQ(v − (log(K) + c))R(r, dy)Λ(y − c− dh) dv

=

∞∫
x

∞∫
v−c−log(K)

c∫
0

ηQe−(v−x)ηQ

[
W (r)′(y)

ηQ
−W (r)(y)

]
λρeρ(y−c−h) dy dhdv

=

∞∫
x

ηQe−(v−x)ηQ
∞∫

v−c−log(K)

ρe−ρh dhdv

c∫
0

λeρ(y−c)

[
W (r)′(y)

ηQ
−W (r)(y)

]
dy

= ΓQ

∞∫
x

ηQe−(v−x)ηQeρ(log(K)+c−v) dv = ΓQe
ρ(log(K)+c)+ηQx ηQ

ηQ + ρ

[
−e−v(ηQ+ρ)

]∞
x

=
ηQΓQ
ηQ + ρ

eρ(log(K)+c−x).

Redoing the calculation on the P measure and combining the results together, we get

V16(x) =
K

ρ+ 1

ηQΓQ
ηQ + ρ

eρ(log(K)+c−x). (3.46)

3.2.2 Optimal stopping threshold a∗

To find the optimal level a we choose a∗ satisfying condition (3.12), that is

∂

∂x
V̂ (x, x)

∣∣
x=a∗

= −ea
∗
. (3.47)

Theorem 6. There exists a unique optimal level a∗ satisfying (3.47) and it solves the

following equation

ea
∗+c − rK

W (r)(c)2

W (r)′(c)
− ηQea

∗

ηQ − 1

(
∆Q +

ρΓQ
ρ+ 1

)
+

Keη
Q(a∗−log(K))

ηQ − 1

(
∆Q +

ρΓQ
ρ+ 1

)
= 0,

(3.48)

where ηQ, ∆Q, ΓQ are given in (3.18), (3.19), (3.30), respectively.

Proof. We start the proof from observing that

∂

∂x
V̂ (x, x) =

∂

∂x
V1(x, x) + (V3(x) + V4(x)(V5 + V6V7))

∂

∂x
V2(x, x).

Furthermore,

∂

∂x
V1(x, x) = K

(
rW (r)(x− a∗)− Z(r)(x− a∗)

W (r)′(x− a∗)

W (r)(x− a∗)

)
−

(
ex − exW (r)′(x− a∗)

W (r)(x− a∗)

)
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and
∂

∂x
V2(x, x) =

W (r)′(x− a∗)

W (r)(x− a∗)
.

Note that W (r)(0) = 0, W (r)′(0) = 2
σ2 , Z

(r)(0) = 1. Now, by setting x = a∗, we get

∂

∂x
V1(x, x)

∣∣
x=a∗

=
−2KZ(r)(x− a∗)

σ2W (r)(x− a∗)
− ea

∗
+

2ex

σ2W (r)(x− a∗)

and that
∂

∂x
V2(x, x)

∣∣
x=a∗

=
2

σ2W (r)(x− a∗)
.

Combining everything together we have

∂

∂x
V (x, x)

∣∣
x=a∗

=
−2KZ(r)(x− a∗)

σ2W (r)(x− a∗)
− ea

∗
+

2ex

σ2W (r)(x− a∗)
+

2KZ(r)(x− a∗)

σ2W (r)(x− a∗)

− 2KZ(r)(c)

σ2W (r)(c)
− 2ex

σ2W (r)(x− a∗)
+

2ea
∗+c

σ2W (r)(c)
+

2

σ2W (r)(c)
(V5 + V6V7)

= −ea
∗
+

2ea
∗+c

σ2W (r)(c)

(
ea

∗+c −KZ(r)(c) + V5 + V6V7

)
.

In order to fulfill condition (3.47) (and (3.12)) we search for a∗ satisfying

ea
∗+c −KZ(r)(c) + V5 + V6V7 = 0. (3.49)

Now, using (3.33), we can rewrite the left-hand side of above equation as follows:

ea
∗+c −KZ(r)(c) + V5 + V6V7 = ea

∗+c −KZ(r)(c) +Ke(a
∗−log(K))ηQ

∆Q + ΓQ
ρ+1−ηQ

ρ+1

ηQ − 1

− ea
∗ ηQ

ηQ − 1

(
∆Q +

ρ

ρ+ 1
ΓQ

)
+K

(
Z(r)(c)− r

W (r)(c)2

W (r)′(c)

)

+
KηQΓQ

(ηQ + ρ) (ρ+ 1)
eη

Q(a∗−log(K)) = aa
∗+c − rK

W (r)(c)2

W (r)′(c)
− ηQea

∗

ηQ − 1

(
∆Q +

ρΓQ
ρ+ 1

)
+Keη

Q(a∗−log(K))

(
∆Q + ΓQ
ηQ − 1

− ηQ

ηQ − 1

ΓQ
ρ+ 1

+
ΓQη

Q

(ηQ + ρ)(ρ+ 1)

)
= ea

∗+c − rK
W (r)(c)2

W (r)′(c)
− ηQea

∗

ηQ − 1

(
∆Q +

ρΓQ
ρ+ 1

)
+

Keη
Q(a∗−log(K))

ηQ − 1

(
∆Q +

ρΓQ
ρ+ 1

)
.

This gives the equation (3.48). Using the intermediate value theorem we can prove that the

solution of equation (3.49) always exists. Indeed, observe that by taking some a instead of

a∗ above and then taking a → −∞, the last expression above becomes rKW (r)(c)2

W (r)′ (c)
, which
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is smaller than 0. On the other hand, with a = log(K), we get

ea+c −KZ(r)(c) + V5 + V6V7

∣∣
a=log(K)

= Kec − rK
W (r)(c)2

W (r)′(c)
− KηQ

ηQ − 1

(
∆Q +

ρΓQ
ρ+ 1

)
+

K

ηQ − 1

(
∆Q +

ρΓQ
ρ+ 1

)
= K

[
ec − r

W (r)(c)2

W (r)′(c)
−∆Q

+ ΓQ

(
ρ

(ηQ − 1)(ηQ + ρ)
− ρηQ

(ηQ − 1)(ρ+ 1)

)]
= K

[
ec − r

W (r)(c)2

W (r)′(c)
−∆Q − ΓQ

+
ηQΓQ

(ηQ + ρ)(ρ+ 1)

]
= K

[
ec − Z(r)(c) +

ηQΓQ
(ηQ + ρ)(ρ+ 1)

]
.

Note that Z(r)(0) = 1 for the function Z(r)(x) defined in (1.7) and hence
∑3

i=1
rCi
γ1

=

1. The function Z(r)(x) is then a weighted average of three exponential functions with

C2, C3, γ2, γ3 < 0. Therefore, using fact that γ1 = 1 (see (1.9)), we have ec − Z(r)(c) > 0

and hence above expression is strictly positive for a∗ = log(K). Thus indeed solution a∗

always exists.

3.2.3 Proof of the optimal stopping boundary form

In this section, we will prove Theorem 4. According to Remark 5, it is sufficient to show

that V̂ (x, x) is in the domain of the infinitesimal generator L, that is, that V̂ (x, x) ∈ C2
0(R)

and that the boundary condition (3.6) is satisfied, that is, that

∂

∂x
V̂ (x, x) = 0 for x = x.

Furthermore, we have to verify that all the conditions given in the verification Lemma 3

are satisfied.

The fact that V̂ (x, x) ∈ C2(R) follows from Theorem 5 and from the form of the scale

functions W (r)(x) and Z(r)(x) given in (1.8) and (1.7). The fact that V̂ (x, x) disappear

as x, x tend to infinity follows directly from the definition of V̂ (x, x). We will now verify

that the condition (3.6) holds true.

We start from the case x < a∗ + c for which we have

∂

∂x
V̂ (x, x) =

∂

∂x
V1(x, x) + V3(x)

∂

∂x
V2(x, x) + V4(x)(V5 + V6V7)

∂

∂x
V2(x, x)

+ V2(x, x)
∂

∂x
V3(x) + V2(x, x)(V5 + V6V7)

∂

∂x
V4(x).

Note that
∂

∂x
V2(x, x) =

−W (r)′(x− a∗)W (r)(x− a∗)

W (r)(x− a∗)2

and that
∂

∂x
V4(x) =

−W (r)′(x− a∗)

W (r)(c)
.

Therefore

V4(x)
∂

∂x
V2(x, x) + V2(x, x)

∂

∂x
V4(x) = 0.
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Additionally, we have

∂

∂x
V1(x, x) = KW (r)(x− a∗)

Z(r)′(x− a∗)W (r)(x− a∗)−W (r)′(x− a∗)Z(r)(x− a∗)

W (r)(x− a∗)2

+ ex
W (r)(x− a∗)W (r)(x− a∗)−W (r)′(x− a∗)W (r)(x− a∗)

W (r)(x− a∗)2

=
1

W (r)(x− a∗)2

[
W (r)(x− a∗)W (r)(x− a∗)

(
ex − rKW (r)(x− a∗)

)
+W (r)(x− a∗)W (r)′(x− a∗)

(
KZ(r)(x− a∗)− ex

)]
and that

∂

∂x
V3(x) = rKW (r)(x− a∗)−K

Z(r)(c)

W (r)(c)
W (r)′(x− a∗)− ex +

aa
∗+c

W (r)(c)
W (r)′(x− a∗).

Finally, putting all terms together,

∂

∂x
V̂ (x, x) =

∂

∂x
V1(x, x) + V3(x)

∂

∂x
V2(x, x) + V2(x, x)

∂

∂x
V3(x) =

−W (r)′(x− a∗)W (r)(x− a∗)

W (r)(x− a∗)2

×

[
K

(
Z(r)(x− a∗)− Z(r)(c)

W (r)(c)
W (r)(x− a∗)

)
− ex +

aa
∗+cW (r)(x− a∗)

W (r)(c)

]

+
W (r)(x− a∗)

W (r)(x− a∗)

[
rKW (r)(x− a∗)−K

Z(r)(c)

W (r)(c)
W (r)′(x− a∗)− ex +

aa
∗+c

W (r)(c)
W (r)′(x− a∗)

]
+

1

W (r)(x− a∗)2

[
W (r)(x− a∗)W (r)(x− a∗)

(
ex − rKW (r)(x− a∗)

)
+W (r)(x− a∗)W (r)′(x− a∗)

(
KZ(r)(x− a∗)− ex

)]
.

When we set x = x, all terms cancel out and the condition (3.6) is fulfilled.

We consider now the case of a∗ + c < x < log(K) + c. In this case, we have

∂

∂x
V̂ (x, x) =

∂

∂x
V10(x, x) + (V12(x) + V13(x)V7)

∂

∂x
V11(x, x)

+ V11(x, x)

(
∂

∂x
V12(x) +

∂

∂x
V13(x)V7

)
.

Further,

∂

∂x
V10(x, x)

∣∣
x=x

= −rKW (r)(c) + ηQ
(
KZ(r)(c)− ex

)
+ ex

and
∂

∂x
V11(x, x)

∣∣
x=x

= −W (r)′(c)

W (r)(c)
= −ηQ, V11(x, x) = 1.

Moreover, we have

∂

∂x
V13(x) = ηQe−ηQ(log(K)+c−x) = ηQV13(x)
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and

V7V13(x)
∂

∂x
V11(x, x)

∣∣
x=x

− V7V11(x, x)
∂

∂x
V13(x) = 0.

Furthermore,

∂

∂x
V12(x) = K

ηQ

ηQ − 1

(
∆Q + ΓQ

)
e−(log(K)+c−x)ηQ

− ηQ

ηQ − 1

[
ex−c∆Q +

ΓQ

ρ+ 1

(
ρex−c +KηQe−(log(K)+c−x)ηQ

)]
=

ηQ

ηQ − 1

[
Ke−(log(K)+c−x)ηQ

(
∆Q + ΓQ

(
1− ηQ

ρ+ 1

))
− ex−c

(
∆Q +

ρ

ρ+ 1
ΓQ

)]
.

This gives

∂

∂x
V̂ (x, x) =

∂

∂x
V10(x, x)

∣∣
x=x

+ V12(x)
∂

∂x
V11(x, x)

∣∣
x=x

+ V11(x, x)
∂

∂x
V12(x)

= −rKW (r)(c) + ex + ηQ
[
KZ(r)(c)− ex −K

(
∆Q + ΓQ

)
+ ex−c

(
∆Q +

ρ

ρ+ 1
ΓQ

)]
= −rKW (r)(c) + ex + ηQ

[
K

(
Z(r)(c)− Z(r)(c) +

rW (r)(c)

ηQ

)
− ex + ex−c

(
∆Q +

ρ

ρ+ 1
ΓQ

)]

= ex
(
1− ηQ

)
+ ηQex−c

(
∆Q +

ρ

ρ+ 1
ΓQ

)
= ex

[
1− ηQ + ηQe−c

(
∆Q +

ρ

ρ+ 1
ΓQ

)]
= ex

[
1− ηQ + (ηQ − 1)

(
ηQe−c

ηQ − 1
∆Q +

ρ

ρ+ 1

ηQe−c

ηQ − 1
ΓQ

)]
= ex

[
1− ηQ + (ηQ − 1)

(
∆P + ΓP

)]
= ex

[
1− ηQ + (ηQ − 1)

(
∆P + ΓP

)]
= ex(1− ηQ + ηQ − 1) = 0.

Thus, condition (3.6) is satisfied.

We now analyze the remaining case of log(K) + c < x. In this case, we have

∂

∂x
V̂ (x, x) =

∂

∂x
V14(x, x) + V15(x, x)

∂

∂x
V16(x) + V16(x)

∂

∂x
V15(x, x).

Further,

∂

∂x
V14(x, x) = −ρV14(x, x) +

K

ρ+ 1
λeρ(log(K)+c−x)

×
3∑

i=1

Cie
γic

[
−W (r)′(x+ c− x)

W (r)(c)

1− e−c(γi+ρ)

γi + ρ
− −γie

γi(x−x) − ρe−γic−ρ(x+c)+ρx

γi + ρ

]

Using (3.29) we get

∂

∂x
V14(x, x)

∣∣
x=x

=
Kλeρ(log(K)+c−x)

ρ+ 1

3∑
i=1

Cie
γic

γi + ρ

[
−ηQ + γi + (ρ+ ηQ)e−c(γi+ρ)

]
=

Kλeρ(log(K)+c−x)

ρ+ 1

[
ηQ

3∑
i=1

Cie
γic

γi + ρ

(
γi
ηQ

− 1

)
+

3∑
i=1

Ci(ρ+ ηQ)e−cρ

γi + ρ

]

=
KηQeρ(log(K)+c−x)

ρ+ 1
ΓQ = (ηQ + ρ)V16(x).
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Additionally, we have

∂

∂x
V15(x, x) =

−W (r)′(x+ c− x)

W (r)(c)
,

∂

∂x
V15(x, x)

∣∣
x=x

= −ηQ

and
∂

∂x
V16(x) = −ρV16(x).

This gives
∂

∂x
V̂ (x, x)

∣∣
x=x

= (ηQ + ρ)V16(x)− ηQV16(x)− ρV16(x) = 0

which completes the proof of condition (3.6).

In the final step, we will verify that all the conditions of the verification Lemma 2 are

satisfied.

First, observe that the scale functions W (r)(x) and Z(r)(x) defined as in (1.8) and (1.7)

fulfill condition (3.7). Additionally, ex also satisfies this condition, since γ1 = 1. Now,

if x > a∗, then for all three cases specified in Theorem 5, function Va∗(x, x) is just a

combination of W (r)(x), Z(r)(x) and ex. Thus, condition (3.7) holds.

Now, from the fourth case specified in Theorem 5 we can see that (LVa∗ − rVa∗)(x, x) =

−rK when x ≤ a∗. Therefore, condition (3.8) is satisfied as well. The form of function

Va∗(x, x) defined in Theorem 5 makes equation (3.9) directly to be satisfied for x ≤ a∗.

Let us first handle the smooth paste conditions before moving on to the fourth condition

of the HJB system. Note that equality (3.12) is true due to our choice of a∗ solving (3.49).

Furthermore, note that V1(a
∗, x) = K−ea

∗
and V2(a

∗, x) = 0, which implies that condition

(3.11) is satisfied.

Finally, to prove (3.10), we need to ensure that Va∗(x, x) dominates over the gain function.

Proposition 1 implies that the stopping region is reached by Xt process from above. On

the other hand, from conditions (3.11) and (3.12) we know that τ−a∗ is the first time when

the candidate for the value function equals its payoff. Let us consider the pair (x, x) =

(a∗+c, a∗+c). Note that in this case, we have V1(a
∗+c, a∗+c) = 0, V2(a

∗+c, a∗+c) = 1,

V3(a
∗+ c) = 0 and V4(a

∗+ c) = 1. Therefore, from (3.49) we get that Va∗(a
∗+ c, a∗+ c) =

KZ(r)(c) − ea
∗+c. On the other hand, the immediate payout if equal to K − ea

∗+c. By

(1.7) it immediately follows that Z(x) > 1 for all x > 0 which makes condition (3.10)

satisfied.

□

3.3 Numerical analysis

In this section, we analyze several properties of the options capped by drawdown. In

Figure 3.5, we present the smooth-pasting of the payoff and value functions, defined by

Equations (3.11) and (3.12). The term ”Projection”, mentioned in the legend, refers to

the form of the function V , defined on the continuation region, applied to the stopping

region. The chart confirms that the smooth-paste condition indeed holds.

Next, Figure 3.6 illustrates how the option price depends on the initial values X0 = x

and X0 = x. Half of the chart is set to zero due to domain limitation x ≤ x. The plot
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reveals an interesting behavior of the function, explained below, when both x and x are

sufficiently high. Figure 3.7 shows the same function, zoomed into the lower-right corner.

The first notable feature is the non-differentiability of the function at x = log(K) + c,

when x ∈ (log(K), log(K) + c). The explanation is straightforward: if x < log(K) + c, a

non-zero payout can still be achieved via diffusion, whereas for x > log(K)+ c, it can only

result from a Poissonian jump. Consequently, the structure of the value function changes,

leading to non-differentiability.

Additionally, we observe that for x > log(K)+c, the value function is zero when x < x−c,

which is expected, as the option is out of the money and immediately stopped by the

drawdown. However, for x > x− c, the value function increases with respect to x, which

might be surprising, since for x < log(K) + c it behaves in the opposite manner. This

can be explained by the fact that the higher the value of x, the longer it takes for the

drawdown to occur. As a result, the probability of observing a downward jump that causes

x to fall below log(K) increases.

Next, we perform a sensitivity analysis of both the stopping barrier and the option price

with respect to the volatility σ, the risk-free rate r, the jump size parameter ρ, and the

jump frequency parameter λ.

In Figure 3.8, we examine the optimal barrier ea
∗
of the underlying asset price process. It

is evident that the barrier increases with higher values of r and lower values of σ, indicating

that an increase in the drift parameter of Xt results in an upward shift of the barrier.

Figure 3.9 presents the sensitivities of the option price with respect to the risk-free rate

and volatility. It is clear that the highest price is obtained for the lowest values of r and

σ. However, it is also evident that for a high value of r = 0.5, the value function increases

with σ. This suggests that the impact of volatility on the option price depends on the

values of the other parameters.

A similar analysis is conducted for ρ and λ. Figure 3.10 shows that the optimal stopping

barrier decreases with increasing λ and decreasing ρ. This is intuitive, as a smaller ρ

implies a larger mean jump size. Likewise, the option price, presented in Figure 3.11, is

highest for the largest value of λ and the smallest value of ρ, which is sensible, since in such

a scenario the likelihood of the process Xt dropping significantly below log(K) increases.

Figures 3.12 and 3.13 present side views of the chart in Figure 3.11. There, we observe

that the option price grows exponentially as ρ decreases and linearly as λ increases. This

behavior can be explained by the fact that while λ controls the frequency of jumps, ρ

exponentially influences the jump sizes, affecting the payout after a jump occurs.
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Figure 3.5: Smooth paste of the option price V and the option payoff. Parameters of the
model: r = 0.1, σ = 0.2, ec = 1.2, ρ = 3, λ = 0.2, K = 100.

Figure 3.6: Option price depending on x and x. Note that the function is not defined for
x > x.
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Figure 3.7: Option price depending on x and x. Here, non-differentiability is clearly visible
for s = log(K) + c.

Figure 3.8: Stopping barrier ea
∗
of the underlying asset price process St depending on the

risk-free rate r and the volatility σ.
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Figure 3.9: Sensitivities of the option price depending on the risk-free rate r and the
volatility σ.

Figure 3.10: Stopping barrier ea
∗
of the underlying asset price process St depending on

the jump size ρ and the jump intensity λ.
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Figure 3.11: Sensitivities of the option price depending on the jump size ρ and the jump
intensity λ.

Figure 3.12: Sensitivities of the option price depending on the jump size ρ and the jump
intensity λ.
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Figure 3.13: Sensitivities of the option price depending on the jump size ρ and the jump
intensity λ.
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Chapter 4

Last passage cap

The main goal of this section is to find the closed-form formula for the price of the perpetual

American put option cancelled at the last passage time of the underlying above some fixed

level h. More formally, in this section we find the following value function

V (s) = sup
τ∈T

EQ
s [e

−rτ (K − Sτ )
+; τ < θ], (4.1)

where

θ = sup{t ≥ 0 : St ≥ h},

for some fixed threshold h > K. We will show that the optimal exercise time is of the

form

τa∗ = inf{t ≥ 0 : St ≤ a∗}. (4.2)

The threshold a∗ must be lower than the strike price K (and hence of the cancelling

threshold h) so that exercising the option can be profitable to the holder.

This work continues the research done by [13] where the authors also evaluate the American-

style option (4.1), but they do this by solving an appropriate HJB system of equations.

In [13] the underlying asset price was described by geometric Brownian motion, for which

the above approach is very natural due to the locality of the diffusive generator of the

asset price process St. Still, in the context of non-local generators, a ’guess-and-verify’

method used in this paper seems to be more efficient. To show the relationship of these

approaches, we also provide a connection of our results to the seminal HJB equations.

We will take

0 < a∗ < K. (4.3)

We denote

G(s) = (K − s)

((
h

s

)α

∧ 1

)
. (4.4)

For some negative α.
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4.1 Main result

Theorem 7. The random time τa∗ defined in (4.2) is the optimal stopping rule for problem

(4.1), where

a∗ =
K
(
σ2

2

∑3
i=2Ciγi(γi − 1) + α+ ρ

ρ−α

∑3
i=2Ciγi

[
r
(

1
γi

− 1
)
− σ2

2 (γi − 1)
])

σ2

2

∑3
i=2Ciγi(γi − 1)− (1− α) + ρ

ρ−α+1

∑3
i=2Ciγi

[
r
(

1
γi

− 1
)
− σ2

2 (γi − 1)
] .
(4.5)

Additionally, we also give the price of the considered option.

Theorem 8. The price of the perpetual American cancellable put option defined in (4.1)

equals

V (s) =
σ2

2

[
W (r)′

(
log

s

a∗

)
−W (r)

(
log

s

a∗

)]
G(a∗)

+

[
Z(r)

(
log

s

a∗

)
− σ2

2
W (r)′

(
log

s

a∗

)
−W (r)

(
log

s

a∗

)(
r − σ2

2

)]
× ρ

(
h

a∗

)α( K

ρ− α
− a∗

ρ− α+ 1

)
.

We start by transforming the value function V (s). Let Zt = Q(θ > t|Ft) be the conditional

survival process. Observe that we can alternatively present it as

Zt = Q(θ > t|Ft) = Q(sup
t≤s

Ss > h|Ft). (4.6)

Additionally, let us introduce a parameter α solving

Ψ(−α) = 0.

The above equation has three solutions and the only one that can possibly be negative,

that is,

α =
ρ

2
+

µ

σ2
−
√(ρ

2
− µ

σ2

)2
+

2λ

σ2
.

Observe that −1 < α. By definition (1.4) S−α
t is a martingale, therefore, by the optimal

stopping theorem

EQ
s

[
S−α

τ+h
I{τ+h <∞}

]
= s−α.

On the other hand, due to the lack of positive jumps, we have S−α

τ+h
= h−α. Therefore,

EQ
s

[
S−α

τ+h
I{τ+h <∞}

]
= h−αQ(τ+h < ∞).
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Then, by (4.6) we get

Zt =


(

h
St

)α
∧ 1, if α < 0,

1, if α ≥ 0

and

EQ
s [e

−rτ (K − Sτ )
+; τ < θ] = EQ

s

[
e−rτ (K − Sτ )

+

((
h

Sτ

)α

∧ 1

)]
.

Hence,

V (s) = sup
τ∈T

EQ
s [e

−rτG(Sτ )],

where the function G is defined in (4.4). The above representation is very convenient

from the point of general optimal stopping theory. However, we can still modify the above

representation. Observe that by [33, Thm. 31.5, p. 208]

Af(s) = µ̃sf ′(s) +
1

2
σ2s2f ′′(s) + λρ

∫ ∞

0

(
f(se−y)− f(s)

)
e−ρy dy

is the infinitesimal generator of the process St acting on C2
0(R), where

µ̃ = r +
λ

1 + ρ
.

Here, it is more convenient to work on the process St instead of Xt, therefore the generator

A differs from previously used L. Due to localization procedure A is extended generator

as well acting on C2(R). For s < K we denote

H(s) = AG(s)− rG(s) =

(
h

s

)α

(δs− rK)I{s<h} − rKI{s≥h}, (4.7)

where

δ = ασ2 − λ

1 + ρ
+

λρ

(ρ− α)(1 + ρ− α)
.

Let us also introduce the local time l
log(h)
t (X) of the process X at the point log(h) (see

e.g., [31]):

l
log(h)
t (X) = P− lim

ε↓0

1

2ε

∫ t

0
I{log(h)−ε<Xu<log(h)+ε} d< X >u .

The key representation of V (s) is given in the next lemma.

Lemma 4. The following holds true:

V (s) = G(s) + V ∗(s),

where

V ∗(s) = sup
τ∈T

EQ
log s

[∫ τ

0
e−rτH(eXu) du

+

∫ τ

0
e−rτh

(
G′(h+)−G′(h−)

)
I{eXu=h} dl

log(h)
t (X)

]
.
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Proof. By using the change-of-variable formula [31, Thm. 3.1] we have

e−rtG(St) = e−rtG(eXt)

= G(ex) +

∫ t

0
e−ruG′(eXu)eXu dXc

u −
∫ t

0
re−ruG(eXu) du

+
1

2

∫ t

0
e−ru

[
G′(eXu)eXu +G′′(eXu)e2Xu

]
d< Xc

u >

+
∑
u≤t

e−ru
[
G(eXu)−G(eXu−)

]
+

∫ t

0
e−rueXu

(
G′(h+)−G′(h−)

)
I{eXu=h} dl

log(h)
t (X)

= G(s) +

∫ t

0
e−ru

[
µSuG

′(Su)− rG(Su) +
1

2
σ2SuG

′(Su) +
1

2
σ2S2

uG
′′(Su)

]
du

+

∫ t

0
e−ruSuG

′(Su)σ dBu +
∑
u≤t

e−ru [G(Su)−G(Su−)]

+

∫ t

0
e−ruh

(
G′(h+)−G′(h−)

)
I{Su=h} dl

log(h)
t (X)

= G(s) +

∫ t

0
e−ru (AG− rG) (Su) du

+

∫ t

0
e−ruh

(
G′(h+)−G′(h−)

)
I{Su=h} dl

log(h)
t (X)

+

∫ t

0
e−ruSuG

′(Su)σ dBu +
∑
u≤t

e−ru [G(Su)−G(Su−)]

− λ

∫ t

0

∫ ∞

0

(
G(Sue

−y)−G(Su)
)
ρe−ρy dy du, (4.8)

where< Xc
t > is the quadratic variation of the continuous part ofXt process. Furthermore,

by [16, eq. (4.34), p. 47] and [20, Thm. 3.4, p. 18 and Rem. 3.5, p. 20] the sum of three

last increments of (4.8) is a zero-mean martingale. In fact it is a uniformly integrable (UI)

martingale. Indeed, this follows from triangle inequality, fact that
∫ t
0 e

−ruSuG
′(Su)σ dBu

is UI martingale and that

EQ
log s

[
sup
t≥0

∫ t

0
e−ru

∣∣H(eXu)
∣∣ du] < ∞ (4.9)

and

EQ
log s

[
sup
t≥0

∫ t

0
e−ru

∣∣G′(h+)−G′(h−)
∣∣ I(eXu = h) dllog(h)u (X)

]
< ∞. (4.10)

To show (4.9) observe that from equation (4.7) it follows that for 0 < s < h function H(s)

is continuous and hence bounded and for s ≥ h the function H(s) is constant. To prove

(4.10) note that

G′(h+)−G′(h−) = −α
h− k

h
.
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Furthermore,

EQ
log s

[
sup
t≥0

∫ t

0
e−ru dllog(h)u (X)

]
≤ EQ

log s

[∫ ∞

0
e−ru dllog(h)u (X)

]
< +∞.

Indeed, defining the sequence of consecutive downward passage times of a∗ by τ1(a
∗) = τa∗

and τk+1(a
∗) = inf{t > τk : St ≤ a∗} and recalling that our price process St is upward

skip-free (hence passing upward log s in a continuous way), from the Markov property of

St we have we have

EQ
log s

[∫ ∞

0
e−ru dllog(h)u (X)

]
≤ EQ

log s

[∫ τa∗

0
e−ru dllog(h)u (X)

](
1 +

∞∑
k=1

EQ
log se

−rτk(a
∗)

)

≤ EQ
log s

[∫ τa∗

0
e−ru dllog(h)u (X)

](
1 +

∞∑
k=1

(
EQ
log se

−rτa∗
)k)

< +∞

because

EQ
log s

[∫ τa

0
e−ru dllog(h)u (X)

]
≤ EQ

log sl
log(h)
τa (X) < +∞

by [22, Cor. 3.4].

The proof of the main assertion follows now from Optional Stopping Theorem.

The next step is the Verification Theorem, which allows us to identify V ∗(s).

Theorem 9. Suppose that function V̂ ∈ C2(R) except the point h and the point a∗ where

it is of class C1(R). Assume that V̂ satisfies the following HJB system of equations

(AV̂ − rV̂ )(s) ≤ −H(s), (4.11)

V̂ ′(h+)− V̂ ′(h−) = −(G′(h+)−G′(h−)). (4.12)

Then V̂ (s) ≥ V ∗(s).

Proof. First, we apply the change-of-variable formula to e−rτV (St) to get

e−rtV̂ (eXt) = V̂ (s) +

∫ t

0
e−ru

(
AV̂ − rV̂

)
(Su) du (4.13)

+

∫ t

0
e−ruh

(
V̂ ′(h+)− V̂ ′(h−)

)
I{Su=h} dl

log(h)
u (X)

+

∫ t

0
e−rua∗

(
V̂ ′(a∗+)− V̂ ′(a∗−)

)
I{Su=a∗} dl

log(a∗)
u (X)

+

∫ t

0
e−ruSuV̂

′(Su)σ dBu +
∑
u≤t

e−ru
[
V̂ (Su)− V̂ (Su−)

]
− λ

∫ t

0

∫ ∞

0

(
V̂ (Sue

−y)− V̂ (Su)
)
ρe−ρy dy du.

Note that
∫ t
0 e

−rua∗
(
V̂ ′(a∗+)− V̂ ′(a∗−)

)
I{Su=a∗} dl

log(a∗)
u (X) = 0 due to assumed smooth-

ness of V̂ at a∗. Further, let Lt is the sum of three last increments of (4.13). Note that
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Lt is a mean-one local martingale (see [16, eq. (4.34), p. 47]). Using (4.11) and (4.12),

we can conclude that

V̂ (s) + Lt ≥ e−rtV (eXt) +

∫ t

0
e−ruH(Su) du

+

∫ t

0
e−ruh

(
G′(h+)−G′(h−)

)
I{Su=h} dl

log(h)
u (X)

≥
∫ t

0
e−ruH(Su) du+

∫ t

0
e−ruh

(
G′(h+)−G′(h−)

)
I{Su=h} dl

log(h)
u (X).

Let (κn)n∈N be a localizing sequence for Lt. Using Optional Stopping Theorem, we can

write for any stopping time τ :

EQ
s

[∫ τ∧κn

0
e−ruH(Su) du+

∫ τ∧κn

0
e−ruh

(
G′(h+)−G′(h−)

)
I{Su=h} dl

log(h)
u (X)

]
≤ V (s) + EQ

s [Lτ∧κn ] = V̂ (s).

Now taking the limit with n tending to infinity and applying Lebesgue dominated conver-

gence theorem, we get:

EQ
s

[∫ τ

0
e−ruH(Su) du+

∫ τ

0
e−ruh

(
G′(h+)−G′(h−)

)
I{Su=h} dl

log(h)
u (X)

]
≤ V (s)

which completes the proof.

Now the main idea is to find the value function

Va∗(s) = EQ
s [e

−rτa∗ (K − Sτa∗ ); τa∗ < θ], s > a∗,

when the exercise time is the first passage downward time τ∗a of the asset price defined in

(4.2). We let

V̂ (s) = Va∗(s)−G(s) for s > a and 0 otherwise

for the unique 0 < a∗ < K (see assumption (4.3)) solving V̂ (s)
∣∣
s=a+

= 0 and V̂ ′(s)
∣∣
s=a+

=

0. In the final step, we will show that V̂ (s) satisfies all HJB conditions of the Verification

Theorem 9 and hence we get the assertion of the main Theorem 8.

We will prove now the following proposition.

Proposition 2. The value function Va∗(s) equals

Va∗(s) =
σ2

2

[
W (r)′

(
log

s

a∗

)
−W (r)

(
log

s

a∗

)]
G(a∗)

+

[
Z(r)

(
log

s

a∗

)
− σ2

2
W (r)′

(
log

s

a∗

)
−W (r)

(
log

s

a∗

)(
r − σ2

2

)]
×
∫ ∞

0
ρe−ρyG

(
a∗e−y

)
dy. (4.14)
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Proof. We start the proof from showing that

EQ
s

[
e−rτa∗ ;Sτa∗ = a∗

]
=

σ2

2

[
W (r)′

(
log

s

a∗

)
−W (r)

(
log

s

a∗

)]
(4.15)

and

EQ
s

[
e−rτa∗ ;Sτa∗ < a∗

]
(4.16)

=

[
Z(r)

(
log

s

a∗

)
− σ2

2
W (r)′

(
log

s

a∗

)
−W (r)

(
log

s

a∗

)(
r − σ2

2

)]
.

Indeed, denoting τ−b = inf{t ≥ 0 : Xt < b}, from [42] we have

EQ
y [e

−rτ−0 ] = Z(r)(y)− rW (r)(y) = Z(r)(y)− rW (r)(y)

and from [21]:

EQ
y [e

−rτ−0 ;Xτ−0
= 0] =

σ2

2

[
W (r)′ (y)−W (r) (y)

]
.

Now (4.15) and (4.16) follows directly from the fact that St = seXt .

In order to find the option price V (S) = EQ [e−rτG(Sτ )] we consider two possible scenarios:

either the underlying price hits the threshold a∗ or it drops below the threshold a∗ by a

jump. If St creeps at a
∗, then G(Sτ ) = G(a∗) and therefore

EQ
s

[
e−rτG(Sτ );Sτ = a

]
= EQ [e−rτ ;Sτ = a

]
G(a∗)

=
σ2

2

[
W (r)′

(
log

s

a∗

)
−W (r)

(
log

s

a∗

)]
G(a∗).

In the second scenarioXτa∗ < log(a∗) and the undershoot log(a∗)−Xτa∗ has an exponential

distribution with parameter ρ due to the lack of memory of this distribution. Additionally,

this size of the undershoot is independent of time τ . Observe that in (3.43) the integral

over the exponential jump size is independent of the rest of the Gerber-Shiu measure.

Here, the situation is analogical. Thus

EQ
s

[
e−rτG(Sτ );Sτ < a∗

]
= EQ

s

[
e−rτ ;Sτ < a∗

]
EQ
s

[
G(eXτ );Sτ < a∗

]
= EQ

s

[
e−rτ ;Sτ < a∗

]
EQ
s

[
G(elog(a

∗)−U );Sτ < a∗
]

=

[
Z(r)

(
log

s

a∗

)
− σ2

2
W (r)′

(
log

s

a∗

)
−W (r)

(
log

s

a∗

)(
r − σ2

2

)]
×
∫ ∞

0
ρe−ρyG

(
a∗e−y

)
dy

=

[
Z(r)

(
log

s

a∗

)
− σ2

2
W (r)′

(
log

s

a∗

)
−W (r)

(
log

s

a∗

)(
r − σ2

2

)]
× ρ

(
h

a∗

)α( K

ρ− α
− a∗

ρ− α+ 1

)
.

Using Va∗(s) = EQ
s [e

−rτa∗G(Sτa∗ )] and the above identities completes the proof.

We are now ready to give the proof of the main result of this section.
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Proof of Theorem 8. We recall that

V̂ (s) =

Va∗(s)−G(s), if s > a∗

0, if 0 < s ≤ a∗

for Va∗(s) defined in (4.14) and a∗ solving V ′
a∗(s)

∣∣
s=a∗+

= 0. We will show that all equations

in HJB system given in Verification Theorem 9.

By [19, Thm.3.10] both scale functions W (r) and Z(r) belong to C2(R). Hence by (4.14),

Va∗(s) ∈ C2(R \ {a∗, h}) and of class C1(R) at a∗ by the choice of a∗. Moreover,

V̂ ′(h+)− V̂ ′(h−) = V ′(h+)− V ′(h−)− (G′(h+)−G′(h−)) = −(G′(h+)−G′(h−))

and hence (4.12) is satisfied.

Observe that the only candidate for 0 < a∗ < K which satisfies condition

V ′
a∗(s)

∣∣
s=a∗+

= 0 is given as a solution of the following equation

1

a∗

(
h

a∗

)α [σ2

2
(K − a∗) [C2γ2(γ2 − 1) + C3γ3(γ3 − 1)] (1− α)a∗ + αK

+ρ

(
K

ρ− α
+

a∗

ρ− α+ 1

)
×

3∑
i=2

Ciγi

(
r

(
1

γi
− 1

)
− σ2

2
(γi − 1)

)]
= 0

and hence is given in (4.5). We still have to verify if 0 < a∗ < K. To do so, we rewrite

the representation (4.5) of a∗ as follows:

a∗ = K +K
1 + ρ

(ρ−α)(ρ−α+1)

∑3
i=2Ciγi

[
r
(

1
γi

− 1
)
− σ2

2 (γi − 1)
]

(α− 1) +
∑3

i=2Ciγi

[
rρ

ρ−α+1

(
1
γi

− 1
)
+ σ2

2 (γi − 1)
(
1− ρ

ρ−α+1

)] . (4.17)

Further,

C2γ2(γ2 − 1) =
ρ+ 1

ω
(γ2 + ρ), C3γ3(γ3 − 1) = −ρ+ 1

ω
(γ3 + ρ) (4.18)

and

−γ2 < ρ < γ3; (4.19)

see e.g. [42]. Therefore, we can see that the right-hand sides of equations in (4.18) are

positive, which means that also the left-hand sides are also positive. As both γ2 and γ3

are negative, it means that both C2 and C3 are also negative. By virtue of the fact that∑3
i=2Ci

[
r
(

1
γi

− 1
)
− σ2

2 (γi − 1)
]
= 1 we can see that:

C2

[
r

(
1

γ2
− 1

)
− σ2

2
(γ2 − 1)

]
= −C3

[
r

(
1

γ3
− 1

)
− σ2

2
(γ3 − 1)

]
.

Now by (4.19)

C2γ2

[
r

(
1

γ2
− 1

)
− σ2

2
(γ2 − 1)

]
> −C3γ3

[
r

(
1

γ3
− 1

)
− σ2

2
(γ3 − 1)

]
.
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which gives
3∑

i=2

Ciγi

[
r

(
1

γi
− 1

)
− σ2

2
(γi − 1)

]
> 0.

This leads to the conclusion that the numerator of the rhs of (4.17) is strictly positive.

Moreover, since γ1 and γ2 are negative and −1 < α < 0, we know that its denominator is

negative. This immediately gives a∗ < K. To show that a∗ > 0, we need to verify that

the numerator plus the denominator is smaller than 0, that is, that

1 +
ρ

(ρ− α)(ρ− α+ 1)

3∑
i=2

Ciγi

[
r

(
1

γi
− 1

)
− σ2

2
(γi − 1)

]

+ (α− 1) +
3∑

i=2

Ciγi

[
rρ

ρ− α+ 1

(
1

γi
− 1

)
+

σ2

2
(γi − 1)

(
1− ρ

ρ− α+ 1

)]

= α+

3∑
i=2

Ciγi

[
ρ

ρ− α
r

(
1

γi
− 1

)
+

σ2

2
(γi − 1)

(
1− ρ

ρ− α

)]
< 0.

This follows from the fact that α,C2, C3, γ2, γ3 are all strictly negative.

Now, note that e−rt∧τa∗ V̂ (St∧τa∗ ) is a martingale. Indeed, from [1, Rem. 5] we know

that e−rt∧τa∗∧τ+b W (r)(St∧τa∗∧τ+b
) and e−rt∧τa∗∧τ+b Z(r)(St∧τa∗∧τ+b

) are martingales where

τ+b inf{t ≥ 0 : St ≥ b}. Furthermore, by (4.15), the process e−rt∧τa∗∧τ+b W (r)′(St∧τa∗ )

is a martingale as well since e−rt∧τa∗∧τ+b A(St∧τa∗ ) is martingale where

A(s) =
σ2

2

[
W (r)′

(
log

s

a∗

)
−W (r)

(
log

s

a∗

)]
is the right hand of (4.15). To show this, observe that by the Markov property of St we

have

EQ
log s[e

−rτa∗ I{τa<∞,Sτa∗=a∗}|Ft]

= I{τa∗>t}EQ
logSt

[e−rτa∗ I{τa∗<∞,Sτa=a∗}]

+ I(τa∗ ≤ t)e−rτa∗ I{τa∗<∞,Sτa∗=a∗} = e−rτa∗∧tA(St∧τa∗ ),

where we used the fact that A(s) = 0 for s < a and A(a) = σ2

2 W (r)′ (0) = 1 because

W (r)(0) = 0 due to the assumption that σ > 0 (see [19, Lem. 3.1 and Lem. 3.2]). Since b

appearing in τ+b above is general, hence

(AVa∗ − rVa∗)(s) = 0 for s > a∗

and thus for s > a∗

(AV̂ − rV̂ )(s) = −(AG− rG)(s) = −H(s)

by definition (4.7) of H(s).

Now, for s < a∗, V̂ = 0 and (AV̂ − rV̂ )(s) = 0. To prove (4.11) one therefore needs to

prove that H(s) = AG(s)− rG(s) ≤ 0 for s < a∗. Using the fact that a∗ < K < h we can
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write G(s) for s < a∗ in the following form:

G(s) = (K − s)

(
h

s

)α

.

Then

H(s) = µ̃sG′(s) +
σ2

2
s2G′′(s) + λ

∫ ∞

0

(
G(se−y)−G(s)

)
dFU (y)− rG(s)

=

(
h

s

)α [
s (α− 1)

(
r +

λ

1 + ρ
− σ2

2
α

)
+ sλ+ sr − sρλ

ρ+ 1− α

−K(α+ 1)

(
r − λα

(1 + ρ)(ρ− α)
− σ2

2
α

)]
.

It can be easily seen that the term K(α+1)
(
r − λα

(1+ρ)(ρ−α) −
σ2

2 α
)
is strictly positive, as

−1 < α < 0. Additionally, (α− 1)
(
r + λ

1+ρ − σ2

2 α
)
+ λ + r − ρλ

ρ+1−α is strictly negative.

As both h and s are positive, hence H(s) < 0. This completes the proof.

□

4.2 Numerical analysis

4.2.1 Black-Scholes model

As the first case in the numerical analysis, we consider the underlying asset price described

by the geometric Brownian motion. We set the intensity λ of the Nt process from equa-

tion (1.3) equal to zero and thus Xt becomes the arithmetic Brownian motion with drift

parameter µ = r − σ2

2 . This example corresponds to the option evaluated in [13]. The

scope of the numerical analysis here is to find the optimal exercise level a and the fair

price V (s) of the option. The parameters are chosen as follows: the strike price K = 100,

the threshold h = 120 so that h > K, the risk-free rate r = 5% and the volatility of the

underlying asset σ2 = 0.2. Additionally, the initial price of the underlying asset s = S0

is set to 110. We first start with the calculation of a∗. Using formula (4.5) we obtain

a∗ = 50. This value fits well to the assumption (4.3). Furthermore, when we use formula

(43) from [13], we get the same result:

a∗ =
η2 + α

η2 + α− 1
K = 100

−0.5− 0.5

−0.5− 0.5− 1
= 50.

Now, by using Theorem 8, we get the price of the cancellable option V (s) ≈ 21.76. Again,

when we use the formula (37) proposed in [13], we get the same result:

V (s) = (K − a∗)
( s

a∗

)η2 ( h

a∗

)α

=
250√
132

≈ 21.76.
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Figure 4.1: Smooth fit of the payoff and the price functions for the geometric Brownian
motion with parameters: σ2 = 0.2, r = 0.05, K = 100, h = 120.

Now, according to [37, Chap. 9.2], the price of the standard perpetual American option

for the no-dividend case is given by:

V (s) = Bsα
−
,

where B = − 1
α−

(
K

1−1/α−

)1−α−

and α− = − 2r
σ2 . The price of this option with the parame-

ters chosen as previously in this section is equal to 36.70. This price is significantly higher

than the price of the corresponding cancellable option due to the higher risk the issuer of

this contract has to deal with.

Finally, in Figure 4.1 we demonstrate the dependence of the cancellable option price on

the initial price of the underlying instrument. Note that the price and payoff functions fit

smoothly at s = a∗.

4.2.2 Jump-diffusion model

Here we perform a similar calculation as in Subsection 4.2.1, but now we set a fixed λ > 0.

We keep the other parameters unchanged, i.e., h = 120, s = S0 = 110, K = 100, r =

5%, σ2 = 0.2 and additionally set λ = 5 and ρ = 2. Again, we start by finding the optimal

threshold a∗. With formula (4.5) we obtain a∗ ≈ 63.18. One more time, we use Theorem

8 to find the fair price of the cancellable option and we get V (s) ≈ 18.99. The price is

smaller, although a priori it is hard to expect it uniquely. Indeed, although all the jumps

of the underlying are downward the drift is bigger than in the classical B-S model to apply

martingale pricing formula.

As the final step, in Figure 4.2 we show the behavior of the payoff and price functions

of the cancellable put option, depending on the initial underlying asset price. Again, the

smooth fit of the aforementioned functions is clearly visible for s = a∗.

75



Figure 4.2: Smooth fit of the payoff and the price functions for: ρ = 2, σ2 = 0.2, r = 0.05,
λ = 5, K = 100, h = 120.
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Chapter 5

Modified LSMC method

In this chapter, our main goal is to create a general numerical method of pricing time-

capped options. For this purpose, we chose the Least Squares Monte Carlo (LSMC)

method proposed by Longstaff and Schwartz in [23]. The main reason for this choice is

its robustness to the choice of model. Additionally, it does not fail due to the so-called

curse of dimensionality, in contrast to, e.g., finite-difference method or binomial trees.

LSMC algorithm is based on an approximate estimate of the expected value of holding

the option conditional on the underlying asset price history using a linear combination

of the basis polynomials from a chosen orthogonal space. Under the assumption that the

holder of the option should exercise it as soon as it is profitable, this procedure allows one

to find the stopping time for each of the simulated underlying asset price trajectories. The

convergence of this method has been proved by Stentoft [34] and Clement, Lamberton and

Protter [6].

In order to price options with the time cap, we introduce a modified LSMC method. It

not only allows us to price a new class of instruments, but it is also suitable for options

written on the underlying asset described by the geometric Lévy process.

5.1 Market setup

We are now allowing for a more general market setup, as we no longer restrict the jumps to

be exponentially distributed. In fact, we do not even have to assume that the considered

model has to be spectrally negative.

Let us assume a Lévy market in which the asset price is described by the following process:

St = eXt ,

where Xt is a spectrally negative Lévy process and s = S0 is an initial asset price. More

specifically, we choose

Xt = x+ µt+ σBt −
Nt∑
k=1

Uk, (5.1)

where x = X0 = log s and σ ≥ 0. In (5.1) µ is a fixed drift, Bt is a Brownian motion, Nt is a

homogeneous Poisson process with intensity λ and {Uk}{k∈N} is a sequence of independent
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identically distributed random variables with finite second moment. We assume that Bt,

Nt and {Uk}{k∈N} are mutually independent. We introduce a random variable θ and

extend the probability space, where the process Xt is constructed, to have both random

objects defined in the same filtered probability space (Ω,F , {Ft}{t≥0},Q). We allow λ = 0,

which leads to the market described by the standard Black-Scholes model. Additionally,

for simplicity, we assume that no dividend is paid to the holders of the underlying asset.

The main objective of this chapter is to propose a general numerical method of pricing

time-capped American options. More formally, our goal is to calculate the following value

function:

Vs = sup
τ∈T ,τ≤T

EQ
s [e

−rτ∧θG(Sτ∧θ)],

where G(·) is the payout function, T is the maturity date, T is a family of stopping times

and θ is the time-cap, i.e., the moment at which an event triggering termination of the

option occurs. We assume that θ is a stopping time with respect to {Ft}{t≥0}. The most

common examples of the payout function are G(S) = (K − S)+ for the put option and

G(S) = (S − K)+ for the call option. Here, we limit our attention to square-integrable

payoff functions. Thus, the payoff function belongs to the L2(IR) space. Above, EQ denotes

the expectation with respect to the measure Q.

Let us define a Laplace exponent of the process Xt as

Ψ(z) =
1

t
logEQ

x e
zXt .

For the process Xt defined as in (1.3) we have

Ψ(z) = µz +
σ2z2

2
+ λ(η(z)− 1),

where

η(z) = EQ
x e

−zU1 .

We are only interested in this distribution of U1 for which η(1) is finite. As e−rtSt is a

local martingale under Q, then

Ψ(1) = r.

In consequence,

µ = r − σ2

2
+ λ(1− η(1)).

5.2 Algorithm modification

American options give their holders the right to exercise them at any time before the

maturity time T. To approximate their fair market price using numerical methods, it is

necessary to discretize the possible exercise moments, that is, to choose for some L a

sequence {tk}Lk=0 such that 0 = t0 < t1 < . . . < tL = T . Then it is assumed that the

option can only be exercised at time tk for any 0 ≤ k ≤ L. Such discretization transforms

the American option into the so-called Bermuda option, whose price converges to the

American option price for L → ∞.
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This section is organized as follows: first, we explain the original algorithm, which was

designed for the underlying asset described by the geometric Brownian motion. Such

assumption is one of the key elements of the Black-Scholes model. We can turn our

exponential Lévy process into GBM by setting λ = 0.

In subsection 5.2.2, we present our modified version of the algorithm, which not only

allows to price time-capped options, but is also suitable for the general class of spectrally

negative Lévy processes.

5.2.1 Original algorithm

The Least Squares Monte Carlo method proposed by Longstaff and Schwartz is a dynamic

programming framework for pricing American options, see [23]. It begins by simulating the

N trajectories of the underlying asset price process for some sufficiently large N . Each

trajectory is a realization of a geometric Brownian motion. Then, for each trajectory,

the payoff at the maturity time is calculated. Then a recursive procedure starts. For

each time step tk, 0 ≤ k < L, and for each trajectory, the expected value of the option

payout conditional on the current underlying asset price Vti is approximated. It allows

one to determine whether it is more profitable to hold the option instead of exercising

it. Thus, for each trajectory, the optimal stopping time is found. Now, since the payoff

function belongs to a Hilbert space, we can present the conditional expectation of the

price function mentioned above as a countable linear combination of some basis functions

{ϕk(·), k = 1, 2, . . .} of this space, i.e.,:

EQ[e−r(ti+1−ti)Vti+1 |Fti ] =

∞∑
k=0

αkϕk(Sti), (5.2)

for some unknown a priori coefficients αk. The usual choice of the basis assumes that

1. for all 1 ≤ j ≤ L− 1 the sequence (ϕk(Stj ))k≥0 is total in L2(σ(Stj )),

2. for all 0 ≤ j ≤ L − 1 and M ≥ 1, if
∑M

k=0 ηkϕk(Stj ) = 0 almost surely then ηk = 0

for all 1 ≤ k ≤ M .

In [23], the authors choose weighted Laguerre polynomials for the sake of an example.

They also recommend Hermite, Legendre, Chebyshev, Gegenbauer or Jacobi polynomials

as the possible alternatives. However, other basis functions are also possible, as long as

they consistent with the assumptions. Then, the approximation is calculated taking the

finite number M of basis functions and finding the estimators α∗
k of the coefficients αk

minimizing the following error in the least squares sense:∥∥∥∥∥∥
M∑
j=1

α∗
j (ti)ϕj(Sti)− e−r(ti+1−ti)V ti+1

∥∥∥∥∥∥ , (5.3)

where V t and St denote the N -dimensional vectors of option and underlying asset prices

at time t consisting of observations from each trajectory.

Observe that in fact this minimization problem is equivalent to the one in linear regression

in a matrix form. Therefore, coefficients α∗
j (ti) can be calculated by solving the following
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equation:



α∗
1(ti)

α∗
2(ti)

...

α∗
M (ti)



=



N∑
k=1

ϕ1(S
k
ti)ϕ1(S

k
ti) . . .

N∑
k=1

ϕ1(S
k
ti)ϕM (Sk

ti)

N∑
k=1

ϕ2(S
k
ti)ϕ1(S

k
ti) . . .

N∑
k=1

ϕ2(S
k
ti)ϕM (Sk

ti)

...
. . .

...

N∑
k=1

ϕM (Sk
ti)ϕ1(S

k
ti) . . .

N∑
k=1

ϕM (Sk
ti)ϕM (Sk

ti)



−1 

N∑
k=1

e−rδtiϕ1(S
k
ti)V

k
ti+1

N∑
k=1

e−rδtiϕ2(S
k
ti)V

k
ti+1

...

N∑
k=1

e−rδtiϕM (Sk
ti)V

k
ti+1



,

where Sk
ti is the price of the underlying asset at the moment ti for k-th trajectory out of N ,

V k
ti+1

is the value of the option at the moment ti+1 for k-th trajectory and δti = ti+1 − ti.

In more details, the algorithm looks as follows:

1. For a chosen time discretization 0 = t0 < t1 < . . . < tL = T generate N trajectories

of the underlying asset price process (geometric Brownian motion).

2. Set the estimated value of the option for each trajectory at the maturity time to

V ∗k
T = G(Sk

T ), k = 1, . . . , N , where Sk
T denotes the price of the underlying asset at

time T for k-th trajectory.

3. Find coefficients α∗
j (tK−1) by minimizing the norm (5.3)

4. For each trajectory update the value function using the formula:

V ∗k
ti−1

=

G(Sk
ti) if G(Sk

ti) ≥
∑M

j=0 α
∗
j (ti)ϕj(S

k
ti)

e−r(ti+1−ti)V ∗k
ti otherwise.

5. repeat steps (3) and (4) until V 0 is reached.

6. Calculate the price of the option by taking the average of V 0 vector.

5.2.2 Modified approach

We propose a modified LSMC method designed for pricing the time-capped American

options, including those analyzed in Chapters 2 and 3, under the assumption of finite

maturity. In general, contracts of interest are American-type options that may be exer-

cised up to a fixed time horizon or an earlier random termination time. Our goal is to

construct a numerical approach capable of handling such features while maintaining flexi-

bility with respect to the source and nature of the early termination event. In particular,

the proposed method applies not only to the specific examples discussed previously but

also to a broader family of time-capped American-style derivatives, including those driven

by external random mechanisms independent of the underlying asset dynamics.
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Our procedure is as follows: we start the algorithm by discretizing the time, i.e., choosing

{tk}Lk=0 such that 0 = t0 < t1 < . . . < tL = T . We restrict the values of the stopping rules

only to these nest times. Then we simulate N independent trajectories of the underlying

asset prices, driven by the exponential Lévy process. Then, for each trajectory we either

simulate the random time θ, if it is independent of the underlying asset price, or check if

the performance of the underlying led to θ < T for that trajectory.

In the next step, the recursive procedure starts. The procedure at the terminal time T is

unchanged towards the standard method: for each trajectory we set VT = G(ST ). Then,

for each time step tj , 0 ≤ j < T , the procedure of estimating the expected value Vti of

continuation must take into account the stopping time θ. To do so, we use the counterpart

of equation (5.2) and write:

EQ[e−r(ti+1−ti)Vti+1I{ti<θ}|Fti ] = I{ti<θ}

∞∑
k=0

αkϕk(Sti). (5.4)

Note that with the representation of the conditional expected value of continuation given

by (5.4) is the same as in (5.2) until time θ is reached. Then, at all time steps from θ to

T, the expected value of continuation is equal to zero due to the indicator I{ti ̸=θ}. Due to

this, the algorithm ensures that the option can be exercised only up to the moment when

it is capped. This method does not change the procedure of estimating coefficients α∗
j and

to do that one still needs to minimize the error (5.3).

In summary, the modified procedure looks as follows:

1. For a chosen time discretization 0 = t0 < t1 < . . . < tL = T generate N trajectories

of the underlying asset price process (geometric Lévy process).

2. for each trajectory find tk = θ provided that θ < T .

3. Set the estimated value of the option for each trajectory at the maturity time to

V ∗k
T = G(Sk

T ), k = 1, . . . , N , where Sk
T denotes the price of the underlying asset at

time T for k-th trajectory.

4. Find coefficients α∗
j (tK−1) by minimizing the norm (5.3).

5. For each trajectory update the value function using the formula:

V ∗k
ti−1

=

G(Sk
ti) if G(Sk

ti) ≥ I{ti<θ}
∑M

j=0 α
∗
j (ti)ϕj(S

k
ti)

e−r(ti+1−ti)V ∗k
ti otherwise.

6. repeat steps (3) and (4) until V 0 is reached.

7. Calculate the price of the option by taking the average of V 0 vector.

5.3 Algorithm convergence

We prove that the modified algorithm converges to a true value. We will use a method

similar to that proposed by [6]. We formulate the pricing LSMC procedure from a more
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general perspective of the optimal stopping with a random time-cap. More precisely, we

introduce a capped asset price via

St = St∧θ

and define

Ztj = e−rtjG(Stj ).

Observe that

sup
τ∈TL,τ≤T

EQZτ = sup
τ∈TL,τ≤T

EQ[e−rτ∧θG(Sτ∧θ)],

where TL is the set of stopping times with values in moments tj .

In other words, our pricing problem can re-formulated as finding

V = sup
τ∈TL,τ≤T

EQZτ ,

where (Ztj )0≤j≤L is a sequence of square-integrable random variables and T is a set of all

possible stopping times. Additionally, we assume in a more general set-up that

Ztj = f(tj , Stj )

for some Borel function f(t, s) that is non-increasing with respect of t.

We introduce a Snell envelope

U tj = ess- sup
τ∈TL,τ≤T

EQ(Zτ |Ftj ), j = 0, . . . , L,

to formulate the dynamic programming principleU tL = ZtL

U tj = max(Ztj ,EQ(U tj+1 |Ftj )), 0 ≤ j ≤ L− 1.

Let

τ j = min{k ≥ j|U tk = Ztk}.

Note that U tj = EQ[Zτ j |Ftj ] and EQU0 = supτ∈{τ0,...,τL} E
QZτ = EQZτ0 . Then the above

dynamic programming principle can be rewritten as followsτL = tL

τ j = tjI{Ztj≥EQ[Zτj+1
|Ftj ]}

+ τ j+1I{Ztj<EQ[Zτj+1
|Ftj ]}

, 0 ≤ j ≤ L− 1.

The procedure of identifying the optimal stopping time based on τ j will be used in our

numerical calculations. However, in order to do so, we have to make further adjustments.

To see that some modifications are required, observe that for tj ≥ θ clearly

EQ[Zτ j+1 |Ftj ] = EQ[f(τ j+1, Sθ)|Ftj ] ≤ EQ[f(tj , Sθ)|Ftj ] = EQ[Ztj |Ftj ] = Ztj ,

which means that τ j = tj . However, if we apply the direct approximation in the numerical
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algorithm:

EQ[Ztj+1 |Ftj ] = EQ[e−r(tj+1−tj)Vtj+1 |Ftj ] ≈
M−1∑
k=0

α∗
kϕk(Stj ),

we might get EQ[Zτ j+1 |Ftj ] > Ztj as the coefficients α∗
k are calculated based on all the

trajectories, also those that have not been stopped up to the moment tj . For this reason,

we introduceτL = tL

τj = tjI{Ztj I{tj<θ}≥EQ[Zτj+1 |Ftj ]I{tj<θ}} + τj+1I{Ztj I{tj<θ}<EQ[Zτj+1 I{tj<θ}|Ftj ]}
, 0 ≤ j ≤ L− 1.

We start from the first key lemma.

Lemma 5. For all 0 ≤ j ≤ L we have

τ j = τj .

Proof. If tj = tL = T then τ j = T = τj .

Let us consider now the case when θ ≤ tj < T . Then

τ j = tjI{Ztj≥EQ[Zτj+1
|Ftj ]}

+ τ j+1I{Ztj<EQ[Zτj+1
|Ftj ]}

= tjI{f(tj ,Sj)≥EQ[f(τ j+1,Sτj+1
)|Ftj ]}

+ τ j+1I{f(tj ,Sj)<EQ[f(τ j+1,Sτj+1
)|Ftj ]}

= tjI{f(tj ,Sθ)≥EQ[f(τ j+1,Sθ)|Ftj ]}
+ τ j+1I{f(tj ,Sθ)<EQ[f(τ j+1,Sθ)|Ftj ]}

.

By the fact that τ j+1 > tj and by monotonicity of the function f with respect of time, we

have f(tj , Sθ) ≥ EQ[f(τ j+1, Sθ)|Ftj ]. In consequence, τ j = tj . Therefore

τj = tjIZtj I{tj<θ}≥EQ[Zτj+1 |Ftj ]I{tj<θ}
+ τj+1IZtj I{tj<θ}<EQ[Zτj+1 I{tj<θ}|Ftj ]

= tjI{0≥0} + τj+1I{0<0} = tj = τ j .

We consider now the remaining case of 0 ≤ tj < θ. We prove this part by backward

mathematical induction. We recall that from previous considerations we know that τ j = τj

for j such that tj = θ. Assuming that τ j+1 = τj+1, we have

τ j = jI{Ztj≥EQ[Zτj+1
|Ftj ]}

+ τ j+1I{Ztj<E[Zτj+1
|Ftj ]}

= jI{f(j,Sj)≥EQ[f(τ j+1,Sτj+1
)|Ftj ]}

+ τ j+1I{f(j,Sj)<EQ[f(τ j+1,Sτj+1
)|Ftj ]}

= jI{f(j,Stj )≥EQ[f(τj+1,Sτj+1 )|Ftj ]}
+ τj+1I{f(j,Stj )<EQ[f(τj+1,Sτj+1 )|Ftj ]}

= jI{Ztj≥EQ[Zτj+1 |Ftj ]}
+ τj+1I{Ztj<EQ[Zτj+1 |Ftj ]}

= jI{Ztj I{tj<θ}≥EQ[Zτj+1 |Ftj ]I{tj<θ}} + τj+1I{Ztj I{tj<θ}<EQ[Zτj+1 I{tj<θ}|Ftj ]}
= τj .

This completes the proof.
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From Lemma 5 we can conclude that

V = sup
τ∈{τ0,...,τL}

EQZτ ,

where

Ztj = f(tj , Stj ).

Denoting

Uj = EQ(Zτj |Ftj ) (5.5)

we have

EQU0 = sup
τ∈{τ0,...,τL}

EQZτ = V.

Now, given the approximation EQ[e−r(tj+1−tj)Vtj+1 |Ftj ] ≈
∑M−1

k=0 α∗
kϕk(Stj ) = αM

j ·ϕM (Stj )

for a chosen value of M and the corresponding vectors αM
j = {α∗

0, . . . , α
∗
M−1} (with

{α∗
0, . . . , α

∗
M−1} estimated separately for each j and ϕM = {ϕ0, . . . , ϕM−1}, let us in-

troduce stopping times τMj as:τML = tL

τMj = tjI{Ztj I{tj<θ}≥[αM
j ·ϕM (Stj )]I{tj<θ}} + τMj+1I{Ztj I{tj<θ}<[αM

j ·ϕM (Stj )]I{tj<θ}}

for 0 ≤ j ≤ L − 1. Such stopping times allow us to define an approximation of the value

by

UM
0 = max(Z0,EQZτM1

).

As Z0 is deterministic, it is sufficient to find EQZτM1
to be able to obtain the approximation

of the option price. For this purpose, Monte Carlo method is used. Let N denote the

total number of simulated trajectories. Then, the approximation of the stopping times τj

for n-th trajectory is obtained using only the first M basis functions ϕk. In other words,

τj is approximated byτM,N,n
L = tL

τM,N,n
j = tjI{Zn

tj
I{tj<θ}≥[αM,N

j ·ϕM (Sn
tj
)]I{tj<θ}}

+ τM,N,n
j+1 I{Zn

tj
I{tj<θ}<[αM,N

j ·ϕM (Sn
tj
)]I{tj<θ}}

,

for 0 ≤ j ≤ L − 1 and where Sn
tj is the value of n-th trajectory of the underlying asset

process, Zn
tj = f(tj , S

n
tj ) and αM,N

j is a set of first M estimators α∗
k of the coefficients αk

in equation (5.2) evaluated for n-th trajectory at time tj . In consequence:

UM,N
0 = max(Z0,

1

N

N∑
n=1

Zn
τM,N,n
1

).

is a LSMC estimator of the value V .

It appears that our estimator is consistent in the following sense. In consequence, our

algorithm allows to obtain a proper approximation of the capped option price.
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Theorem 10. Assume that for 0 < j < L we have P(αj · ϕ(Stj ) = Ztj ) = 0. Then

UM,N
0

a.s.−−−−→
N→∞

UM
0 (5.6)

and

lim
M→+∞

UM
0 = U0 = V. (5.7)

Proof. The convergence (5.6) can be proved in a way similar to Theorem 3.2 of [6]. Indeed,

our model fulfills all of the assumptions stated in [6] and in our modified algorithm we do

not change the way of approximating αM
j .

From (5.5) if follows that to prove (5.7) it sufficient to show that for all 0 ≤ j ≤ L we

have:

lim
M→∞

EQ[ZτMj
|Ftj ] = EQ[Zτj |Fj ]. (5.8)

We will prove this fact using backward mathematical induction. Equation (5.8) holds for

L since ZτML
= ZτL = ZT . Assume that (5.8) holds for j + 1. To prove that it holds for j,

observe, that

ZτMj
= Ztj I{Ztj I{tj<θ}≥[αM

j ·ϕM (Stj )]I{tj<θ}} + ZτMj+1
I{Ztj I{tj<θ}<[αM

j ·ϕM (Stj )]I{tj<θ}}.

Furthermore,

EQ[ZτMj
− Zτj |Ftj ] = EQ[ZτMj+1

− Zτj+1 |Ftj ]I{Ztj I{tj<θ}<[αM
j ·ϕM (Stj )]I{tj<θ}}

+ (Ztj − EQ[Zτj+1 |Ftj ])
(
I{Ztj I{tj<θ}≥[αM

j ·ϕM (Stj )]I{tj<θ}} − I{Ztj I{tj<θ}≥EQ[Zτj+1 |Ftj ]I{tj<θ}}

)
.

By induction assumption, EQ[ZτMj+1
− Zτj+1 |Ftj ] converges to 0 as M goes to infinity. Let

us define BM
j as the remaining part on the right hand side of above equality, that is,

BM
j = (Ztj−EQ[Zτj+1 |Ftj ])

(
I{Ztj I{tj<θ}≥[αM

j ·ϕM (Stj )]I{tj<θ}} − I{Ztj I{tj<θ}≥EQ[Zτj+1 |Ftj ]I{tj<θ}}

)
.

We have

|BM
j | = |Ztj − EQ[Zτj+1 |Ftj ]||I{Ztj I{tj<θ}≥[αM

j ·ϕM (Stj )]I{tj<θ}} − I{Ztj I{tj<θ}≥EQ[Zτj+1 |Ftj ]I{tj<θ}}|

= |Ztj − EQ[Zτj+1 |Ftj ]||I{EQ[Zτj+1 |Ftj ]I{tj<θ}>Ztj I{tj<θ}≥[αM
j ·ϕM (Stj )]I{tj<θ}}

− I{[αM
j ·ϕM (Stj )]I{tj<θ}>Ztj I{tj<θ}≥EQ[Zτj+1 |Ftj ]I{tj<θ}}|

≤ |Ztj − EQ[Zτj+1 |Ftj ]|I{|Ztj−EQ[Zτj+1 |Ftj ]|I{tj<θ}≤|αM
j ·ϕM (Stj )−EQ[Zτj+1 |Ftj ]|I{tj<θ}}

≤ |Ztj − EQ[Zτj+1 |Ftj ]|I{|Ztj−EQ[Zτj+1 |Ftj ]|≤|αM
j ·ϕM (Stj )−EQ[Zτj+1 |Ftj ]|}

≤ |αM
j · ϕM (Stj )− EQ[Zτj+1 |Ftj ]|.

By arguments similar to the one given in the proof of Theorem 3.1 in [6] we can conclude

that |αM
j · ϕM (Stj )− EQ[Zτj+1 |Ftj ]| converges to 0 as M tends to infinity. Therefore, BM

j

converges to 0 as M goes to infinity, which completes the proof.
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5.4 Numerical analysis

In a general setup, θ is a stopping time with respect to {Ft}{t≥0} related to an event

observable by the market participants. We allow it to be dependent on and independent

of the underlying asset price. However, we will focus particularly on the instruments

evaluated analytically previously in this thesis. In addition, we will present the results for

options capped by a stopping time not correlated with the underlying asset price.

In all cases, we choose at least 1000 time steps for each trajectory, 20000 trajectories for

each price calculation, and the first 6 functions from the Chebyshev basis to approximate

the conditional expected value of holding the option. Furthermore, we repeat the calcula-

tions for different times to maturity T and perform each calculation 100 times to draw the

boxplots of the results. For T > 5, we increase the number of time steps to T × 200. We

do it to address the problem of decreasing the accuracy of the results for long maturities.

5.4.1 First passage time

We start our analysis with the case of the time cap being the first exit time from an

interval, as in Chapter 2. Here, the results are presented for the finite time to maturities,

meaning that we are no longer dealing with perpetual options. We would like to compare

the numerical results against the analytical formula.

We choose the following set of market parameters: S0 = 100, K = 100, r = 0.05, σ =

0.2, λ = 0.2, ρ = 1, H = log(130), L = log(60). The prices are shown in Figure 5.1.

The chart shows option prices with a clear trend: the longer the expiration time, the

higher the option price, which is expected. The analytical price of the perpetual option

is marked in blue. The expected behavior would be for the prices with finite expiration

times to converge toward this perpetual price as the expiration approaches. However,

the LSMC method used to obtain the numerical results might have a bias due to the

regression-based estimation of the αj parameters, as discussed in Balazs Kovacs’ thesis

paper [18]. Additionally, for the chosen parameter set, the options are relatively quickly

exercised, with no trajectory lasting more than 24 years before being stopped. The average

time-caps are additionally shown in Figure 5.2. In reality, there is a non-zero probability

that the option is not stopped through the entire lifespan of the contract. In such case,

the payout diminishes through discounting. This leads to a slight overestimation of the

price, which could likely be reduced by using more basis polynomials, a different basis,

more time steps and more trajectories. Unfortunately, this would require significantly

more computational power. Taking into account all of these aspects, the results obtained

are reasonable and acceptable.

5.4.2 Drawdown in Black-Scholes model

We start the analysis of drawdown-type cap with the simpler Black-Scholes market. We

choose the following set of market parameters: S0 = 100, S0 = 105, K = 100, r =

0.1, σ = 0.2, c = log(1.2). The prices are shown in Figure 5.3. Again, there is a clear

increasing trend of the prices. As in the previous case, the results compared against the

analytical price of perpetual option are slightly overestimated, which is not surprising

86



Figure 5.1: Prices of the American put options capped by the first passage time with dif-
ferent maturities compared against the analytically obtained price of perpetual American
put option capped by the first passage time.

Figure 5.2: Average time-cap of the American put options capped by the first passage
time.
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Figure 5.3: Prices of the American put options capped by the drawdown event in Black-
Scholes market with different maturities compared against the analytically obtained price
of perpetual American put option capped by the drawdown event.

given the circumstances explained before. The average time-caps are shown in Figure 5.4.

Again, they are relatively short compared to the maturities, which decreases the accuracy

of the results.

5.4.3 Drawdown in jump-diffusion model

After handling the easier Black-Scholes model, we move on to the Lévy market. Here,

we choose the following parameters: S0 = 100, S0 = 105, K = 100, r = 0.05, σ =

0.2, c = log(1.2), λ = 0.2, ρ = 3. Thus, the drift parameter µ is equal to 0.08, exactly

as in Subsection 5.4.2. The prices are shown in Figure 5.5 and behave similarly to both

previous examples. Once again, the prices are slightly overestimated compared against

the perpetual option price and again the options are relatively quickly exercised, which is

proved in Figure 5.6.

5.4.4 Asset-independent caps

Finally, we move on to pricing contracts that were not evaluated previously in this thesis.

As mentioned before, the modified LSMC algorithm allows to price options capped by any

stopping times, correlated or not with the underlying asset price. Here, as an example,

we choose the time cap being an exponential random variable independent of all other

stochastic processes. We choose the expected value of this variable to be equal to 10. The

other parameters are chosen as follows: S0 = 100, K = 100, r = 0.05, σ = 0.2, λ =

0.2, ρ = 1. The results are presented in Figure 5.7. Here, the prices remain almost

unchanged for T ≥ 15, which seems sensible given the chosen time-cap. Note that the

market parameters chosen here are the same as in Subsection 5.4.1. However, here the
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Figure 5.4: Average time-cap of the American put options capped by the drawdown event
in Black-Scholes market.

Figure 5.5: Prices of the American put options capped by the drawdown event in Lévy
market with different maturities compared against the analytically obtained price of per-
petual American put option capped by the drawdown event.
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Figure 5.6: Average time-cap of the American put options capped by the drawdown event
in Lévy market.

prices are significantly higher. This can be explained by the longer lifespan of the contracts,

which is evident from Figure 5.8. The graph of the average time-caps in this case takes a

sigmoidal shape, starting from close to 0 for T = 0.5 and ending at above 9 for T = 30. The

lower values for shorter maturities can be justified by the fact that for many trajectories

the time-cap event did not occur before the option was terminated.
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Figure 5.7: Prices of the American put options capped by the exponential cap independent
of asset price with different maturities compared.

Figure 5.8: Average time-cap of the American put options capped by the exponential cap
independent of asset price.
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