
FIELD OF SCIENCE: Engineering and Technology

DISCIPLINE OF SCIENCE: Environmental
Engineering, Mining and Energy

DOCTORAL DISSERTATION

Data-Driven Insight into Ball
Mill Scaling
Unveiling Differences Across Scales
Through Computer Vision, Numerical
Simulations, and Design of Experiments

Błażej Doroszuk, B.Eng.

Supervisor:
Prof. Robert Król, PhD, DSc, Eng.

Keywords:
Numerical Modeling, Simulations, DEM, SPH, Computer Vision, DoE,
Mineral Processing, Scaling, Ball Mill

WROCŁAW 2024





Abstract
Although ball mills are important elements in the mineral processing industry, optimiz-

ing and scaling up their performance remains a challenge. This thesis aims to gain insights
into ball mill scale-up by investigating the influence of selected operational parameters on
milling performance and energy efficiency across different mill diameters. The research
employs advanced modeling techniques, such as the Discrete Element Method (DEM)
and Smoothed Particle Hydrodynamics (SPH), coupled with experimental methods and
a Design of Experiments (DoE) approach.

This research proposes a systematic methodology for calibrating a digital twin of
a laboratory ball mill by integrating DEM-SPH simulations with experimental data from
video recordings. The calibrated digital twin is then used in a multivariate analysis of
copper ore milling, with a focus on the impact of operational parameters such as mill
diameter, filling degree, rotational speed, lifter size, lifter number, and slurry properties
on main performance indicators.

A novel scaling constant is also proposed and evaluated as a potential parameter for
maintaining similar milling performance across different mill scales. The results indicate
that with the scaling constant maintained at a comparable level, the values of energy
efficiency metrics in dry and wet milling conditions remain consistent across scales. The
same is observed in the case of product size reduction for wet milling.

The main relationships between the studied factors and their effect on mill perfor-
mance metrics for both dry and wet milling series are investigated with the Design of
Experiments (DoE) approach. The DoE results provide information on the parameters
which have the greatest impact on ball mill efficiency and product quality. The results
of the DoE experiments are also used to identify and quantify correlations between mill
diameter, operational parameters, and performance metrics in both dry and wet milling
environments with an aim to inform the development of scale-up strategies.

The thesis also includes such recommendations for future research directions as further
improvement of the scaling constant approach and potential tests that can be performed
on industrial-scale copper ore mills to verify the actual efficiency gains.

The findings of this research can inform the design and operation of ball mills across
different scales, ultimately leading to improved productivity, profitability, and environ-
mental sustainability in the mining sector, with specific implications for the Polish copper
mining industry.
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Chapter 1

Introduction

1.1 Background and Motivation
Ball mills have been used as a an important technology in the mineral processing indus-
try since the mid-19th century. Their development has been motivated by the increasing
demand for fine-grinding solutions, especially in the cement, gold, and sulfide mineral
industries [107]. During the 20th century, the size and power demand of ball mills in-
creased significantly, owing to advances in mechanical design, materials engineering, and
the incorporation of autogenous grinding [107]. Ball mills still remain the most widely
used type of fine-grinding equipment, accounting for a significant portion, often over 50%,
of the total energy consumed in mineral processing plants [158, 84].

The performance of ball mills is influenced by many factors such as mill dimensions,
operating speed, ball size and load, as well as ore properties and slurry density [72]. The
optimization of these parameters is required for maximizing throughput and minimizing
energy consumption [56]. Computer models and simulations have become important tools
enabling a better understanding and the improvement of ball mill performance. They
include such techniques as the Population Balance Model (PBM) for simulating the ki-
netics of the particle size reduction process and the Discrete Element Method (DEM) for
detailed analyses of the charge motion, energy utilization, and wear processes inside the
mill [12, 30]. Combining these models with in field measurements on the premises of the
plant allows the simulation and optimization of full-scale milling circuits [172].

The optimization of the processes observed in the ball mill requires the development
of accurate digital twins that integrate advanced numerical models, real-time data acqui-
sition, and flexible simulation environments. Numerical modeling techniques like DEM,
PBM, and Computational Fluid Dynamics (CFD) can now predict mill performance with
considerable accuracy and provide valuable information on the milling-related processes.
[148]. However, process control in mineral processing is hindered by problematic real-time
measurements of some important ore properties, and by the complexities involved in the
development of accurate fundamental models, especially for grinding [78]. The integration
of different simulation and control tools via OPC servers and hardware-in-the-loop archi-
tectures provides flexible real-time environments for designing and testing control systems,
thus bridging the gap between academic research and industrial practice [69, 105].

Computer vision and advanced simulation techniques, such as coupled DEM-SPH
(Smoothed Particle Hydrodynamics) models, seem to be promising solutions enabling the
development of digital twins of ball mills. High-speed video combined with image analysis
can provide valuable data for validating models and developing advanced control strategies
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based on direct visual measurement of the mill charge [88, 6, 141]. DEM-SPH models
enable detailed investigations of the complex multi-phase dynamics inside the mill during
wet milling, as well as predictions of charge motion, collision energy, product size, and
slurry transport [31, 29, 32]. Integrated with data analytics and machine learning, these
technologies may allow improved soft-sensors for monitoring key operating parameters
and support dynamic optimization of the grinding process [165, 5].

The development of high-fidelity digital twins that would incorporate advanced com-
puter vision and simulation is a promising approach to the optimization of ball mill
performance and energy efficiency. However, such tools require further research on precise
industrial vision systems, multi-sensor data fusion, and machine learning, as well as the
validation of coupled DEM-SPH/CFD models for quantitative industrial applications.

1.2 Research Objectives
The primary goal of this research is to provide additional information on the process of ball
mill scale-up (here referred to in terms of both the geometry and the operating parameters
of the ball mill). Ball milling is of great significance to the comminution of ores in the
mineral processing industry. The efficiency and performance of ball mills directly impact
the overall productivity and profitability of mining operations. However, the complexity
of the milling process and the challenges of moving from laboratory to industrial scale
have long been identified as obstacles to the optimization of ball mill operations [55].

The above challenges are here addressed by developing a systematic methodology for
calibrating a digital twin of a laboratory ball mill. This research task involves collecting
experimental data from an actual laboratory mill operated under various conditions. The
data include mill power draw [86, 149, 8], charge motion and trajectory [86, 109, 76], and
product particle size distribution [77, 130, 157]. They may also include mill vibration,
acoustic, and thermal signals [164, 10, 119, 54]. A DEM model of the laboratory mill
is developed with such software as EDEM or Rocky DEM. Special attention is paid to
ensuring that the geometry of the model accurately reflects that of the physical mill [30,
8, 139]. The DEM model parameters is calibrated in iterations to match the experimental
data [8, 30], and the calibrated model is validated using additional experimental data
[8, 45]. The validated DEM model can be integrated with 3D models of the mill and its
elements in order to build a full digital twin of the laboratory mill [133, 168], and to
simulate its operation under different conditions and optimize its performance metrics,
such as energy efficiency and product size [73, 26].

An important aspect of this research is to integrate computer vision techniques into the
processes of calibrating and validating the ball mill digital twin. High-speed video systems
are used to record the charge motion inside the lab mill [88, 87], and image processing
techniques are applied to extract quantitative information such as the dynamic angle of
repose of the charge, enabling the DEM predictions to be validated against the actual
mill behavior [6].

The complex multi-phase dynamics inside wet mills are accurately modeled with the
use of purpose-developed coupled DEM-SPH models. The DEM component represents the
mill grinding media [29, 181], while the SPH component models the slurry phase [31, 29].
The DEM and SPH solvers can be coupled using a bi-directional, in which the fluid exerts
drag forces on the particles and the particles appear as a porous media resistant to the
fluid [86, 32, 160]. Realistic size distributions and shapes of the grinding media, as well
as slurry rheology models, are also incorporated [29], and the coupled model is used to
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analyze charge performance metrics and forces acting on the grinding media in order to
acquire additional information about mill performance [31, 34, 100, 135].

Another objective of this research is to develop and evaluate a scaling constant as
a potential parameter for maintaining similar milling performance across different mill
scales. The scaling constant is tested in order to verify whether its consistent level ensures
a consistent size reduction degree, similar specific energy (energy per unit mass of ore),
and comparable specific energy per rotation. These relationships are investigated in both
dry and wet milling conditions.

The calibrated digital twin is applied to perform a multivariate analysis of copper ore
milling, and the simulations are used for in-depth analyses of load dynamics and domi-
nant types of forces within the mill. The investigations include the impact of operational
parameters such as mill diameter, filling degree, rotational speed, lifter size, lifter num-
bers, and slurry properties on key performance indicators, including size reduction, energy
consumption, and force distribution within the mill.

The development of scale-up strategies is informed by the identified and quantified
correlations between mill diameter, operational parameters, and performance metrics in
both dry and wet milling environments. Recommendations for future research directions
provided in the final chapter include refinements of the scaling constant approach and
potential tests that can be performed on industrial-scale copper ore mills to improve their
efficiency.

A systematic approach to the above problems is expected to result in a better under-
standing and an improved optimization of ball milling processes, laying the foundation
for energy-efficient and sustainable mineral processing strategies.

1.3 Thesis Structure Overview
1. Introduction: The introduction chapter provides an overview of the background,

motivation, and objectives for research into ball mill operations in the mineral pro-
cessing industry. It highlights the importance of ball mills, the challenges related
to the optimizing of their performance, and the potential of integrating advanced
modeling and simulation techniques. It also outlines the research objectives and the
thesis structure.

2. Literature Review: This chapter reviews the current state-of-the-art in ball mill
grinding, focusing on the evolution of modeling approaches, measurement and mon-
itoring techniques, and emerging tools such as digital twins. It identifies knowledge
gaps and defines the research questions to be addressed in the thesis.

3. Theoretical Background of Numerical Environment: The theoretical back-
ground chapter introduces the main components and methods used for simulating
the behavior of charge in dry and wet milling. It presents such solutions as the Du-
alSPHysics code, SPH formulation, and DEM methods for modeling solid-fluid and
solid-solid interactions.

4. Research Goal and Objectives: The chapter defines the primary research goal,
which is to acquire information on the process of laboratory ball mill scale-up. It
also describes specific objectives such as to develop a calibration methodology, to
define and evaluate the scaling constant, and to perform multivariate analysis using
the calibrated digital twin.
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5. Materials and Methods: This chapter describes the experimental setup, the
materials and the methodologies employed in the research process, including the
laboratory-scale ball mill, the slurry preparation procedure, and the experimental
and simulation techniques used to investigate the process of ball mill scale-up and
to develop a scaling constant.

6. Results: The results chapter presents key findings of this experimental study into
ball mill scale-up, including the results of the calibration process and of test series
performed for both dry and wet milling. It also provides an analysis of the exper-
iments and their results, as well as statistical tests aimed at verifying the working
hypotheses behind the proposed scaling process, and correlations across mill scales.

7. Conclusions and Implications: The final chapter offers an interpretation of the
experiment results and an evaluation of the effectiveness of the developed scaling
constant. It discusses the implications of the research results for ball mill optimiza-
tion and scaling. It also provides recommendations for future research directions
and potential applications of the methodology in other industries.
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Chapter 2

Literature Review

Ball mills are extensively used in the mineral processing industry for reducing the size
of ore particles and thus for facilitating the liberation and recovery of valuable minerals
[70, 158]. Efficiently operating ball mills allow minimum energy consumption, maximum
throughput, and desired product size distributions [45]. However, complex relationships
between various design and operating parameters, such as mill geometry, speed, filling
degree, media size, and slurry properties, cause the optimization of ball mill performance
to be a difficult task [72, 162].

In traditional approaches, ball mill design and operation rely on empirical models and
operator experience. Although they are effective in many cases, such approaches have
a limited ability to adapt to changes in ore characteristics, identify optimal operating
points, and predict the effects of design changes [45]. Over recent decades, much progress
has been observed in the analyses of the basics of grinding mechanisms, the develop-
ment of physics-based models, and the application of advanced measurement and control
techniques to ball mills [29, 172, 168].

This literature review of the current state-of-the-art in ball mill grinding focuses partic-
ularly on the integration of advanced modeling, simulation, and measurement techniques
for process optimization. The review begins with a discussion of the fundamental prin-
ciples of ball mill operation and the influence of key operating parameters on grinding
performance. It subsequently examines the evolution of modeling approaches, from early
empirical models to modern DEM simulations coupled with PBM and SPH. The applica-
tions of these models for process understanding, scale-up, and optimization purposes are
highlighted, along with current limitations and research gaps.

The review also discusses ball mill measurement and monitoring techniques, ranging
from conventional methods based on power draw and product size analysis to advanced
sensor-based methods employing vibration, acoustics, and vision. It investigates the po-
tential application of data-driven models and soft-sensors (virtual sensors) in real-time
optimization and control. It concludes with the exploration of emerging tools and future
directions in ball mill research, including the development of digital twins, the integration
of modeling and measurement, and the remaining significant challenges and opportunities
in this research area.

By identifying the critical knowledge gaps in the area, this literature review is expected
to allow the definition of the research question addressed in the subsequent chapters and to
inform the development of integrated modeling, simulation, and measurement frameworks
that can be used to optimize the design and operation of ball mills, improving energy
efficiency, product quality, and process sustainability in the mineral processing industry.

5



CHAPTER 2. LITERATURE REVIEW

2.1 Fundamentals of Ball Mill Grinding
Ball mills are extensively used in the mineral processing industry as tools for reducing the
size of ore particles and liberating valuable minerals. Their performance is influenced by
various design and operating parameters, e.g. by mill geometry, rotational speed, filling
degree, ball size distribution, and slurry properties.

This section reviews the main components of a ball mill, the different grinding mech-
anisms and breakage modes, and the influence of the operational parameters on mill
performance. They all have an important role in developing accurate models, optimizing
mill operation, and improving the energy efficiency of the grinding process.

2.1.1 Operating Principles and Key Components

Ball mills (Figure 2.1) are cylindrical vessels that rotate around a horizontal axis and
that are partially filled with grinding media (typically steel balls) and the material to be
ground (the charge) [70, 158]. The basic principle of operation involves the transfer of
kinetic energy from the moving balls to the ore particles, causing size reduction through
impact, abrasion, and attrition [147]. As the mill rotates, the charge is lifted along the
rising side of the shell until the dynamic angle of repose is reached, at which point the
balls fall in a cascade or in a cataract, impacting the toe of the charge [70].

Figure 2.1: Simplified schematic diagram of a ball mill, with indicated main components

The main components of the ball mill include a cylindrical shell, grinding media,
liners/lifters, as well as feed and discharge systems [70, 158]. The shell is typically made
of steel and lined with wear-resistant materials such as manganese steel, rubber, or ceramic
[70, 107]. The grinding media are usually steel balls, whose sizes range from 10 to 150 mm
depending on the application [70]. The mill is driven by a motor, either through a girth
gear or a wrap-around drive system [15, 107].

The feed material is introduced into the mill via a feed chute or conveyor (not shown
in the figure), while the ground product is discharged through a grate or overflow system
[70, 158]. The discharge grate (not shown) controls the maximum size of the particles that
can leave the mill, while the overflow system (also not shown) allows finer particles to exit
with the slurry [158]. The internal dynamics of the charge, influenced by the mill speed,
filling level, and liner design, have a significant impact on the grinding efficiency and size
distribution of the product [147, 158].
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2.1.2 Grinding Mechanisms and Breakage Modes

The size reduction of ore particles in a ball mill is due to a combination of different grinding
mechanisms and breakage modes, depending on the particle size, material properties, and
the intensity of the stress events [172]. The main grinding mechanisms include impact,
attrition, and abrasion (Figure 2.2) [30, 42].

Figure 2.2: Particle breakage mechanisms; (a) impact breakage; (b) attrition; (c) abrasion

Impact breakage is the result of the grinding media or ore particles colliding with each
other or with the mill shell at high velocities. In effect, particles rapidly fracture into
daughter fragments having a wide range of sizes [30, 42]. This mechanism dominates in
the case of coarser particles and higher mill speeds, as the kinetic energy of the impacts
is sufficient to cause fracture [126].

Abrasion, on the other hand, results from the gradual wearing of particle surfaces due
to the sliding and rolling motion of the charge [30, 42]. This mechanism is more prevalent
for finer particles and at lower mill speeds, in which cases the stresses are insufficient to
cause fracture but may lead to the generation of fine particles through surface wear [126].

Attrition is a form of abrasion that occurs when particles are subjected to compressive
forces between the grinding media, causing the chipping and rounding of particle edges
and corners [36]. This mechanism is important for the generation of very fine particles
and the changes in particle shape during grinding [36].

The overall grinding behavior is also influenced by such factors as the accumulation
of fatigue damage due to repeated low-intensity impacts and the preferential breakage
of weaker particles [49, 172]. The relative importance of each of the above mechanisms
depends on the specific operating conditions and ore characteristics, and can change during
the grinding process as the particle size distribution changes [172].

The following sections explore how these mechanisms are influenced by various de-
sign and operating parameters, and how these can be manipulated to improve grinding
efficiency and product quality.

2.1.3 Influence of Operational Parameters

The performance of a ball mill is highly dependent on a range of operational parame-
ters that influence the grinding mechanisms and breakage rates. As already mentioned
and discussed in detail below, these parameters include the mill rotational speed, filling
degree (charge volume), ball size distribution, and slurry properties, among others. The
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optimization of these parameters is crucial for achieving expected grinding efficiencies and
desired product size distributions while minimizing energy consumption. In this section,
we will discuss the effects of each key parameter on mill performance.

Rotational Speed

The rotational speed of a ball mill is a has a significant impact on the motion of the
charge and on the energy input to the grinding process. As the mill speed increases, the
charge transitions from a sliding to a cascading and then to a cataracting motion [70]. The
optimal speed for grinding is typically between 65-80% of the critical speed, which is the
theoretical speed at which the charge would centrifuge against the mill shell [158, 194].

At lower speeds, the grinding efficiency is reduced due to the absence of impact forces
and the predominance of abrasion and attrition mechanisms [61, 162]. As the speed in-
creases, the charge motion becomes more violent, with higher impact energies leading
to improved grinding rates [26, 24]. However, beyond a certain speed, the efficiency de-
creases again as the charge begins to centrifuge, reducing the effective grinding volume
and increasing the energy consumption [61, 194].

The mill power draw is also significantly influenced by the rotational speed, with
higher speeds leading to increased energy consumption until critical speed is reached
[26, 187]. The speed for optimal energy efficiency is often similar to that for optimal
grinding efficiency, as the increased energy input is balanced with the improved breakage
rates [26, 158].

Filling Degree

The filling degree, or charge volume, refers to the amount of grinding media and ore
material inside the mill. The ball filling is typically in the range of 30-50% of the mill
volume, while the ore filling (powder filling) degree is usually lower, around 15-30% [158,
26]. Higher filling degrees lead to increased power draw due to the greater mass of the
charge, but also improve the grinding efficiency to a certain point [26, 70].

As the degree of the ball filling increases, the number of contact points between the
balls and ore particles increases, leading to higher breakage rates [100]. However, beyond
a critical filling degree, the motion of the charge becomes restricted, reducing the impact
forces and leading to a decrease in grinding efficiency [100]. Similarly, increasing the ore
volume can improve the throughput and energy efficiency, but excessive filling degree can
lead to cushioning effects and reduced breakage rates [26].

The filling degree can be optimized by finding a balance between maximum grinding
efficiency and minimum energy consumption. This optimal point depends on factors such
as the mill dimensions, rotational speed and ore properties, and can be determined from
experiments or models [26, 100].

Ball Size Distribution

The size distribution of the grinding media significantly influences grinding efficiency and
product size distribution. Large-size balls are more effective for breaking coarser particles,
while small-size balls are more optimal for producing finer particles [159, 132]. The optimal
ball size distribution depends on the feed size distribution and the desired product size
[26].
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In practice, a mixture of ball sizes is often used to achieve a balance between coarse
and fine grinding [20, 194]. Ball size distribution can be optimized to maximize the grind-
ing efficiency and minimize the energy consumption, by adjusting such factors as mill
dimensions, rotational speed, and ore properties [137, 77].

The breakage rates and energy utilization of the mill are also influenced by the ball
size distribution. Larger balls have higher impact energies but lower surface areas, while
smaller balls have lower impact energies but higher surface areas [30]. The optimal dis-
tribution balances these factors to achieve a desired breakage rate and energy efficiency
[72].

Slurry Properties

In wet grinding, the properties of the slurry, such as the solids concentration and viscosity,
have a significant impact on the grinding performance. As the slurry density increases, The
viscosity increases as a result of an increase in the slurry density and produces a dampening
effect on the charge motion, causing a reduction in the impact forces [162, 159]. As a result,
the grinding efficiency may decrease and the energy consumption may increase [187].

The slurry also influences the transport of broken particles out of the mill, with higher
densities and viscosities leading to reduced classification efficiency and increased over-
grinding [59]. The optimal slurry density should be adjusted to such factors as ore prop-
erties, mill dimensions, and desired product size distribution [132, 187].

Modeling approaches, such as DEM coupled with SPH or CFD have been used to study
the influence of slurry properties on the charge motion and grinding performance [29, 32].
These models can aid both the optimization of slurry properties for specific applications
and the design of efficient wet grinding systems.

2.1.4 Charge Dynamics and Slurry Impact

This subsection explores the most common types of charge motion, as well as methods
for measuring and quantifying these types of motion. It additionally examines the impact
of slurry on charge dynamics and concludes with a discussion on the implications of this
information for mill design and optimization.

Charge Motion in Ball Mills

The grinding efficiency and energy utilization of a ball mill is influenced by the type of
charge motion. The main such types depend on the rotational speed of the mill [115, 158,
146] and include sliding, cascading, cataracting, and centrifuging (Figure 2.3).
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Figure 2.3: Charge motion types

Sliding occurs at low rotational speeds, at which the charge tends to slide downwards
to the toe of the mill, and as a result it is subjected to primarily abrasive grinding [115]. As
the rotational speed increases, the charge motion changes its type to cascading (also called
rolling or tumbling), characterized by a continuous circulation of the charge with particles
rolling downwards the free surface of the charge. This motion produces a combination of
abrasion, attrition, and some impact breakage [115, 158, 146].

At higher rotational speeds, cataracting becomes the dominant type of motion, with
particles being thrown in parabolic trajectories, away from the charge and into the free
space above it. They then fall on the toe of the charge or mill shell, and thus cataracting
leads to higher-energy impact breakage [115, 158, 146, 28]. However, at very high rota-
tional speeds approaching the critical speed, particles cling to the mill shell and start to
centrifuge (Figure 2.4). As a result, the grinding action is reduced [115, 158, 108].

Figure 2.4: Forces acting on the ball during centrifuging at highest point inside the mill

The desired grinding action in ball mills is usually a combination of the cascading and
cataracting types of motion which allow a balance of abrasion and impact breakage while
preventing the inefficient centrifuging of the charge [158, 141]. The charge motion regime
is influenced by such mill operating parameters as rotational speed, ball characteristics,
and lifter design [8, 137].
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The charge motion regime also influences the energy utilization in the mill. DEM sim-
ulations demonstrate that an increase in speed causes the part of energy dissipated by
cataracting collisions to increase at the expense of the energy dissipated in the grinding
zone by abrasion [34]. Cataracting collisions are associated with higher peak energies that
promote impact breakage of coarser particles, while the shearing action in the cascading
charge produces finer particles by attrition [30]. However, very high speeds lead to inef-
ficient energy utilization, as a significant portion of the energy is wasted in cataracting
impacts on the liners rather than used in grinding [146]. At an optimum speed, typi-
cally 70-80% of the critical speed, the grinding action can be maximized while avoiding
excessive cataracting [158].

Charge Motion Analysis Techniques

Analyzing the charge motion in ball mills is important for the understanding and opti-
mization of the grinding process. Some of the techniques for characterizing the behavior
of the charge employ the center of gravity, center of circulation, toe and shoulder positions
(Figure 2.5), and various experimental methods.

The center of gravity is a point that describes the circulation of the charge within
a ball mill. It represents the effective mass of the entire charge reduced to a single point
[8]. The center of gravity is an important descriptor of charge motion. Others include the
head, shoulder, toe, and equilibrium surface [8]. While simplified models based on the
moment of the center of gravity provide estimates of mill power, more advanced modeling
is required to represent completely complex types of charge motion and their influence on
mill performance.

Figure 2.5: Characterization of mill charge dynamics; CoC – center of circulation; CoG –
center of gravity
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The center of circulation is another important descriptor, representing the rotational
center about which the ascending and descending charge circulates [8]. It is located along
the equilibrium surface, which differentiates the ascending en-masse charge from the de-
scending charge [8]. The position of the center of circulation depends on the operating
conditions of the mill and is directly related to the lifting and cascading action that
enables the grinding of the ore.

The toe and shoulder positions are also important indicators of the charge shape
and depend on the operating conditions and on the liner wear [140, 21]. The toe is the
accumulation point at the bottom of the mill charge where the cascading and cataracting
material lands after falling from the shoulder [63]. The shoulder, on the other hand, is
the highest point reached by the charge before it falls [8]. The toe and shoulder positions
recorded over time can provide information on the overall charge motion and grinding
efficiency.

Various experimental techniques have been employed to measure and analyze charge
motion in ball mills. High-speed video imaging is occasionally used in laboratory-scale
tests, in which the motion of the charge inside the mill is observed through a transparent
end wall or faceplate [76, 88]. Sensor-based methods, such as instrumented balls equipped
with accelerometers and gyroscopes, can measure physical quantities like acceleration,
impact forces, and rotational kinetic energy within the mill [112, 187]. Accelerometers
mounted on the mill shell or on the bearing housings can also provide information about
the charge motion by measuring the vibration response of the mill [10, 43, 119, 81].

Other experimental techniques include Positron Emission Particle Tracking (PEPT),
which uses a radioactive tracer particle to track the charge motion [8, 128, 9], and laser
profiling, which uses a laser distance meter to generate a point cloud of the charge surface
[44]. These experimental methods are often used in conjunction with DEM simulations
in order to gather more comprehensive information on the dynamics of the charge and to
validate numerical models.

Impact of Slurry on Charge Dynamics

In wet grinding, the presence of slurry significantly influences charge motion and grinding
performance in ball mills. The properties of slurry that most significantly affect charge
dynamics include density and viscosity, which both depend on solids concentration.

Slurry density has a great influence on charge motion and energy dissipation. An in-
crease in slurry density results in higher viscosity and packing density of the mill contents,
and in considerably smaller impact forces [162]. Higher slurry density also increases the
resistance to motion of the slurry [171]. As slurry viscosity increases, it acts as a damper,
providing resistance to the ball motion and decreasing impact forces [162]. Higher vis-
cosity slurries tend to cause charge particles to move along fluid streamlines rather than
inertial trajectories [117].

Slurry pooling and rheology also have significant effects on the charge motion and
grinding efficiency. As the slurry filling volume increases, a slurry pool forms inside the
mill, exerting buoyancy forces on the charge and increasing the toe angle while decreasing
impact forces [162, 132]. The slurry pool can decrease the speed of the cataracting particles
and dampen their impacts in the toe region [43, 29]. The rheological properties of the
slurry, such as its Newtonian or non-Newtonian behavior, influence the slippage between
layers of charge particles and the resulting slurry shoulder position [147]. Higher viscosity
increases the resistance to charge motion, lowering the slurry shoulder and limiting the
cataracting effect [171, 117].
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Wet grinding differs from dry grinding in several aspects due to the presence of slurry.
Wet-ground particles tend to have more irregular shapes and smoother surfaces compared
to dry-ground particles [17]. The slurry acts as a cushion, absorbing impact energy and
reducing breakage rates, especially at higher solids concentrations [162, 43]. Wet grinding
facilitates abrasion and attrition with lower impact energies, while dry grinding involves
higher impact energies and facilitates the crushing of particles [136].

Understanding the complex interactions between slurry properties, charge motion,
and breakage mechanisms is important for optimizing wet grinding efficiency. Advanced
models like coupled DEM-SPH/CFD can aid in the analysis of these interactions and
provide valuable information on the slurry flow patterns, energy dissipation, and particle
breakage in wet grinding mills [117, 29, 32].

Implications for Mill Design and Optimization

Precise information on charge dynamics and slurry impact has a significant role in the
design and optimization of ball mills. A holistic approach that integrates charge motion,
slurry dynamics, and equipment design is necessary to improve grinding efficiency and
energy utilization in wet milling operations.

Lifter design is an important aspect of mill optimization, as it influences charge tra-
jectory, slurry transport, and energy transfer to the charge [110, 11]. The lifter face angle,
height, and number of lifters can be optimized in simulations and experiments to enhance
the milling performance [149]. The lifter design should ensure a good balance between the
cascading and the cataracting motion while limiting the occurrence of centrifuging.

Mill speed is another parameter that controls charge dynamics, slurry flow, and energy
consumption [26]. Within a certain optimal speed range, the breakage rate can be maxi-
mized and the energy waste due to cataracting and slurry pooling can be minimized. This
optimal speed can be determined in a combination of simulations and plant experiments.
In order to maintain efficient grinding, the mill speed should be adjusted to the particular
ore properties, ball size distributions, and desired product sizes.

Ball size distribution and feed size distribution are also of considerable importance to
the charge packing, segregation, and breakage rates within the mill [71]. In scale-up and
optimization studies, a more realistic simulation is obtained with the use of a mix of ball
sizes rather than with mono-size charges. The ball size distribution should be adjusted to
the feed size distribution and the desired product size in order to ensure efficient energy
transfer and breakage.

Coupled DEM models have emerged as powerful tools for representing the complex
interactions between the slurry, the charge, and the mill structure in a computationally
efficient manner [87]. These models can accurately predict the mill dynamics, allowing
for slurry rheology and drag effects, and help optimize grinding operations in order to
minimize energy consumption, maximize throughput, and achieve desired product char-
acteristics [117].

Information on charge motion and slurry behavior allow advanced process control
strategies and improved mill automation systems. Such information may include data
provided by sensors on mill load, charge position, or slurry properties [171]. It may be
also based on interpretations of vibration signatures from the mill, which can be used to
predict charge dynamics and identify the state of grinding [10]. However, as such signals
are significantly affected by wear processes of both the balls and the liner, their condition
should be subjected to real-time, online monitoring and diagnostics [73].
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The oscillatory movement of the central part of the mill charge against the shell occurs
at certain filling degrees and speed values. Its proper control may cause an increase in mill
efficiency by 6-8% and a decrease in energy consumption by 8-10% [73]. Such an optimal
regime translates into both improved grinding performance and energy efficiency gains.

2.2 Modeling and Simulation of Ball Mills
Modeling and simulation techniques have become increasingly important tools used in
the analyses predictions and optimization of ball mill performance. They may be both
empirical models based on experimental data or advanced physics-based models that
represent the complex interactions between the grinding media, ore particles, and slurry.

This section provides an overview of the different modeling approaches used for ball
mills, with a particular focus on the Discrete Element Method (DEM) as coupled with
Population Balance Models (PBMs) and Smoothed Particle Hydrodynamics (SPH). It
also includes a discussion of the applications of these models in ball mill analyses, scale-
up, and optimization. It also indicates the current limitations and research gaps observed
in such approaches.

2.2.1 Overview of Modeling Approaches

The complex nature of the ball-mill grinding process, which involves the interaction of
multiple phases (grinding media, ore particles, and slurry) and various physical phenomena
(impact, abrasion, attrition, and transport), has led to the development of a wide range
of modeling approaches. These approaches can be broadly classified into three categories:
empirical models, Population Balance Models (PBMs), and Discrete Element Method
(DEM) models [45].

Empirical models, such as the Bond work index and the Hardgrove grindability index,
have been extensively used in the mineral processing industry for decades [45]. They rely
on experimental data and statistical correlations to predict the energy consumption and
product size distribution for a ball mill based on a limited number of input parameters
[65]. Although empirical models are not complicated and can provide relatively accurate
estimates for well-known ore types and mill designs, they demonstrate limited predictive
capability when extrapolating to new conditions or optimizing mill performance [45].

Population Balance Models (PBMs) represent a more advanced approach that ad-
dresses the evolution of the particle size distribution in the mill as a result of breakage
and transport processes [45]. PBMs are based on a set of differential equations that de-
scribe the rates of particle breakage and the distribution of daughter fragments, as well
as the flow of particles into and out of the mill [45]. The parameters of the model, such
as the breakage rate and breakage distribution functions, are typically estimated from
experimental data or back-calculated from on-site measurements [45, 46]. PBMs have
been successfully applied to predict the performance of industrial ball mills and optimize
their operating conditions [45, 59]. However, they still require empirical relationships for
calculating the breakage rates and do not provide detailed information on the internal
dynamics of the mill [45].

DEM models represent the most advanced and fundamental approach to ball mill
modeling [45]. DEM simulations produce reliable models the motion of and interactions
between individual grinding media and ore particles, based on Newton’s laws of motion
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and the principles of contact mechanics [181, 172]. By precisely representing charge dy-
namics and energy distribution in the mill, DEM models provide information on the
influence of various design and operating parameters on the grinding performance [45].
When coupled with PBMs and particle breakage models, DEM simulations can predict
the product size distribution and the energy consumption of a ball mill based on equations
offered in publications [45, 172]. However, DEM models are computationally intensive and
require careful the calibration and validation process to be based on experimental data
[181].

The following subsections focus in more detail on the formulation of DEM models and
their application in ball mill simulations, as well as on their coupling with other methods
such as PBMs and smoothed particle hydrodynamics (SPH) for modeling multi-phase
flows.

2.2.2 Discrete Element Method (DEM)

The discrete element method (DEM) is used for numerical simulations of the motion and
interactions of a large number of discrete particles, such as the grinding media and ore
particles in a ball mill. DEM models are based on the integration of Newton’s equations
of motion for each particle, and they allow for the forces and torques arising from particle-
particle and particle-geometry contacts [181].

In a typical DEM ball mill model, the grinding media (balls) and ore particles are
represented as spherical or multi-spherical particles with specified sizes, densities, and
mechanical properties (e.g., stiffness, damping, and friction coefficients) [172]. The mill
geometry, including the shell and liners, is modeled as a set of fixed or moving walls with
appropriate contact parameters [181]. The simulation proceeds by calculating the contact
forces and torques acting on each particle at each time step. The calculations are based
on the relative positions and velocities of the contacting particles and walls [181]. The
resulting accelerations are then integrated to update the particle positions and velocities
for the next time step [181].

DEM simulations can provide detailed information that would be otherwise difficult
to measure experimentally, for example information on the charge motion, energy dis-
tribution, and particle interactions inside the mill [172]. Analyses of the collision forces,
energy spectra, and particle trajectories, allow researchers to learn about the main grind-
ing mechanisms (impact, abrasion, or attrition) and their dependence on the operating
conditions of the mill [30, 49]. DEM models can also be used to study the influence of
design parameters, such as the mill diameter, aspect ratio, and liner profile, on the charge
dynamics and grinding performance [11, 140].

However, DEM simulations of ball mills are computationally intensive, particularly
in the case of models which represent fine particles and long grinding times [181]. This
problem has been addressed by employing various strategies, such as coarse-graining (rep-
resenting a group of particles with the use of a single larger particle), periodic boundary
conditions (simulating a slice of the mill), and parallel computing [181]. The fact that the
accuracy of DEM models depends on the proper calibration of the contact parameters and
on the validation against experimental data represents and additional constraint [172].
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2.2.3 Coupling DEM with Population Balance Models (PBMs)

Although DEM simulations provide detailed information on the charge motion and energy
distribution in a ball mill, they do not directly predict the evolution of the particle size
distribution or the product throughput. Solving this problem requires DEM models to be
coupled with population balance models (PBMs) that describe the breakage and transport
of ore particles in the mill [45, 172].

In a coupled DEM-PBM approach, the DEM simulation is used to calculate the colli-
sion energies and frequencies between the grinding media and ore particles, which are then
fed into the PBM as input parameters [45]. The PBM consists of a set of size-discretized
mass balance equations that account for the rates of particle breakage, the distribution of
children fragments, and the flow of particles into and out of the mill [45]. The breakage
rates and distribution functions in the PBM are typically calibrated using laboratory-scale
batch grinding tests or data collected on-site [45, 46].

By iteratively solving the DEM and PBM equations, the coupled model can predict
the evolution of the particle size distribution over time, as well as the product throughput
and energy consumption of the mill [172]. The DEM-PBM approach has been successfully
applied in simulations of industrial ball mills and in efforts at optimizing their operating
conditions, such as the ball size distribution, mill speed, and filling degree [45, 152].

However, the accuracy of DEM-PBM models depends on the quality of the breakage
data used for calibrating the PBM and on the ability of the DEM model to simulate the
relevant contact forces and energy spectra [172]. Additionally, the computational cost of
the coupled model can be very high, particularly in the case when simulations involve fine
particles and complex mill geometries [181].

2.2.4 SPH for Modeling Slurry Flow

In wet grinding, the presence of a slurry phase in the ball mill can significantly influence the
charge dynamics and grinding performance. The slurry influences the viscous damping of
the particle motions, the formation of a pool in the toe region of the mill, and the transport
of fine particles out of the mill [29]. Cleary et al. also propose a method for accurately
modeling these effects by coupling DEM models with Smoothed Particle Hydrodynamics
(SPH) methods in order to simulate the slurry flow [29, 32].

SPH is a meshless Lagrangian method that represents the slurry as a set of discrete
particles, each carrying local properties such as density, viscosity, and pressure [29]. The
motion of the SPH particles is accounted for by the Navier-Stokes equations, which are
solved using a kernel interpolation technique which smooths the properties over a local
region around each particle [29]. The coupling between the DEM and SPH models is
possible owing to exchange of momentum and forces at the particle-fluid interfaces [29].

DEM-SPH models have been used to study the influence of slurry properties, such as
the solids concentration and rheology, on the charge motion and grinding efficiency of ball
mills [29, 32]. The simulations discussed in these publications have revealed that a slurry
pool may form in the toe region of the mill, and that this pool can significantly dampen
the impact forces and reduce the breakage rates [29]. The models have also shown how
the slurry viscosity affects the transport of fine particles out of the mill, and how higher
viscosities may lead to reduced classification efficiency and increased overgrinding [32].

Despite their potential, DEM-SPH models of ball mills still face several challenges
and require further development [32]. The problems to be solved include the high com-
putational cost of simulating large numbers of SPH particles, the difficulty in accurately
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modeling the complex rheology of the slurry, and the need for experimental validation of
the coupled model predictions [32]. As research in this area continues, DEM-SPH models
are expected to gain importance as tools for optimizing the design and operation of wet
grinding systems.

2.2.5 Applications of Models for Process Understanding, Scale-
up, and Optimization

New advanced modeling and simulation techniques, e.g. DEM, PBMs, and SPH, provide
detailed data on the complex interactions between the grinding media, ore particles, and
slurry. As such they enable new perspectives for research into ball mills, their scale-up
and optimization and allow designs of more efficient and sustainable grinding systems
[45, 172].

One of the primary purposes of ball mill models is to facilitate the transition from
laboratory or pilot-scale tests to full-scale industrial mills [71]. DEM simulations allow
analyses not only of the charge motion and energy distribution in mills of different sizes,
but also of scaling relationships based on such dimensionless parameters as the Froude
number and the charge-to-ball mass ratio [85, 100]. PBMs, on the other hand, can be
calibrated in laboratory breakage tests and then used in predictions of the product size
distribution and energy consumption for industry-scale mills [45]. Combined DEM and
PBM models may provide complex scale-up methodologies that allow for the influence of
mill design, operating conditions, and ore properties on the grinding performance [45, 71].

Another important application of ball mill models is in the optimization of mill op-
erating conditions for specific ore types and product requirements [45]. DEM simulations
can be used to study the influence of such parameters as the ball size distribution, mill
speed, and filling level on the charge dynamics and grinding efficiency [11, 140]. On the
other hand, PBMs can be used to predict the effect of these parameters on the product
size distribution and energy consumption, and to identify optimal operating parameters
that balance throughput, energy efficiency, and product quality [45, 59]. PBM, when cou-
pled with DEM-SPH models can be thus used to optimize the slurry properties, such as
the solids concentration and viscosity, for improved grinding performance and reduced
overgrinding [29, 32].

In addition to aiding research efforts at scale-up and optimization, ball mill models can
be used to provide important information on the grinding mechanisms and their impact
on the mill design and operating conditions [172]. DEM simulations can also provide
details on the collision forces, energy spectra, and particle breakage events inside the mill.
Such details can be used to identify the main grinding mechanisms (impact, abrasion, or
attrition) and their relative contributions to the overall size reduction [30, 49]. PBMs may
be employed as tools in studies of the influence of particle size, shape, and mechanical
properties on the breakage rates and distribution functions, as well as in the development
of more accurate and predictive breakage models [45, 172]. DEM-SPH models can serve
as a source of data on the complex interactions between the grinding media, ore particles,
and slurry, as well as on their effect on the charge dynamics and grinding efficiency [29, 32].

2.2.6 Scaling Strategies and Problems

The scale of ball mill designs can be currently increased from laboratory or pilot scale to
full industrial scale by following several approaches. One of them is to employ population
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balance models (PBMs) for predicting the performance of full-scale mills on the basis of
correlations describing the breakage rate and breakage distribution parameters as a func-
tion of such variables as mill diameter, ball size, ball load, particle load, and mill speed
[71]. However, although most existing PBM scale-up correlations were defined on the basis
of mono-size ball charges and narrow feed size distributions, the size distributions of both
the grinding media and feed material used industrial mills are typically much broader
[71].

Industrial mills are also sized with the use of the empirical energy-size reduction re-
lationships, e.g. the Bond work index method. In such methods, power requirements are
estimated from a single-size marker (e.g. 80% passing size) and from specific energy con-
sumption [46]. However, they do not allow for such important factors as circulating load,
classifier efficiency, ball size distribution, and slurry rheology [46].

Mechanistic DEM-based models of charge motion are the principle behind a new ap-
proach to mill scale-up. They allow for the main design and operating variables like mill
speed, ball size, mill filling, and liner design [181]. The data produced by the DEM-based
models are then fed into Population Balance Models in order to allow predictions of
product size distributions in full-scale mills [181, 45].

The geometric, kinematic, and dynamic similarity in mill scale-up processes can also
be maintained by employing dimensional analysis and similarity principles. For example,
although mill diameter, length, and ball size are typically scaled proportionally to each
other, mill speed is reduced in proportion to the inverse square root of the diameter, so
that the percentage proportion of critical speed can be maintained [107]. Such approaches
are typically based on an assumption that the power draw is scaled together with the mill
volume.

However, the above approaches do not offer a complete solution to the mill scale-up
problems. One reason for such a situation may be that some assumptions used in many
ball mill models, such as perfect mixing of grinding media and particles, may not always
be valid, especially at high mill frequencies and large ball-to-particle size ratios [152]. As
a result, the model predictions may show inaccuracies.

Another significant problem results from linear wear, which is in particular due to
impacts from non-spherical ore particles. The predicting and mitigating of liner wear
requires complex modeling of particle motions and collisions with the use of such methods
as DEM [186]. However, accurate predictions of the liner wear profile in large industrial
mills are computationally intensive and require a number of DEM simulations. Machine
learning models trained on DEM data may reduce this computational cost, but still need
to be validated with the use of full-scale simulations [83].

The characterizing of breakage behavior is also more complicated in the case of irreg-
ularly shaped particles than in the case of spherical particles. Its analysis requires multi-
layer particle breakage experiments and models [188]. The optimization of the grinding
media (ball size distribution, material, etc.) depends on a balance between energy effi-
ciency, product size, and mill capacity, and therefore detailed experiments and models
are required in order to identify an optimal configuration for a particular application
[190, 129].

Complex scaling constants may solve some of these problems and result in improve-
ments to the accuracy of mill scale-up predictions. Well-formulated scaling constants and
detailed experimental models allowing for such main factors as charge motion, liner de-
sign, and feed properties may be offered as an aid in integrating contradictory scaling
laws. They may also account for scale-dependent mechanisms and improve the accuracy
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and confidence of performance predictions for industrial mills [68, 130]. As a result, mill
design and mill operating parameters can be optimized with limited dependence on empir-
ical factors. However, detailed sampling surveys and model calibration on industrial mills
are still often required for fine-tuning the scale-up factors and improving the accuracy of
model predictions [157].

In summary, ball mill scale-up remains a complex problem and requires a combination
of empirical, semi-empirical and mechanistic modeling approaches based on industrial
data. Such emerging techniques as DEM are not yet commonly adopted due to some of
their limitations. The development of complex scaling constants based on careful experi-
ments and detailed modeling may lead to improvements in the accuracy and applicability
of scale-up predictions. However, the computational cost, complex particle-slurry interac-
tions, and variability in ore properties and operating conditions still remain as problems
for further research.

2.2.7 Current Limitations and Research Gaps in Modeling

Despite intensive research into ball mill modeling and simulations, some limitations and
research gaps still remain in the area of improving the accuracy, reliability, and applica-
bility of these models. They include:

1. Computational efficiency: DEM simulations of ball mills are computationally inten-
sive, particularly in the case when fine particles and long grinding times are modeled
[181]. The development of more efficient algorithms, coarse-graining methods, and
parallel computing techniques is necessary to enable the simulation of industrial-
scale mills with realistic particle sizes and grinding times [181].

2. Breakage modeling: The accuracy of PBMs and DEM-PBMs depends on the quality
of the breakage data used to calibrate the breakage rates and distribution functions
[172]. More advanced breakage models could account for the influence that particle
size, shape, and mechanical properties have on the breakage behavior. As a result,
the predictive capabilities of such models would be improved [45].

3. Slurry modeling: The presence of a slurry phase in wet grinding mills can signifi-
cantly influence the charge dynamics and the grinding performance. However, ac-
curate models representing the complex rheology and the interactions of the slurry
with the grinding media and with ore particles are difficult to develop [32]. A need
remains for more complex and efficient DEM-SPH models, as well as for the in-
tegration of advanced rheological models and experimental validation techniques
[32].

4. Model validation: Ball mill models need to be verified against experimental data
from industrial mills in order to ensure their accuracy and reliability [45]. However,
detailed measurements of the charge motion, energy distribution, and particle size
evolution in industrial mills are not easily available due to the harsh operating
conditions and limited access to the mill interior [181]. This problem may be solved
by applying advanced sensor technologies, such as acoustic emission sensors, strain
gauges, and particle size analyzers, as well as by integrating these sensors with
DEM and PBM models in order to enable real-time monitoring and validation of
mill performance [45].
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5. Multi-component modeling: Although the majority of ball mill models are based on
a binary mixture of grinding media and ore particles, industrial mills often process
multi-component ores having different hardness, density, and breakage characteris-
tics [45]. Further research shoudl involve the development of multi-component PBMs
and DEM-PBMs capable of accounting for the interactions and breakage behavior
of different ore types [45].

6. Optimization and control: Ball mill models should be integrated with algorithms
and control systems, so as to enable the real-time optimization and control of mill
performance in response to changing ore properties, product requirements, and op-
erating conditions [45]. Complex and efficient optimization and control strategies
should be also integrated with DEM, PBM, and DEM-SPH models [45].

The above limitations and research gaps can be addressed in a collaborative effort of
the industry, academia, and technology providers, which can result in the development of
new experimental techniques, computational methods, and modeling frameworks. Further
research into ball mill modeling and simulation may contribute to the development of
more efficient, sustainable, and cost-effective grinding operations in the mineral-processing
industry.

2.3 Measurement and Monitoring Techniques
Accurate measurements and the monitoring of ball mill performance are an important
aspect in optimizing grinding efficiency, product quality, and energy consumption. The
monitoring of mill operating parameters, such as power draw, charge motion, and particle
size distribution, can be performed with the use of various techniques ranging from con-
ventional methods to advanced sensor-based and data-driven approaches. The following
section reviews the state-of-the-art techniques in ball mill measurement and monitoring
and discusses their applications for improved process control and optimization.

2.3.1 Conventional Methods

Ball mill performance is typically monitored in both direct and indirect measurements of
such operating parameters as power draw, feed and product size distributions, as well as
mill sound and vibration levels [70].

Power draw is one of the most commonly used such indicators, as it reflects the energy
consumed by the grinding process and is sensitive to changes in operating conditions, e.g.
to mill speed, filling characteristics, and ore hardness [70]. Power draw can be measured
with a wattmeter or calculated from the torque and rotational speed of the mill motor
[158]. Specific energy consumption, defined as the energy consumed per unit mass of the
processed ore, is often used as a benchmark for comparing the efficiency of different mills
or operating conditions [70].

Feed and product size distributions are typically measured using sieve analysis or
laser diffraction techniques, which provide information on the particle size reduction level
obtained in the mill and on the efficiency of the classification system [158]. The relationship
between the energy consumption and the particle size reduction is represented as the Bond
work index, and it can be calculated from the feed and product size distributions and used
to predict the performance of the mill for different ore types and operating conditions [70].
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Mill sound and vibration levels provide qualitative information on the charge motion
and liner wear inside the mill [158]. Experienced operators can often detect changes in the
mill performance by listening to the sound of the mill or by feeling the vibrations on the
mill shell [158]. However, these methods are subjective and do not provide quantitative
data for process control and optimization.

2.3.2 Sensor-based Methods

More detailed and quantitative information on the mill operating conditions and on the
charge motion may be provided by sensor-based methods, which employ acoustic emission
sensors, strain gauges, accelerometers, and embedded sensors in the mill liners or grinding
balls [45].

The charge motion and breakage rates inside the mill are monitored with acoustic
emission (AE) sensors, which detect high-frequency stress waves generated by particle
impacts and fracture events [167, 170]. AE sensors are mounted on the mill shell or liners
and provide real-time data on the impact energy and frequency of the grinding media and
ore particles [167]. The relevant information is extracted from the AE data with the use
of such signal processing techniques as wavelet analysis and pattern recognition, and can
be subsequently related to the mill operating conditions and performance [170].

On the other hand, the charge motion and the impact forces inside the mill are mon-
itored with strain gauges and accelerometers which measure the deformation and accel-
eration of the mill shell, respectively [89, 11]. These sensors provide data on the toe and
shoulder angles of the charge, the impact force distribution along the mill length, and the
mill vibration characteristics [89, 11]. The data from multiple sensors are then combined
with the use of data fusion techniques so as to provide a more comprehensive view of the
mill dynamics [166].

Measurements of the impact forces and energy distributions inside the mill are per-
formed directly with embedded sensors, such as instrumented grinding balls or liners with
built-in accelerometers or pressure sensors [112, 180]. These sensors provide data required
to validate DEM simulations and optimize the mill operating conditions [180]. The lim-
itations of such sensors include their durability and data transmission capability in the
harsh mill environment [112].

2.3.3 Soft-Sensors and Data-Driven Models

Soft-sensors (virtual sensors), are based on data-driven models and used to estimate the
main process variables from available measurements. They provide real-time monitoring
and control of ball mill performance [168]. These models employ advanced statistical and
machine learning techniques, e.g. principal component analysis, artificial neural networks,
and support vector machines, to establish a relationship between such measured variables
as power draw, feed rate, and product size distribution and the desired process outcomes,
for example grinding efficiency and product quality [168].

One example of an application of soft-sensors for ball mills is the use of neural networks
to predict the product particle size distribution from the mill operating conditions and
feed characteristics [170]. The neural network model is trained on historical data from the
mill and can be updated online with real-time measurements of the feed and product size
distributions [170]. The predicted particle size distribution is then used to adjust the mill
operating conditions, such as the feed rate and ball filling degree [170].
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Another example is the use of support vector regression in predictions of the mill power
draw from the feed rate, ball filling degree, and ore hardness [133]. The model is trained
on data from DEM simulations and validated against experimental data from a pilot-scale
mill and can be used to predict e.g. the power draw [133].

Soft-sensors and data-driven models may provide real-time monitoring and control of
ball mill performance, without the need for expensive and invasive sensors [168]. However,
the accuracy and reliability of these models result from the quality and quantity of the
available data, as well as from the ability to adapt to changes in the mill operating
conditions and ore characteristics [168]. The integration of soft-sensors with mechanistic
models, such as DEM and PBM, may provide a more complex and flexible framework for
mill optimization and control [45].

2.3.4 Control and Optimization Strategies

The measurement results and monitoring techniques are used in grinding process con-
trol and optimization strategies to increase the energy efficiency, product quality, and
throughput of ball mills [45].

One common approach is the application of Model Predictive Control (MPC), in
which a model of the mill is developed for predicting the future behavior of the system
and optimizing the control actions over a specified time horizon [74]. The model can be
based on mechanistic principles, such as DEM and PBM, or on data-driven techniques,
such as neural networks and support vector machines [74]. The control parameters, such
as the feed rate, ball filling degree, and mill speed, are optimized to minimize the cost
function which represents the desired performance criteria [74].

Another approach consists in adjusting the mill operating conditions with the use
of expert systems and rule-based control which employ a set of predefined rules and
heuristics, as well as the available measurements and process knowledge [158]. Such rules
can be based on empirical correlations, operator experience, or process simulations, and
can be updated online using machine learning techniques [158].

Optimization strategies, e.g. genetic algorithms and particle swarm optimization are
based on a specific objective function and constraints [45]. Such an objective function can
be based on a single criterion, e.g. on energy consumption or product size, or on a weighted
combination of multiple criteria, e.g. on throughput, product quality, and wear rate [45].
The optimization can be performed offline, using historical data and process models, or
online, using real-time measurements and adaptive models [45].

The effectiveness of control and optimization strategies for ball mills depends on the
accuracy and reliability of the available measurement techniques and models, as well as
on the ability of the latter to represent complex and time-varying grinding processes
[45]. Advanced control and optimization algorithms, such as reinforcement learning and
multi-objective optimization, thus represent an area for further research [45].

2.4 Emerging Tools and Future Directions
The above-discussed literature presents the current solutions in ball mill modeling, sim-
ulation, and optimization. It also indicates some of the remaining research problems and
issues. This section reviews the tools and future research directions with a particular focus
on the aspects addressed in this dissertation, i.e. on the development of digital twins, the
evaluation of scaling constants, and the application of multivariate analysis techniques
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which allow more information on the complex interactions which occur within ball mills.
Successful solutions in this research area may translate into more efficient, sustainable,
and cost-effective grinding operations.

The proposed research builds on the existing knowledge and techniques, as discussed
in this literature review, and in particular on DEM-PBM models [45], sensor-based mon-
itoring [167, 170], and the integration of modeling and measurement techniques [139].

A digital twin of a laboratory ball mill has a potential to offer accurate virtual rep-
resentations of grinding processes. Its calibration is believed to be possible with the use
of a systematic methodology based on advanced modeling techniques, e.g. DEM-SPH
simulations, integrated with experimental methods, e.g. video recordings and sensor mea-
surements. Owing to this approach, the twin is expected to provide accurate and detailed
information on the complex interactions between the grinding media, ore particles, and
slurry within the mill [32, 148].

A scaling constant may be viewed as a potential parameter for maintaining similar
milling performance regardless of different mill scales and thus requires proper evaluation.
Investigations of the impact of the scaling constant on size reduction degree, specific
energy, and specific energy per rotation in both dry and wet milling conditions are here
expected to provide a quantitative measure which can be used to perform ball mill scale-up
without affecting its optimal performance [71, 130].

The calibrated digital twin can be subsequently used to perform a multivariate analysis
of copper ore milling, which is believed to provide new information on load dynamics and
the dominant types of forces within the mill. The proposed methodology, combining digital
twin development, scaling constant evaluation, and multivariate analysis, addresses several
research gaps and challenges identified in the literature review.

2.4.1 Development and Implementation of a Calibrated Digital
Twin

A properly calibrated digital twin is expected to provide a virtual environment that accu-
rately represents the physical system together with the load dynamics and the dominant
types of forces inside the mill. In this work, the calibration methodology integrates ad-
vanced modeling techniques, such as DEM-SPH simulations, with experimental methods,
including video recordings and sensor measurements.

DEM-SPH simulations provide detailed models of charge motion, energy dissipation,
and particle breakage mechanisms. However, their accuracy depends on the proper cal-
ibration of model parameters and validation against experimental data [32]. High-speed
video imaging allows the identification of the charge motion and the slurry flow patterns
within the mill and can be thus used to validate the DEM-SPH simulations [76, 88]. On
the other hand, sensor measurements of e.g. power draw, rotational speed and torque,
provide real-time data on the operating conditions and performance of the mill [167, 170].

The data collected in the simulations are then used in the multivariate analysis of the
impact of various operational parameters on the main performance indicators, such as
size reduction, energy consumption, and force distribution inside the mill in a range of
operating scenarios.
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2.4.2 Evaluation of the Scaling Constant

The scaling constant is expected to provide a quantitative measure that can be used
to increase the scale of the ball mill without affecting its optimal performance. In this
research, the evaluation of the scaling constant is based on the analysis of the consistency
of its impact on three aspects of milling performance: size reduction degree, specific energy,
and specific energy per rotation. These indicators are used as a measure of the effectiveness
of the scaling constant in both dry and wet milling conditions.

Another issue addressed in this work is the impact of operational parameters, e.g. mill
diameter, filling degree, rotational speed, lifter size, lifter numbers, and slurry properties,
on the main performance indicators and milling efficiency. This impact is here analyzed
with the use of both experimental studies and simulations in the digital twin. The exper-
imental studies involve applying various values of operational parameters and measuring
the corresponding performance indicators.

The simulations in the digital twin are expected to complement the experimental
studies by enabling the manipulation of the operational parameters in a wider range of
scenarios and the identification of their impact on such performance indicators as load
dynamics and force distribution.

2.4.3 Future Research Directions and Recommendations

Several further research directions can be identified in the field being the object of this
study, as discussed below.

One important direction for future research includes further tests and validation of the
scaling constant on a wider range of mill sizes and ore types, with additional experimental
studies and simulations [71, 130].

Another direction involves tests on industrial-scale copper ore mills with an aim to
validate the findings of this study and assess the applicability of the scaling constant
approach in real conditions. Collaborations with industry partners could facilitate ac-
cess to industrial-scale mills and enable the collection of relevant data for validation and
optimization purposes [157].

Future research should also focus on other remaining research gaps identified in the
literature review. One such area is the modeling of multi-component and multi-phase
systems, which are common in industrial ball mills but often not accurately represented in
current models [45]. More advanced models capable of describing the interactions between
different ore types, particle sizes, and slurry properties may offer an even more realistic
representation of the milling process and help optimize mill performance in a greater
number of application scenarios.

Another issue is to integrate wear and breakage models into a unified computational
framework that can predict the evolution of particle size and shape distributions, as well
as the liner and media profiles, over time [146]. This task requires the development of ad-
vanced computational methods and experimental techniques capable of accurately char-
acterizing the wear and breakage behavior of different materials under various operating
conditions.

The optimization of mill design and operation is another area for future research.
Such a task should be performed with consideration to a large number of variables and
constraints that have a complex and nonlinear impact on mill performance and energy
efficiency [45]. Advanced optimization algorithms, such as machine learning and artifi-
cial intelligence-based solutions, as well as computational frameworks, optimize the time
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required to solve the high-dimensional and multi-objective problems. Such data-driven
approaches can be integrated, with mechanistic models to create hybrid optimization
methodologies.

Finally, future research should also focus on the integration of ball mill models with
models of upstream and downstream processes, such as crushing, classification, flotation,
and dewatering models. Such an approach may enable the optimization of the entire
mineral processing circuit [70]. It would require integrated frameworks for the modeling
of the interactions and dependencies between different unit operations and as a result
enable the identification of optimal operating strategies for the entire plant.

In conclusion, this research provides a basis for more detailed investigations and opti-
mization of ball milling processes through the development of a digital twin, the evaluation
of a scaling constant, and the multivariate analysis of copper ore milling. The remaining
areas for research in this field include the refinement of the scaling constant approach,
the validation of the findings on industrial-scale mills, the modeling of multi-component
and multi-phase systems, the integration of wear and breakage models, the optimization
of mill design and operation, and the integration with upstream and downstream pro-
cesses. Addressing these challenges and opportunities will require a collaborative effort
between industry, academia, and technology providers, as well as the development of new
experimental techniques, computational methods, and modeling frameworks.
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Chapter 3

Theoretical Background of Numerical
Environment

This chapter discusses the theory behind the simulation of the behavior of charge during
dry milling and wet milling with slurry. The elements typically modeled in such simulations
include balls, ore, water and steel parts of the mill. Some multiphase approaches may also
allow for the interaction with gas phase (air), as a slurry consisting of solid fraction, gas,
and water has unique properties due to the interactions between the three components.

The solid fraction of the slurry contains primarily particles of ground ore. Their size
decreases with the grinding time and significantly affects both the viscosity of the slurry
and its flow behavior [154]. These properties are important for physical simulations. Solid
particles present in the slurry affect its turbidity and transparency. However, these char-
acteristics are less relevant and are not the object of this analysis. The slurry also contains
grinding media in the form of steel balls. Both the balls and ore particles can be modeled as
discrete elements with known density, hardness, and size distribution, i.e. the parameters
that have the greatest impact on grinding efficiency and energy consumption.

The particle size determines the settling velocity, the conditions of friction between
particles, and interactions with other components of the slurry [151]. The density of the
ground ore also has an influence on the suspendability, resistance to motion, and spatial
distribution of particles [96]. The shape of particles determines their velocity distribution,
intermolecular interactions, and the dynamics of sedimentation processes under quiescent
conditions [193]. The hardness of solid particles translates into their resistance to defor-
mation [19], and as such it affects particle-particle interactions, interactions with the mill
surface, as well as grinding and comminution processes. Finally, particle size distribution
has an impact on the grinding uniformity, sedimentation and mixing processes, as well as
on interactions with other components of the slurry [134].

Mill elements, on the other hand, can be simulated as one solid body having all prop-
erties except size distribution identical to those of the discrete elements. Both the mill
lining and the grinding media are typically steel elements and their wear and corrosion
may thus have a significant impact on mill performance.

In wet grinding, the main component of the slurry is water, which serves as a carrier for
solid particles and dissolved gases, determining their dynamics in the mill. The influence
of water on the viscosity of the slurry, in this case mainly due to its quantity rather than
any particular physicochemical properties, is also considerable, albeit smaller than that of
solid particles [192]. The solubility of gases and the dynamics of certain chemical processes
depend on the temperature of the water [155], which increases with time, as the grinding

26



CHAPTER 3. THEORETICAL BACKGROUND OF NUMERICAL
ENVIRONMENT

process entails the release of significant amounts of heat. The main parameters of the fluid
that need to be considered in a numerical model are density and viscosity, which depend
on its temperature. The density affects the balance of forces within the slurry, as well
as the behavior of the interactions between solid particles and gas [64]. Viscosity, on the
other hand, translates into the flow resistance of the slurry [3] and is important in models
of the slurry flow, as it affects the resistance of solid particles, the friction between slurry
components, and the velocity distribution within the system.

3.1 Simulation Environment
DualSPHysics [52] is open-source software for simulations of physical phenomena based
on the Smoothed Particle Hydrodynamics (SPH) meshless method. Over the past two
decades, it has been intensively developed and applied in such areas as violent hydro-
dynamics of coastal and offshore structures, galaxy and planetary formation, multiphase
flows and mixing in process industries, large deformations of solids and structures, damage
and failure modeling, fluid-structure interaction, as well as computer graphics and games
[156, 67, 118, 111]. DualSPHysics is capable of accelerating SPH simulations by employ-
ing both Central Processing Unit (CPU) via the OpenMP shared memory and Graphical
Processing Unit (GPU), via the Compute Unified Device Architecture (CUDA) program-
ming framework. It is available under the GNU Lesser General Public License (LGPL)
and examples and is hosted on GitHub for public access and collaboration.

Being optimized for GPU acceleration, DualSPHysics provides increased flexibility and
processing speed by using CUDA kernels for single GPU use, hierarchical templates, and
cell-linked neighbor lists [51, 53]. The software package also includes tools for generating
inputs and new test case workflows, along with various pre- and post-processing tools for
data analysis and visualization.

Since version 5.0, DualSPHysics is also coupled with the Discrete Element Method
[52]. This research was performed with the newest stable version 5.2.0.

3.2 SPH formulation

3.2.1 Interpolants and Kernel Functions

In the domain Ω, the continuous integral formulation of Smoothed Particle Hydrodynam-
ics (SPH) for a differentiable function f(r), r ∈ Rd, is expressed through the convolution
of a kernel function W with f , as shown in:

⟨f(r)⟩ :=
∫
Ω

f(r′)W (r− r′, h)dr′. (3.1)

Here, the angle brackets ⟨·⟩ signify an approximation, r′ ∈ Ω serves as an intermediary
positional variable, and W (r, h) represents a positive kernel function characterized by the
following equation:

W (r, h) =
1

hd
ω(q), (3.2)

where h > 0 denotes the smoothing length and q = |r|/h is the normalized distance. The
function ω : R → R is defined as a smooth, non-negative function whose properties are
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described by: ∫
Ω

ω(q)dr =
1

hd
, (3.3)

This function has a compact support, as illustrated in: (Figure 3.1),

ω(q) = 0 for |r| ≥ kh, k ∈ R+. (3.4)

Figure 3.1: Configuration and compact support of the kernel function (based on [52])

Figure 3.2: Illustration of various particle sets a ∈ P, with P encompassing all particles
within the domain (based on [52])

The literature knows numerous smoothing kernels [47]. The one used in the software
is represented by Eq. (3.2) and conforms to the criteria which are described with the
function W : Rd → R in Eqs. (3.3) and (3.4). The kernel is characterized by its positive
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definition over the support domain ∀r′ ∈ Ω;W (r− r′, h) > 0, exhibiting a monotonically
decreasing and sufficiently smooth behavior over the interval kh, and

lim
h→0

W (r, h) = δ(r), (3.5)

where δ is the Dirac delta function, as described in [102, 122]. The DualSPHysics software
employs various kernel functions, and notably the third-order B-splines kernel (cubic
spline) [122]

ω(q) = aD


1− 3

2
q2 + 3

4
q3 0 ≤ q ≤ 1

1
4
(2− q)3 1 < q ≤ 2

0 otherwise
, (3.6)

where adD is 10/7π and 1/π in 2-D and 3-D, respectively.
The commonly used fifth-order Wendland function is characterized by reduced pairing

instability [182]. This C2 kernel function has a positive kernel Fourier transform [47, 150],
and is as follows:

ω(q) = ad

(
1− q

2

)4
(2q + 1) 0 ≤ q ≤ 2, (3.7)

with adD specified as 10/7π in 2-dimensional spaces and 1/π in 3-dimensional spaces.
The SPH discrete approximation of the convolution between W and f can be described

as follows:
⟨f(ra)⟩ =

∑
b∈P

f(rb)W (ra − rb, h)∆r
d
b , a = 1, . . . , N, (3.8)

where the subscripts a, b represent the interacting neighboring discrete particles within the
set P , which consists of all particles in the domain and includes particles in the fluid F ,
boundary B, and any floating objects K, as depicted in Figure 3.2. The set P is the union
of F and B, where K is a subset of B. The term ∆Vb denotes the volume V associated
with the b-th particle in P . For simplicity, the notation ⟨·⟩ is further omitted.

Detailed in formation on SPH is available in [124, 177], and [178]. Additionally, anal-
ogous integral and discrete formulations can be developed for the gradient operator of
a specific function f , as follows:

∂f(r)

∂r
=

∫
Ω

f(r′)
∂W

∂r
(r− r′, h) dr′, (3.9)

using the convolution theorem,

∂f(r)

∂r
∗W = f ∗ ∂W

∂r
. (3.10)

The discrete gradient is thus:
∂

∂ra
f(ra) :=

∑
b∈P

f(rb)
∂

∂ra
W (ra − rb, h)Vb, a = 1, . . . , N. (3.11)

3.2.2 Governing Equations

The behavior of a compressible fluid is represented by the fundamental governing Navier-
Strokes equations, which can be expressed as the continuity and momentum equations
based on a Lagrangian framework as follows:

dρ

dt
= −ρ∇ · v, (3.12)
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and
dv

dt
= −1

ρ
∇P + Γ+ f , (3.13)

here, d is the total or material derivative, v is the velocity vector, ρ is density, P is
pressure, Γ represents the dissipation terms, and f denotes accelerations due to external
forces like gravity.

3.2.3 SPH Discretization of the Governing Equations

The mass conservation property of SPH,

dm

dt
= 0, (3.14)

where the mass is conserved exactly within a Lagrangian particle, causes a density change
due to the volumetric change of the term at the right-hand side of Eq. (3.12). In the SPH
formalism, the discrete form of the continuity equation at a point a with position ra is as
follows [124]:

dρ

dt

∣∣∣∣
a∈P

=
∑
b∈P

mb

ρb
vab · ∇aWab +Da, (3.15)

where Wab = W (ra− rb, h) and (·)ab = (·)a− (·)b. The second term on the right-hand side
is the numerical diffusion term for density [4]. The discrete form of Eq. (3.13) in an SPH
formalism is

dv

dt

∣∣∣∣
a∈F

= −
∑
b∈P

mb

(
Pa + Pb

ρaρb

)
∇Wab + ⟨Γ⟩a + f , (3.16)

where a symmetric SPH operator is employed, ensuring conservation of momentum [14]
for the pressure term, and the discrete representation of the dissipation terms is discussed
in more detail in the Dissipation Terms subsection.

Density diffusion terms

DualSPHysics incorporates two formulations of density diffusion terms (DDT), which
serve as a high-frequency numerical noise filter that enhances the stability of the algorithm
by smoothing the density and, as a result, the pressure. This improvement is crucial due
to the inherent spuriousness in pressure calculations within the weakly compressible SPH
framework. This spuriousness arises from the collocated arrangement (in velocity and
density) and from the explicit approach (in time integration). These terms are described
as:,

Da = δhc
∑
b∈P

ψab · ∇WabVb, (3.17)

where δ describes the strength of the diffusion term. The term ψab is derived from the
Neumann–Richtmeyer artificial dissipation, as introduced by Molteni and Colagrossi [120]:

ψab = 2(ρb − ρa)
rab

∥rab∥2
, (3.18)

Modified by Fourtakas et al. [60] Eq. (3.18) includes the dynamic component of the
density, as follows:

ψab = 2
(
ρ

(T)
ba − ρ

(H)
ab

) rab
∥rab∥2

, (3.19)
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where superscripts (T) and (H) represent, respectively, the total and hydrostatic com-
ponents of the density for a weakly compressible and barotropic fluid. The hydrostatic
pressure is locally constructed as follows:

P
(H)
ab = ρ0gzab. (3.20)

Although both terms exhibit inconsistencies near the truncated kernel support [4] (such
as at a free-surface or a wall boundary), resulting in a net outwards vector contribution,
the latter term enhances the behavior of pressure near wall boundaries by acting on the
dynamic pressure.

Dissipation terms: Artificial viscosity

The momentum equation can be expanded with an artificial diffusive term based on the
Neumann-Richtmyer artificial viscosity [121] in order to reduce oscillations and stabilize
the SPH framework. The artificial viscosity term is included as part of the SPH gradient
operator on the right-hand side of Eq. (3.16):

Πab =

{(
−α cab

ρab

)
hvab·rab
r2ab+η2

, vab · rab < 0,

0, vab · rab ≥ 0
, (3.21)

where (·)ab = (·)a+(·)b
2

. Here, c is the numerical speed of sound, and α is the coefficient of
artificial viscosity. The parameter η = 0.001h2, with {η ∈ R; rab > η}, is used to ensure
that the operator is non-singular. It can be demonstrated that Πab ∝ ν0∇2v, where
ν0 is the kinematic viscosity [124, 58]. The momentum equation, augmented by artificial
viscosity, is formulated as follows:

dva

dt

∣∣∣∣
a∈F

= −
∑
b∈P

mb

(
Pa + Pb

ρaρb
+Πab

)
∇Wab + f , (3.22)

Its simplicity causes the artificial viscosity formulation to be commonly used in SPH as
a viscous dissipation term.
Dissipation terms: Laminar viscosity
Lo and Shao [104] offer an approximation of the viscous dissipation of momentum in the
laminar flow regime in DualSPHysics:

ν0∇2va =
∑
b∈P

mb

(
4ν0rab · ∇Wab

(ρa + ρb)(r2ab + η2)

)
vab, (3.23)

where ν0 is the kinematic viscosity of the fluid. The laminar viscous term diverges near
the free-surface [37].

Dissipation terms: Sub-particle scale model

DualSPHysics incorporates the large eddy simulation Sub-Particle Scale (SPS) model
[66], as described by Dalrymple and Rogers [41] who use Favre averaging within a weakly
compressible framework. The SPS stress tensor τ is described in Einstein notation in the
superscripts i, j as:

τ ij = vivj − vivj, (3.24)
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and modeled by an eddy viscosity closure as:

τ ij

ρ
= 2νSPS

(
Sij − 1

3
Siiδij

)
− 2

3
Cl∆

2δij|Sij|2. (3.25)

Here, νSPS = [C2
s∆]2|Sij|, where Cs = 0.12 is the Smagorinsky constant, C∆ = 0.0066,

∆ is the initial particle spacing, and |Sij| = 1
2
(SijSij)1/2, Sij being an element of the SPS

strain tensor. This relationship is used together with the variationally consistent strain
tensor.

In the case of the pressure gradient (Eq. 3.16), the discrete form of the term is as
follows [41]:

1

ρ
∇ · τ ija =

∑
b∈P

mb

(
τ ija + τ ijb
ρaρb

)
∇iWab. (3.26)

In its final form, the momentum dissipation term is expressed in DualSPHysics as:

Γa =
∑
b∈P

mb

(
4ν0rab · ∇Wab

(ρa + ρb)(r2ab + η2)

)
vab +

∑
b∈P

mb

(
τ ija + τ ijb
ρaρb

)
∇iWab. (3.27)

3.2.4 Equation of State and Compressibility

In the SPH formulation employed in DualSPHysics, the relationship between density and
pressure is expressed as an Equation of State (EOS), which describes the weak compress-
ibility of the fluid, calculated from the numerical speed of sound [123],

P =
c2sρ0
γ

[(
ρ

ρ0

)γ

− 1

]
, (3.28)

where γ is the polytropic index (typically 7 for water), ρ0 is the reference density, and
cs =

√
dP
dρ

represents the numerical speed of sound [7].
The numerical speed of sound cs, selected on the basis of a typical length scale and

timescale of the domain, allows time steps to be significantly increased during explicit
time integration in comparison to the case based on the physical speed of sound [7].
Given cs = 10∥v∥max where ∥v∥max =

√
gh0, h0 being the initial fluid height in the

domain, the variation in density does not typically exceed approximately 1%. However,
this condition should be continuously monitored as the 1% threshold may be occasionally
exceeded, and the compressibility may thus be no longer considered ‘weak’. In such cases,
the speed of sound should be increased in order to reduce the time step, resulting in longer
computational times.

3.2.5 Time Integrators and Time Step

DualSPHysics employs two explicit time integration schemes. For brevity, the governing
equations are written as

dva

dt
= Fa;

dρa
dt

= Ra;
dra
dt

= va. (3.29)

The time integrators are briefly introduced below.
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Verlet time integration scheme

The Verlet schemes [175] are commonly used in molecular dynamics as efficient tools
providing a second-order accurate integration in space. This approach utilizes a velocity
Verlet variant that eliminates the need for multiple computational steps within a sin-
gle iteration. Accordingly, the Weakly Compressible Smoothed Particle Hydrodynamic
(WCSPH) variables are calculated according to the following equations:

vn+1
a = vn−1

a + 2∆tFn
a′ ,

rn+1
a = rna +∆tvn

a +
1

2
∆t2Fn

a′ ,

ρn+1
a = ρn−1

a + 2∆tRn
a .

Integration across a staggered time interval causes the density and velocity equations
to become decoupled, resulting in the potential divergence of the integrated values. There-
fore, an intermediate correction step is required every Ns steps (with the recommended
Ns ≈ 40), as in the following equations:

vn+1
a = vn

a +∆tFn
a′ ,

rn+1
a = rna +∆tvn

a +
1

2
∆t2Fn

a′ ,

ρn+1
a = ρna +∆tRn

a ,

where the superscript n ∈ N is the time step and t = n∆t.

Symplectic time integration scheme

The symplectic position Verlet time integration scheme [98] offers second-order temporal
accuracy. Its time-reversibility and symmetry in the absence of diffusive terms renders it
particularly useful for Lagrangian methods and allows it to preserve geometric properties.
In the absence of dissipative forces, the position Verlet scheme is given by:

rn+1/2
a = rna +

∆t

2
vn
a , (3.30)

vn+1
a = vn

a +∆tFn+1/2
a , (3.31)

rn+1
a = rna +

∆t

2
vn+1
a . (3.32)

However, as the viscous forces are and the density increase in DualSPHysics, an (n+ 1
2
)

increment step becomes necessary, and thus a half-step velocity Verlet method is employed
for calculations of the velocity for both the acceleration evolution and the density evo-
lution at F(rn+ 1

2
) and R(rn+ 1

2
), respectively. The approach adopted in DualSPHysics is

formulated as,

rn+1/2
a = rna +

∆t

2
vn
a , (3.33)

vn+1/2
a = vn

a +
∆t

2
Fn

a , (3.34)

vn+1
a = vn

a +∆tFn+1/2
a , (3.35)

rn+1
a = rna +∆t

va
n+1 + va

n

2
, (3.36)
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where rn+
1
2 replaces rn+1 in Eq. (3.30) in order to remove dependency on un+ 1

2 . Sub-
sequently, the evolution of density follows the half time steps in accordance with the
symplectic position Verlet scheme below [138]:

ρ
n+ 1

2
a = ρna +

∆t

2
Rn

a (3.37)

ρn+1
a = ρna

2− ϵ
n+ 1

2
a

2 + ϵ
n+ 1

2
a

, (3.38)

where ϵn+
1
2

a = −

(
R

n+ 1
2

a

ρ
n+ 1

2
a

)
∆t. (3.39)

Variable time step

The time integration is constrained by the Courant–Friedrichs–Lewy (CFL) condition,
which is important in explicit time integration schemes, as it helps confine the numerical
domain within the physical domain of dependence [125]:

∆tf = min
a

(
h∣∣dva

dt

∣∣
)
, ∆tc = min

a

 h

cs +maxb

(
|hvab·ra|
r2ab+η2

)
 , (3.40)

∆t = CCFL min(∆tf ,∆tc), (3.41)

where
∣∣dva

dt

∣∣ is the magnitude of particle acceleration. The variable time step is defined as
a minimum between ∆tf and ∆tcv, and it is constrained by the Courant number CCFL,
which is typically from 0.1 to 0.2.

3.2.6 Boundary Conditions

DualSPHysics is provided with several boundary conditions. The boundary conditions
for solids are discretized by a set of boundary particles a ∈ B that differ from the fluid
particles F. Due to the Lagrangian nature of SPH, the motion of solid boundaries can
also be defined directly by the user.

Dynamic Boundary Conditions (DBC) are simply represented as fixed particles, and
their density is computed with the use of the continuity equation and pressure values ob-
tained from the equation of state. As the definition of such boundaries is not complicated
and their computations are relatively stable and efficient, they are an effective solution
for complex geometries. They were validated with dam-break flows as well as with wave
flumes, and they were successfully simulated in real engineering applications [2, 191]. How-
ever, an unphysical gap is formed between the fluid and these solid boundaries when the
fluid approaches the boundary, and as a result the accuracy of pressure measurements on
the boundary decreases. Therefore, DualSPHysics is also provided with another solution,
in which the density of solid particles is calculated by linear extrapolation from ghost
positions within the fluid domain [57]. In this second approach, the gap is avoided and
pressures of the boundary particles in still water converge to hydrostatic pressure.
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Dynamic boundary conditions

DBC represents a solid wall using a collection of boundary particles B, with the following
continuity equation [39]:

dρ

dt

∣∣∣∣
a∈B

= ρb
∑
b∈F

mb

ρb
vab · ∇W, (3.42)

while the position of these particles is updated from:

dv

dt

∣∣∣∣
∀a∈B

= F(imposed) (3.43)

where F(imposed) is the force exerted on moving boundary particles by the fluid. Such mo-
tion can be calculated from the user-predefined function or from accelerations accumulated
over time. Due to the increase in density calculated from Eq. (3.42), the pressure in the
momentum equation for particle a ∈ F increases, producing a repulsive force between the
fluid and boundary particles. This simplified boundary approach is particularly useful in
GPU implementation, as it allows code optimization through the use of vector lists [39].

3.2.7 Particle Shifting Algorithm

The anisotropic distribution of particles results in an additional discretization error due to
the zeroth- and higher-order kernel moments (i.e. the discrete version of Eq. (3.3)). This
problem is of particular importance in the case of negligible or large dynamics [123] and
violent flows where particles may not have an isotropic distribution. In DualSPHysics,
the near-isotropic particle distribution is maintained with the use of the Fickian-based
particle shifting algorithm, as described in Lind et al. [101]:

δra
∣∣
a∈F = −Ds∇Ca, (3.44)

where δra is the shifting distance, ∇Ca is the kernel gradient and Ds is expressed as

Ds = Ash∥va∥∆t, (3.45)

where As is a control parameter and ∥va∥ is the magnitude of velocity for particle a [161].
A constraint based on the magnitude of particle velocity mitigates the risk of excessive
displacement and prevents the subsequent loss of data due to the transition of particles
across the domain cells. The recommended range for As is between 1 and 6, with the value
of 2 being specified by Skillen et al. [161]. Details for calculating ∇Ca are discussed in
[52].

3.3 DEM and DCDEM
The solid-fluid and solid-solid interactions are addressed in DualSPHysics by incorporating
the Distributed Contact Discrete Element Method (DCDEM) into its Smoothed Particle
Hydrodynamics (SPH) models. This method, in which forces between a fluid and solid
particle pair are calculated using SPH, and solid-solid interactions are modeled using
DEM, employs an explicit integration method and is part of the DualSPHysics meshless
framework. This innovative approach, initially introduced in [40], enables an accurate
representation of complex solid shapes based on a particle-based method, in which the
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particles are subjected to a rigid body constraint. With the use of specific non-linear
contact models, the system is capable of simulating various material behaviors using three
primary parameters: Poisson ratio, Young’s modulus, and dynamic friction coefficient
[22, 16, 40]. Although the model has significant advantages, it also shows limitations
typical of general DEM approaches, e.g. potential stability issues due to its explicit nature,
high demand for computational power or inaccurate simulations of extended frictional
contacts, as well as the risk of artificial geometry effects in low-resolution simulations
caused by the spherical particle shapes.

3.3.1 Method Formulation

In the framework of Smoothed Particle Hydrodynamics (SPH), the domain of the fluid is
represented as a constellation of nodal points. These points correspond to such physical
parameters as position, velocity, density, and pressure, approximated on the basis of their
spatial coordinates. Their movement being synchronized with the movement of the fluid,
from the Lagrangian perspective the nodes change their properties over time, under the
influence of interactions with adjacent nodes. As indicated by the term itself, "Smoothed
Particle Hydrodynamics", these nodes reflect the mass of a fluid segment. They are thus
referred to as "particles", and their movement is smoothed, ignoring individual rotational
dynamics. This methodology is based on the principles of integral interpolation theory
[124]. An effective transition from a continuous integral representation to a discrete set of
Lagrangian points is the result of discretization:

Ai ≈
∑
j

AjW (rij, h)Vj. (3.46)

Known as the summation approximation, it is applied to all particles j, for which
the distance |rij| = |ri − rj| does not exceed the smoothing length h. Here, Vj repre-
sents the volume associated with particle j, Ai is the variable being estimated at particle
i, and W is the kernel, or weight function. This approach does not ensure first order
consistency, i.e. such in which the estimation of the kernel precisely replicates a linear
polynomial function. This limitation is due to the intrinsic errors linked to the discretized
representation: ∑

j

VjW (rij, h) ≈ 1. (3.47)

They can become significant, especially near open boundaries or areas of discontinuity
where the kernel W fails to maintain compact support. This problem is solved by applying
e.g. Shepard’s and Moving Least Squares (MLS) methods. In a procedure suggested by
Colagrossi and Landrini [38], spatial derivatives are determined based on the gradient of
the kernel. This study employs a Quintic kernel, as proposed by Wendland [182]:

W (rij, h) = αD

(
1− q

2

)4
(2q + 1), 0 ≤ q ≤ 2, (3.48)

where q = |rij/h| and αD = 21/16πh3, for a 3D case.
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3.3.2 Discretization of Rigid Body Equations and Contact Forces
with DCDEM

As proposed by Koshizuka et al. [92], a rigid body I is modeled with the use of a group
of particles. The relative positions of the particles do not change, in effect allowing the
volume of I to be represented by this particle ensemble. For reference purposes, this
assembly is also labeled as I. The behavior of these particles is described by a unique
set of equations distinct from those applied to conventional SPH particles. The dynamics
of the rigid body are characterized by Newton’s laws, and the discretization process is
achieved by summing the individual contributions from each particle, expressed as:

MI
dVI

dt
=
∑
k∈I

mk
dvk

dt
, (3.49)

II
dΩI

dt
=
∑
k∈I

mk(rk −R)× dvk

dt
, (3.50)

where the rigid body I is characterized by its mass MI , velocity VI , inertia tensor II ,
angular velocity ΩI , and center of mass R. These vector properties are recalculated at each
time step. The force per unit mass acting on a particle k within the particle ensemble that
constitutes I is represented by mk

dvk

dt
, where mk signifies the mass of particle k. This force

is the resultant of various other forces acting on the body, e.g. gravity, fluid resistance,
and the normal or frictional forces resulting from interactions with other solids. As such,
the term mk

dvk

dt
can encompass a range of force types: interactions with fluid particles

are described by the fluid momentum equation, while interactions with solid particles are
determined by additional derived forces. Such an approach to force calculation allows an
improved integration of solid and fluid dynamics.

Equation (3.16) used for the direct evaluation of local interactions between fluid and
solid phases facilitates the incorporation of a viscous framework and thus provides a mech-
anism allowing for viscous drag closure [23]. This model is based on the concept of Dy-
namic Boundary Conditions [39] and on the specifications described in Equations (3.49)
and (3.50), and thus it does not require any arbitrary, ad-hoc adjustments. The dynamics
are fully derived from the fundamental, particle-specific solutions of Equations (3.49) and
(3.50). However, it shows a tendency to overestimate density [143, 153], possibly due to
an entropy increase at the interface. This phenomenon causes the spacing between fluid
and solid particles to expand as a result of the force exerted by the pressure gradient,
affecting the accuracy of viscous force calculations at that interface [38]. The addition of
the δ-SPH diffusive term to Equation (3.15) is suggested as a solution to this problem
[23].

If two particles, being part of either a boundary or a rigid body, interact, their dynamics
are represented by the Discrete Element Method (DEM). The resultant contact force
FT

i acting on particle i due to a collision with particle j, is analyzed as Fn and Ft,
which correspond to the normal and tangential force components, respectively. These
components are further subdivided into a repulsion force Fr, generated by the deformation
of the material, and a damping force Fd, implemented to account for energy dissipation
throughout the deformation process. The mechanics of the DEM interactions between two
particles are shown in Figure 3.3.
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Figure 3.3: Schematic view of DEM mechanism. Left – normal interaction; Right – tan-
gential interaction. (based on [22])

The normal forces are given by a modified, non-linear, Hertzian model [95, 16]:

Fn,ij = Fr
n + Fd

n = kn,ijδ
3/2
ij eij − γn,ijδ

1/4
ij δ̇ijeij, (3.51)

where the stiffness constant for the interacting pair ij is kn,ij, and the particle overlap
δij = max(0, (di + dj)/2 − |rij|) approximates material deformation. The unit vector
between the centers of mass for the particles is denoted as eij, with the rate of normal
deformation being δ̇ij = vij · eij, and the damping constant being γn,ij. This nonlinear
formulation helps mitigate some of the limitations inherent in using constant restitution
coefficients and fixed contact durations for particle pairs. It thus represents a greater
number of behaviors for a broad spectrum of contacts [94]. The stiffness and damping
constants are given by:

kn,ij = −4

3
E∗

√
R∗; γn,ij = Cn

√
6M∗E∗

√
R∗, (3.52)

with Cn of the order of 10−5 [99]. The other parameters are given by:

1

E∗ =
1− ν2I
EI

+
1− ν2J
EJ

; R∗ =
rirj
ri + rj

; (3.53)

M∗ =
mImJ

mI +mJ

, (3.54)

where E is the Young modulus, ν is the Poisson ratio and m is the mass of the body.
For tangential interactions between particles, friction is depicted with a linear dash-

pot model, limited by maximum force resulting from the Coulomb friction law, as defined
by the kinetic friction coefficient µf . This linear methodology offers an optimal balance
between the fidelity of the model at the demand for computational power. Although more
elaborate models offer better performance in specific tasks, such as representing the rolling
friction, their effectiveness is often limited in general applications. A sigmoidal function
modifies the Coulomb law and thus ensures a smooth transition of the friction forces
from zero to maximum values as the tangential velocity increases. As a result, the model
becomes more realistic [176].
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Ft,ij = min(µf,IJFn,ij tanh(8δ̇
t
ij)e

t
ij · (Fr

t + Fd
t ), (3.55)

where
Fr

t + Fd
t = kt,ijδ

t
ije

t
ij − γt,ij δ̇

t
ije

t
ij. (3.56)

The model replicates the mechanisms of static and dynamic friction with the use
of a penalty method. Rather than allowing a static adhesion of the body at the point
of contact, it employs a spring-damper mechanism. Assuming that the time scales for
normal and tangential contacts are identical, [79] proposes the tangential stiffness to be
calculated as kt = 2

7
kn. An adequate description of the time scale of rigid contacts and

the preservation of the system within its stability region require an additional component
in the dynamic equation, as indicated by [99]:

∆tDEM = min
i

(
π

50

√
kn,ij
mIJ

)
. (3.57)

This class of DEM models is referred to as a ‘soft sphere’ approach, since it employs the
particle overlap to deform the spring-damper system. This formulation provides a particle-
wise force estimate which, coupled with the rigid body idea, allows the generalization of
the geometry, as it does not require information on normal directions or other forms
of topology and instead it solves arbitrarily complex geometries by resolving the local
interactions.
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Chapter 4

Research Goal and Objectives

The optimization of ball mill operations has encountered problems resulting inter alia from
the difficulties in scaling up from laboratory models to actual industrial applications.

The current approach to ball mill design and operation relies on empirical knowledge
and trial-and-error methods, and often results in suboptimal performance, excessive en-
ergy consumption, and increased operational costs. A solution to this problem requires
a more systematic and scientific approach to collecting data which describe the principles
behind ball mill scale up processes.

Such new research approaches have been enabled by recent advancements in computa-
tional modeling and simulation techniques, e.g. the Discrete Element Method (DEM) and
Smoothed Particle Hydrodynamics (SPH). These tools provide information on the inter-
actions between the grinding media, ore particles, and slurry, thus reducing the need for
complicated experiments. The purpose of this research is to use these advanced modeling
techniques and experimental methods for acquiring detailed information on the process
of ball mill scale up.

4.1 Research Goal
The primary goal of this research is to gain insights into the laboratory ball mill
scale-up by investigating the influence of operational parameters on milling
performance and energy efficiency for selected mill diameters.

Detailed analyses of the complex dynamics within ball mills, as well as of the in-
teractions between the grinding media, mill interior, and slurry, are here performed by
combining advanced modeling techniques, such as the Discrete Element Method (DEM)
and Smoothed Particle Hydrodynamics (SPH) with experimental methods. The following
points represent the particular objectives of this research.

4.2 Research Objectives
To achieve the primary goal of this research, the following objectives have been established:

Develop a Systematic Methodology for Calibrating a Digital Twin

Develop a systematic methodology for calibrating a digital twin of a laboratory ball mill
by integrating advanced modeling techniques (DEM-SPH simulations) with experimental
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methods (video recordings and sensor measurements). This objective aims to create a re-
liable and accurate virtual representation of the ball mill, which will serve as a basis for
further investigations and analyses.

Develop and Evaluate a Scaling Constant

Develop and evaluate a scaling constant as a potential parameter for maintaining similar
milling performance for different mill scales. Perform tests in order to verify whether
maintaining the scaling constant at the same level results in:

1. consistent size reduction degree

2. similar specific energy

3. comparable specific energy per rotation

Investigate these relationships in both dry and wet milling conditions. This objective
aims to establish a quantitative measure that allows ball mill scale up without affecting
its optimal performance.

Perform Multivariate Analysis with the Use of Calibrated Digital Twin

Apply the calibrated digital twin in a multivariate analysis of copper ore milling and use
the simulations to acquire information on load dynamics and the dominant types of forces
within the mill.

Investigate the Impact of Operational Parameters in Each Experimental Series

Investigate the impact of such operational parameters as mill diameter, filling degree,
rotational speed, lifter size, lifter number, and slurry properties on the main performance
indicators, including size reduction, energy consumption, and force distribution within the
mill. Identify the most influential factors affecting ball mill performance and efficiency.

Identify and Quantify Correlations Between Parameters and Metrics for Dif-
ferent Scales

Identify and quantify correlations between mill diameter, operational parameters, and
performance metrics in dry and wet milling environments and use them in the development
of scale-up strategies. Establish relationships between mill size and performance applicable
in the design and operation of ball mills in different scales.

Identify Future Research Directions

Provide recommendations for future research directions, with particular focus on refining
the scaling constant approach and on tests that can be performed on industrial-scale
copper ore mills to improve efficiency.
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Materials and Methods

This chapter presents the materials, methods, and experimental setup used in the analyses
of the ball mill scale up process and in the development of a scaling constant. The exper-
iments were conducted in a custom-designed laboratory-scale ball mill with exchangeable
drums of various diameters. The mill was provided with sensors measuring power draw,
torque, and rotational speed. The motion of the grinding media and ore particles inside
the mill was recorded with a high-speed video camera.

The copper ore used in the experiments was prepared by mixing rocks from different
exploration regions. It had known properties and size distribution. The grinding media
were in the form of steel balls of various sizes, and their size distribution was calculated
from the Bond equilibrium state equation. The rheology of the copper ore slurry used in
the wet milling experiments was measured with a viscometer.

The experimental methodology involved assessing the size distribution and milling
time, as well as identifying such data as the dynamic angle of repose and slurry surface
profile from the video recordings. The milling process was studied on the basis of DEM-
SPH simulations, and the model parameters were calibrated to match the experimental
results.

The relationships between operational parameters and performance metrics for differ-
ent mill scales was identified in a correlation analysis. A scaling constant was subsequently
developed with an aim of replicating the energy transfer to ore during the milling process
performed on different scales, and the proposed scaling strategy involved adjusting the
rotational velocity and size distribution of the grinding media.

The scaling constant was tested both in controlled experiments and with the ANOVA-
based statistical analysis. The Design of Experiments (DoE) approach served as a tool for
further analyses into the influence of various operational parameters on mill performance.
The results of the DoE analysis were interpreted using standardized effect sizes, regression
equations, and model summary R2 fits.

5.1 Test Stand and Materials
This section describes the laboratory-scale ball mill setup, including the exchangeable
drums, sensors, and video recording equipment. It also presents the preparation process
and the properties of the copper ore and steel balls, as well as the copper ore slurry used
in both the dry and wet milling experiments.
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5.1.1 Laboratory Ball Mill Specifications

The experiments were conducted using a custom-designed laboratory-scale ball mill with
exchangeable drums 300, 400, and 500 mm in diameter. The internal diameter of each
drum is 8 mm smaller than the external diameter. The mill has a transparent wall that
allows real-time observations and recordings of the material distribution within the mill,
as required for computer vision analysis (Figure 5.1).

Figure 5.1: Ball mills with various drum sizes

The mill is driven by a 1.5 kW electric motor with a rotational speed of 1415 RPM
(revolutions per minute), and the drive is transferred from the motor to the drive shaft
through a worm gear with a ratio of 25. The rotational speed of the drum can be controlled
from 0 to the nominal 56.6 RPM by adjusting the supply voltage frequency with an
inverter. This procedure also allowed RPM values above the critical speed for all mill
drums. The mill shaft is supported by two ball bearings, and a quick coupler (conical
and screw connection) allows the use of various drum diameters. The material is loaded
through an opening in the drum. The mill can also accommodate up to 8 lifters arranged
at uniform distances. Two sets of lifters were used in this research: one being 5 mm
and another 15 mm in height. A schematic technical drawing of the mill is provided in
Figure 5.2.

Figure 5.2: Schematic of laboratory-scale ball mill

43



CHAPTER 5. MATERIALS AND METHODS

The critical speed (Nc), given in RPM, is derived from the balance of gravitational
and centrifugal forces and is calculated for the average mass-wise ball using the formula
[70]:

Nc =
1

2π

√
g

R− r
× 60, (5.1)

where g is the acceleration due to gravity (9.81m/s2), R is the radius of the mill (in
meters), and r is the radius of the balls (in meters).

5.1.2 Sensors

The experimental setup was provided with various sensors and devices measuring and
recording the main parameters of the motor and drum shaft. The active power of the
motor was determined on the basis of a signal from the inverter, while the torque of the
drum shaft was measured with an HBM S2M/500N strain gauge mounted on the reaction
arm of the gearbox. The rotational speed of the drum was recorded with the Hohner
36-131-2000 incremental encoder. The signals were acquired with the use of a BMCM
measurement system operating at a sampling frequency of 50 Hz. The system comprised an
analog signal amplifier BP16, a strain gauge data acquisition device AD16f, and a digital
signal acquisition device IO16. The data was analyzed and interpreted in the NextView
4.6 software provided with an interface for real-time data visualization and recording into
editable formats.

5.1.3 Video Recordings

The milling process was recorded through the transparent wall of the mill with the use of
a Phantom VEO410L high-speed camera with a Carl Zeiss 100mm F2 lens and a polarizing
filter. The camera was set to record images at 300 fps (frames per second), providing details
on the motion of the grinding media and ore particles inside the mill. The position of the
camera allowed the mills of all diameters to fit within the frame. The recordings of the
charge motion inside the mill, saved with a resolution of 512x512 pixels in mp4 format,
included the cascading and cataracting behavior of the grinding media and ore particles.
Each recording comprised 18,000 frames, equivalent to one minute of mill operation, and
was performed after a one-minute startup phase. This short recording time was dictated
by the limitations of the transparent wall, which developed scratches already after several
minutes, compromising the quality of the recordings. Therefore, the recordings had to be
made at the beginning of the milling process.

5.1.4 Materials Properties

This subsection details the properties, preparation, and size distribution of the copper ore
and steel balls used in the experiments. It also describes the preparation and rheological
measurements of the copper ore slurry for wet milling experiments.

Copper Ore Properties and Sample Preparation

The copper ore used in the experiments was prepared by mixing rocks from all exploration
regions of KGHM Polkowice, Lubin, and Rudna. The ore was crushed in a jaw crusher
and sieved in 2 mm sieves in order to obtain feed with a dominant grain size (d80) of
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0.876 mm. A similar feed size is used in the industrial process of the 1st/2nd stages of
copper ore milling. The ratio of the ore sample mass to its volume measured in water was
2194.93± 98.51 kg/m3, and is referred hereinafter as ore density.

The approximately 800 kg of ore samples were reduced and averaged into 32 smaller
parts in 5 iterations of the splitting operations performed in the Jones splitter (Figure
5.3). Each of the ore parts was stored in one of 32 containers and before it was used in
an experiment, it was further reduced in size either in a Jones splitter or by conning and
quartering, depending on the mass required in a particular experiment.

Figure 5.3: Jones splitter for sample preparation

The purpose of the preparation process was to produce not a general sample represen-
tative of all Polish copper ore deposits, but rather a uniform sample having a consistent
behavior, and thus allowing comparable effects, in each experiment. The prepared ore feed
was subjected to impact breakage, abrasion, and attrition grinding mechanisms inside the
mill, depending on the operating conditions.

The ore consists of dolomite, sandstone, and shale in unknown proportions, which vary
depending on the region. The literature indicates that sandstone content is between 13.5-
72%, dolomite—22-72.6%, and shale—6-13.9% [174]. After mixing rocks from all of the
regions, the composition of the ore is expected to be more balanced, with about 45% of
sandstone and dolomite, and about 10% of shale. The grindability work index for copper
ore stones and mixes of them ranges from 8.3 to 16.9 kWh/t [174].

Grinding Media Properties

The grinding media used in this study were steel balls with a nominal diameter of 35 mm.
They were selected on the basis of industry guidelines [55] and commercial availability. The
steel balls contribute to impact breakage and abrasion of the ore particles. The measured
density of the steel balls was 7800.92±55.41 kg/m3. The range of ball sizes was from 15 to
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35 mm, with 5 mm increments. The size distribution of the steel balls was determined
using the Bond equilibrium state equation [13, 55]:

y =
( x
B

)3.8
, (5.2)

where y is the percentage of the total equilibrium charge that passes a given size x (mm),
and B is the makeup/recharge size of the balls (mm). The steel balls and the prepared
load can be seen in Figures 5.4 and 5.5, respectively.

Figure 5.4: Assortment of grinding ball sizes

Figure 5.5: Representative grinding media and ore charge

Slurry Preparation and Rheology Measurements

Copper ore slurry for wet milling experiments was prepared by mixing the ore with water.
For the purpose of simulations, the viscosity of the slurry was characterized using an
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AMETEK Brookfield viscometer (Figure 5.6). Initially, five slurry viscosity measurements
were performed for the same standardized material subjected to different milling times of
0-60 minutes and with densities from 1500 to 1700 kg/m3. The measured viscosity ranged
between 0.008 and 0.042 Pa·s, with lower values corresponding to lower densities and
shorter milling times, indicating that viscosity increases with both density and milling
time.

Figure 5.6: Viscometer for copper ore slurry analysis

The wet milling experiments were performed for slurry densities outside the previ-
ously measured ranges. The density was approximated by mixing ore and water based on
their known densities. The purpose was to develop a reproducible method suitable for an
industrial scale, and therefore the target density is closely approximated through direct
mixing in specific proportions. Of several models tested for the ability to fit the data
and extrapolate viscosity values, some yielded unrealistic or even negative values. A Ran-
dom Forest Regressor model was eventually developed as a tool capable of predicting and
extrapolating the absolute viscosity, νa, in Pascal-seconds (Pa·s), with allowance for the
milling time and density as variables.

The slurry density used for calibrating the numerical model was 1400 kg/m3. The
model predicted an absolute viscosity of approximately 0.01134 Pa·s for a specific test
scenario with a slurry density of 1400 kg/m3 and with a milling time of 15 minutes.
This time duration represents half of the time intended for the entire experiment. The
model demonstrated an R2 value of 0.8402, indicating a good fit to the data and reliable
prediction capabilities. The kinematic viscosity, ν, for the copper ore slurry was calculated
by dividing the absolute viscosity by the density of the slurry:

ν = 0.01134
1400

≈ 8.10× 10−6 m2/s.
The positive value of kinematic viscosity indicates that the material has a good resis-

tance to flow and shows real physical behavior under given conditions.

5.2 Size Distribution and Milling Time Assessment
The sample was prepared for size distribution measurements following a consistent proce-
dure, in which the sample size varied depending on the adopted measuring technique. In
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the case of feed grain size distribution, the sample was initially reduced in Jones splitters
(Figure 5.3) and then assessed in a dry sieving procedure (Figure 5.7). In all dry milling
experiments, the product was subjected to initial size reduction in a smaller Jones splitter.
However, in the case of the pilot exploratory milling, the size reduction of the product
was measured by wet sieving, as dry sieving is unsuitable for assessing the d80 grain size
produced in wet milling.

Figure 5.7: Stack of sieves for particle size distribution

The samples were further reduced to laboratory size using the coning and quartering
method, as shown in Figures5.8 and 5.9). In the wet milling experiments, the slurry was
removed from the mill and transferred to a container. The mill was subsequently washed
with a water hose in order to remove the residual material and also transfer it to the
container. Due to the excess water in the container, the material was allowed to settle at
its bottom, and then the water above the settled material was removed from the container.
The remaining water was mixed with the ore using a stirrer until a uniform slurry was
obtained. Samples were then taken from different parts of the container using a needle-
free syringe. Such a procedure allowed a more representative sample, which was then
transferred to a silicone mold.

Figure 5.8: Sample preparation with a quartering method
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Figure 5.9: Prepared sample batches ready for analytical testing

The prepared wet samples (Figure 5.11) were transferred to an oven and dried for
a several hours. The dried samples were consolidated and carefully processed with low
force in a ceramic mortar and pestle in order to remove potential lumps and allow grain
size analysis. The standard procedure of coning and quartering was then applied, as
described above.

Figure 5.10: LS 13 320 Particle size analyzer for milling product granulometry

For the larger number of product samples obtained in the final experimental series (48
samples in total), the Laser Diffraction method was chosen due to its high accuracy and
repeatability of measurements for a broad range of particle sizes (0.017 µm to 2000 µm).
The particle size distribution of the product after grinding in the laboratory mill was
identified with the use of an LS 13 320 particle size analyzer (Figure 5.10). The particle size
distribution is measured by analyzing laser diffraction patterns formed when a laser beam
passes through a sample of particles. The employed powder head is designed for analyzing
bulk materials and ensures even distribution of the sample and optimal conditions for
precise measurements. In laser diffraction, the bulk material is dispersed in air or another
gas and passed through a laser beam in order to avoid agglomeration.
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Figure 5.11: Set of wet milling samples labeled for drying process
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5.2.1 Size Distribution Analysis

The size distribution analysis for each product and feed followed industry standards,
and the cumulative size distribution curves were fitted to the sieve analysis data. The
horizontal axis represented the sieve size opening, and the vertical axis represented the
cumulative percentage passing. The size for 80% passing (D80 for feed or d80 for product)
was interpolated on the basis of the two closest measurements. The study focused on the
size reduction parameter, defined as D80/d80, which indicates the ratio of the feed grain
size (D80) to the product grain size (d80) and thus demonstrates the effectiveness of the
process.

In the case of sieve analysis, the percentage passing for each sieve was calculated by
mass. In contrast, laser size measurements were performed by volume, providing direct
diameters of particles and more detailed results. However, it is important to note that
if the copper ore consists of materials with different densities and grindabilities, such as
dolomite, sandstone, and shale, the results may be to some extent biased. For example,
the measurements can be biased if a material with lower density is much finer than
other materials. In order to simplify the assessment of d80, an assumption was made that
differences in the mass of minerals in individual fractions would not significantly affect
the results. Based on another assumption, calculations of the cumulative percentage by
volume have an identical effect as calculations by mass, because the volume is multiplied
by the average density of the ore. This assumption was necessary in the absence of a simple
method for determining the prominence of different mineral types in each fraction for such
a large sample size.

5.2.2 Milling Time

The effect of milling time on particle size distribution translates into the optimal dura-
tion for the experimental series. A shorter milling time was preferred, as it allows the
identification of the most dynamic changes in ore size distribution. The experiments were
conducted on an averaged standardized copper ore sample, in a mill provided with the
medium diameter (400 mm) drum, a filling degree of 0.4, and a critical speed of 0.75.
Three grinding times were selected for the initial dry milling experiments: 40, 60, and 80
minutes.

The cumulative percentage passing curves for different milling times are presented in
Figure 5.12. It demonstrates that longer milling times result in finer particle size dis-
tributions. For the 40, 60, and 80-minute milling times, the d80 values were 0.103 mm,
0.08 mm, and 0.068 mm, respectively, with the corresponding size reduction degrees of
8.5, 10.95, and 12.88. These results indicate that the size reduction degree increases with
longer milling times.
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Figure 5.12: Cumulative percent passing for various milling durations

The relationship between milling time and d80 was analyzed with the use of various
fitting functions, including linear, polynomial, exponential, logarithmic, and power-law
models (Figure 5.13). The goodness of fit was evaluated using the Sum of Squared Resid-
uals (SSR), and the logarithmic fit provided the best description of the data (SSR=4.214e-
06). This logarithmic relationship suggests that the most significant size reduction occurs
early in the milling process, and the size reduction rate decreases as the milling time
increases.

Figure 5.13: Fitting functions for milling time vs. d80 relationship
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Based on the above findings, a 30-minute milling time was selected for further exper-
iments, as it offers a balance between the desired size reduction and a reasonable experi-
ment duration, and as it ensures that the most dynamic changes in feed size distribution
are recorded.

5.3 Video Analysis
This section presents methods used for analyses of the high-speed video recordings of the
milling process, including image pre-processing, ball segmentation, and the extraction of
relevant data, such as the dynamic angle of repose and slurry surface profile. The above
are used for calibration and experimental series recordings.

5.3.1 Calibration Recordings

This subsection describes the image pre-processing steps as well as methods used for the
analyses of calibration recordings. These methods include ball segmentation performed
with the use of the Segment Anything Model (SAM), dry milling analysis with thresh-
olding, and wet milling analysis with the use of the semi-automated approach with an
interactive GUI.

Image Pre-processing

The video analysis procedure begins by loading the video and sampling frames at regu-
lar intervals. The mill outline is then detected using the Hough Circle Transform (Fig-
ure 5.14), which allows the frames to be centered and resized to match the actual mill
dimensions. An additional mask is applied in order to ensure that the focus is solely on
the internal part of the drum (Figure 5.15). A set of 100 frames separated by equal time
steps is extracted from each recording for further analysis.

Figure 5.14: Edge detection in mill visualization
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Figure 5.15: Processed image with masking, centering, and scaling

Balls Only Analysis

The image segmentation and the generation of masks for the balls in the load in the
rotating drum were performed with the Segment Anything Model (SAM) by Meta [91].
The SamAutomaticMaskGenerator detected the balls and generated their masks (Fig-
ure 5.16). The binary masks were then accumulated in the form of a heatmap in order to
identify regions with frequent ball presence. The heatmap was subjected to thresholding
and smoothing techniques (Figure 5.17) so as to extract the top edge coordinates of the
ball load (shoulder). The dynamic angle of repose was calculated for the cascading balls
by performing linear regression on these coordinates (Figure 5.18). The points located
60 mm to the right of the highest detected point were excluded in order to ensure that
the line is fitted to the most linear part of the slope. For debugging purposes and threshold
adjustment, the fitted line was visualized over the original frames (Figure 5.19).

Figure 5.16: Ball segmentation using Segment Anything Model (SAM)

54



CHAPTER 5. MATERIALS AND METHODS

Figure 5.17: Stages of image analysis for mill interior—1: binary images from masks,
2: heatmap generation, 3: thresholding, 4: post-smoothing

Figure 5.18: Top load position detection and linear fit analysis
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Figure 5.19: Overlay of detected charge angle in mill recording

Dry Milling Analysis

The difference between dry milling analysis and the balls-only scenario lies in the initial
detection and isolation of the mill load area. The main steps in the dry milling analysis
include applying thresholding directly to pre-processed images so as to generate binary
images (Figure 5.20), to create a heatmap from the binary images, and to apply again
thresholding and smoothing. The top edge of the load is then detected, and its coordinates
are extracted. Finally, the dynamic angle of repose is calculated using linear regression
on the extracted coordinates, as was the case in the previous method.

Figure 5.20: Image processing sequence for dry milling analysis—1: binary images, 2: initial
heatmap, 3: post-threshold heatmap, 4: smoothed final image
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Wet Milling Analysis

Wet milling entails complications which prevent the application of fully automated com-
puter vision techniques. Therefore, a semi-automated approach utilizing an interactive
GUI was developed.

This method is based on the phenomenon of slurry pooling. As a slurry pool forms
in the toe region of the mill, the slurry surface profile can be detected owing to the balls
scraping slurry from the transparent wall when they pass over the slurry surface.

The main steps in the analysis include: (1) manually selecting points in order to
delineate the slurry surface with the use of the custom GUI (Figure 5.21) over 100 time
steps; (2) preparing and correcting the selected points for the coordinate system used
in the analyses; (3) fitting a quadratic curve to the selected points in order to model
the slurry surface; (4) calculating the fit parameters and evaluating the fit uncertainty;
and (5) visualizing the fitted curve with the original data points and confidence interval
bounds.

Figure 5.21: Custom GUI for delineating the slurry surface

5.3.2 Normalization of Experiment Recordings and Data Extrac-
tion

The video-analysis code is designed to process multiple recording files sequentially, as
well as to employ additional pre-processing steps not used in the case of the calibration
recordings. The purpose of the entire process, implemented with the use of the Python
OpenCV library, is to normalize the recordings and ensure consistent thresholding across
all files.

The visibility and contrast of the mill region is enhanced by applying histogram equal-
ization to the cropped frames. This technique normalizes the brightness distribution and
improves the overall image quality. The equalized frames are then converted to binary
images using a thresholding operation, similar to the thresholding used in the calibration
process. The result is a binary mask, in which white pixels represent the charge in the
mill and black pixels represent the background.
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In the final experimental series, the extracted charge area is not used to calculate
the dynamic angle of repose, but rather to determine the center of gravity of the binary
mask, which represents the effective mass of the entire charge reduced to a single point
with coordinates (cx, cy).

The behavior of the mill over time is analyzed by selecting a subset of 100 frames from
the video recording at regular intervals. The centroid coordinates are calculated for each
selected frame and used as a basis for the calculation of the average centroid position,
serving as a representative measure of the overall location of the charge in the mill.

The centroid coordinates are then transformed into a coordinate system, consistent
with the system used later in the simulation environment, with the point (0, 0) located at
the center of the rotational axis. The final calculations include the length of the moment
arm and the angle between the vertical axis and the arm from the mill center to the
midpoint of the centroid.

5.4 DEM-SPH Simulation Methodology
The milling process was studied with the use of Discrete Element Method-Smoothed Parti-
cle Hydrodynamics (DEM-SPH) simulations in the DualSPHysics open-source framework.
The simulations were arranged so as to precisely replicate the experimental conditions and
enable a direct comparison between the simulated and experimental results. The DEM-
SPH simulations provide valuable information on the milling process, and in particular on
the particle-level dynamics and interactions within the mill, which are difficult to observe
experimentally.

5.4.1 Geometry and Material Property Definitions

The mill geometry and material properties for the DualSPHysics simulator were defined
in an XML script. The main components of the geometry definition include the mill
drum, modeled as a cylinder with dimensions matching the experimental setup, and the
lifters, modeled as boxes with specified dimensions and spacing. The grinding media were
modeled as spherical particles with a size distribution based on the experimental data.
For wet milling simulations, the slurry was modeled as SPH particles whose properties
were based on the experimental rheology measurements and set density. All materials,
including the drum and balls, were modeled as steel elements with identical parameters.

The material properties, such as density, Young’s modulus, Poisson’s ratio, and coeffi-
cients of restitution and friction, were assigned to the corresponding elements in the XML
script. These properties are listed in Tables A.1 and A.2 in Appendix A.

5.4.2 Simulation Parameters and Solver Settings

The DualSPHysics solver settings and parameters were carefully adjusted so as to ensure
numerical stability, accuracy, and computational efficiency. A fixed time step (DtFixed) of
1e-5 s was used for time stepping, while the interpolation was performed with the Wend-
land kernel function. The artificial viscosity was used with a viscosity value based on ex-
perimental measurements. The interactions between the particles and the mill boundaries
were analyzed with the use of the Dynamic Boundary Conditions (DBC). The particle
positions were corrected using full shifting mode in order to maintain a uniform particle
distribution and prevent particle clustering.
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The simulation parameters and their corresponding values are listed in Table A.2.
These settings were selected on the basis of a combination of numerical stability, accuracy,
and computational efficiency requirements so as to ensure that the simulations closely
mimicked the experiment conditions while maintaining a reasonable computation time.

5.4.3 Boundary and Initial Conditions

The mill walls and lifters were assigned boundary conditions reflecting their functions in
the simulation as moving objects. The initial conditions for the positions and velocities of
the balls were based on the experimental setup and allowed for such factors as the filling
degree and the distribution of grinding media. These examples of initial conditions are
shown in Figure 5.22.

Figure 5.22: Simulation setup showing fixed and moving boundaries with grinding media

In the simulation environment, each floating object, referred to as a free moving ob-
ject, requires a set of initial position coordinates. One of the related problems is how
to densely pack the spheres while leaving space for the slurry, which is initially created
inside a defined cube. The cube volume was defined in each simulation run on the basis of
the slurry volume used in the experiment. The problem of possible overlapping required
a workaround approach.

In order to ensure proper sphere packing and to avoid overlaps, the mill is initially
modeled as an extended cylinder, and a moving wall is used to compress the particles
into the desired volume during the first few seconds of the simulation, as shown in Figure
5.23. A hexagonal grid was developed for each mill diameter in such a manner that the
distances between the grid nodes are sufficient to accommodate the balls with the largest
diameters without causing them to overlap with each other or with the lifters inside the
mill. The thus developed matrix was placed multiple times in the 3D space inside the
cylinder, with equal distances from each other, so as to avoid overlapping.
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Figure 5.23: Initial particle compression with moving mill wall simulation

The geometry and the XML file for the simulations were produced with a dedicated
custom algorithm. It iterates over the data in the experimental design table and over the
corresponding parameters, such as the number of balls of each diameter, and populates
the geometry with the proper ball sizes, lifter configuration, and slurry volume for each
run of the simulation. This automated approach ensures consistent and accurate geometry
generation for each simulation case.

5.4.4 Simulation Data Output and Post-processing

The simulation served to collect such relevant data as the positions of grinding media and
slurry particles, as well as the forces acting on the grinding media. The data was recorded
at specified intervals, as illustrated in Figure 5.24. The data was then post-processed in
order to extract information comparable to that obtained in experimental measurements.

Figure 5.24: Final charge distribution and velocity profile in ball mill simulation

After each simulation, data about ball positions was extracted (Figure 5.25, on the
left) for each of the sampled time steps. Due to the use of the same lifter heights for all mill
diameters, in the mill having the smallest diameter some single balls were lifted higher
than the others and fell down freely; this phenomenon produced the balls that can be seen
in the air on the left-hand side in Figure 5.25. For that reason, a heatmap (Figure 5.25, on
the right) showing the most frequent positions of the balls in the charge was created with
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an aim to decrease the impact of the lifted balls on the overall angle measurements. This
phenomenon occurred in the recordings and simulation, so the same further analysis flow
was used for comparable results. The dynamic angle of repose was calculated from the
positions of the steel balls, as in the case of the data from the experimental recordings.
The center of gravity and center of circulation of the grinding media were also determined
from the position data.

Figure 5.25: Binary image of sphere positions and corresponding heatmap from simulation
data

For wet milling simulations, the slurry surface profile was extracted from the positions
of the SPH particles representing the slurry. This information is of significant value for
analyzing the behavior of the slurry within the mill during the milling process.

The data from the simulations was used for the calibration and validation of the DEM-
SPH model. Owing to the comparison of the simulation results with the experimental
data, the model can be assessed for accuracy and reliability. This comparison allows the
identification of any discrepancies between the simulated and experimental results. As
a result, the model may be further refined if necessary. The calibrated and validated
DEM-SPH model can be then used to predict the performance of the mill under various
operating conditions, and thus to aid the optimization of both mill design and operational
parameters.

Forces

In the DualSPHysics simulation, the forces acting on the steel balls can be extracted
from the output CSV files, which contain tangential and normal force components (Fx,
Fy, Fz) for each steel ball (mk) at each time step. The high-level approach for extracting
and analyzing the forces involves two main steps: (1) extracting forces by reading force
components from CSV files and calculating the resulting force magnitude (F) for both
tangential and normal forces; (2) computing the ratio of tangential force to normal force
(Ft/Fn) for each steel ball and the average force ratio for all steel balls and time steps.

As incorporating real material properties requires significant computational power
and extended simulation time, the simulations were not calibrated to provide realistic
force magnitudes. However, analyses of the proportions of forces still provide valuable
information on the dynamics of the ball milling process, such as the degree of abrasion
and impact-driven mechanisms.

The force proportion analysis can be extended so as to allow investigations of spatial
and temporal variations of forces within the mill drum, the identification of local hotspots,
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and the design of milling equipment with uniform force distribution and minimized wear
and tear. A heatmap with hexagonal binning was generated on the basis of a Python
function to represent the distribution and intensity of the average tangential to normal
force ratio over the two-dimensional space of the mill drum. This visualization technique
enables the identification of areas where shearing or impact forces dominate and provides
further information on the milling process and potential optimization opportunities.

Center of Gravity and Center of Circulation

The simulation data consists of two main components: an XML definition file, which
contains the initial setup and parameters, and a CSV file, which stores time-dependent
data, including the positions and velocities of floating objects. The center of gravity and
the center of circulation is determined from this data in the following steps: (1) extract
the number of floating objects and their radii from the XML file; (2) process the CSV file
in order to extract the position coordinates (x and z) for each object at each time step;
(3) calculate the center of gravity using the weighted average of the position coordinates,
with weights determined by the masses of the objects. With a spherical shape assumed,
the mass of each object is proportional to the cube of its radius; (4) calculate the center of
circulation by taking the geometric centroid of the floating objects, which is the average
of their position coordinates.

Additional calculations may provide further data on the orientation and tilt of the
system, e.g. on the angles between the vertical axis and the lines connecting the origin
with the center of gravity and center of circulation (moment arms). These angles are the
source of information about the distribution of mass and the overall tilt of the system.

5.5 Simulation Calibration Methodology
The DEM-SPH model parameters were calibrated so as to match the experimental results.
The calibration process was performed in three stages: (1) balls only, (2) dry milling,
and (3) wet milling. The main calibration parameters were the Coefficient of Restitution
(COR) and the coefficient of kinetic friction (µk). The COR affects the degree of impact
breakage and energy dissipation during particle collisions.

The COR is the ratio of final to initial relative velocities between two particles after
a collision. It determines the elasticity of collisions and affects energy dissipation. The
µk is the ratio of maximum to normal friction force between two surfaces and determines
the frictional behavior of the system.

The calibration ranges for these parameters were based on values provided in the
literature and obtained in preliminary simulations. The COR varied from 0.3 to 0.55, while
the µk varied from 0.3 to 0.7. Higher values of these parameters caused the simulations
to become unstable.

It is important to note that copper ore particles are not simulated directly, as their
majority is under 1 mm in size, and simulating them directly would cause the experi-
ments to require unreasonably long computation times. Instead, this research employs
an approach consisting in adjusting contact parameters between grinding media so as to
simulate the behavior of balls as if in the presence of ore particles.

In the ball-only scenario, only the ball-to-ball contact parameters were taken into
account. In the dry milling case, the ball-to-ball contact parameters were adjusted to
compensate for the lack of ore and to model the impact of ore on the behavior of the
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grinding media. In the wet milling scenario, the parameters from the ball-only case were
used, and the ore with the water were modeled as slurry SPH particles.

This calibration approach enables an accurate representation of the milling process in
the DEM-SPH model. It allows for the effects of ore particles without directly simulating
them, thus reducing computational complexity and simulation time.

5.5.1 Iterative Calibration Algorithm

The calibration process for the DEM-SPH model involves several steps: (1) define initial
parameter values and ranges based on the literature and preliminary simulations; (2) run
DEM-SPH simulations for the three mill diameters using the current parameter values;
(3) extract relevant data from the simulations, e.g. the dynamic angle of repose or slurry
surface profile; (4) update parameter value and return to step 2.

Three simulations with three different mill diameters were performed for each iteration,
and the obtained angles of repose were compared to those extracted from the processed
images. The Sum of Square Errors (SSE) was recorded for each iteration. The ball cali-
bration data from the first six iterations, along with the coefficient and SSE combinations,
served to interpolate values between the points. The calibration algorithm was designed
in such a manner that the successive combinations of the tested coefficients resulted in
the lowest SSE in the interpolated space. The algorithm is stopped when the three suc-
cessive combinations do not provide a result optimized with respect to the previous best
combination.

The entire sets of data, including the measured angles from the simulations performed
as part of the ball calibration, were still useful for calibrating the balls in the presence of
ore, as the ore was not simulated separately. All of the measured angles were compared
to those measured from dry milling recordings so as to obtain an initial interpolated
response surface. The subsequently employed algorithm was not changed, and it explored
combinations that could reduce SSE until three successive tests did not provide the best
result.

Calibration of the liquid required adjusting either kernel parameters or viscosity or
both. The behavior of the liquid was considered satisfying when the slurry surface curves
for both the recordings and the simulations fitted within the 95% confidence intervals of
each other.

This iterative calibration process ensures that the DEM-SPH model accurately rep-
resents the real-world milling process by allowing the model parameters to be tuned in
such a manner that the difference between the simulated and the experimental results
is minimized. The calibration is performed systematically, starting with ball-only simu-
lations and progressively incorporating ore and slurry effects, so that each component of
the model is properly calibrated before moving on to the next stage.

5.5.2 Calibration Experiments

The first run in each series of designed experiments was a calibration run and was thus
performed with 30% of the critical speed instead of the nominal speed for the run.

Balls Only: The ball-only experiments were performed in order to calibrate such DEM
model parameters as the coefficient of restitution and the coefficient of friction. These
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experiments were conducted for different ball size distributions and mill operating con-
ditions. The results from the experiments were compared with the simulations so as to
adjust the model parameters. Figure 5.26 shows the mill prepared for the calibration
experiment with the cascading charge comprising balls only.

Figure 5.26: Ball mill filled with grinding media

Dry Milling: Dry milling experiments were conducted with copper ore and grinding
media in order to calibrate the DEM steel ball parameters with adjustment for ore parti-
cles. Figure 5.27 shows the mill prepared for the calibration experiment with the charge
comprising balls and ore. The experiments were performed with varying parameters and
for three mill diameters. The experimental results were compared with the simulations so
as to adjust the model parameters.

Figure 5.27: Ball mill with dry feed

Wet Milling: Wet milling experiments were conducted in order to calibrate the SPH
model parameters with adjustment for the slurry phase, including viscosity and kernel
parameters. Figure 5.28 shows the mill prepared for the calibration experiment with the
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charge comprising slurry and balls. The slurry used in the experiments consisted of the
grinding media with water and copper ore. The calibration was performed only for a slurry
density of 1400 kg/m3 because higher-density slurries adhered extensively to the trans-
parent wall, complicating the observation of the process.

Figure 5.28: Ball mill with wet charge

The calibration process was performed systematically, starting with ball-only exper-
iments aimed at calibrating the DEM model parameters, followed by dry milling exper-
iments aimed at adjusting the parameters of steel balls so that they behave as if in the
presence of ore particles, and finishing with wet milling experiments aimed at calibrat-
ing the SPH model parameters for the slurry phase. A comparison of the experimental
results with the simulations at each stage allowed the model parameters to be iteratively
adjusted so as to ensure that the DEM-SPH model accurately represents the real-world
milling process under various operating conditions and material compositions.

5.6 Sensor Data Analysis
The analyses also involved data form the mill sensors, including the power draw, torque,
and rotational speed of the mill. The data was used in calculations of the energy con-
sumption under different operating conditions and served to provide information on the
influence of various parameters on the efficiency of the mill. Furthermore, the relationships
between the operating parameters and the performance metrics was used to identify the
optimal settings for the mill. The analysis of the operation of the mill also focused on
detecting anomalies or instabilities which could potentially lead to equipment failure or
reduced product quality.

5.6.1 Signal Pre-processing

The first step in the signal pre-processing pipeline was to detect and remove outliers
from the raw data using the Z-score method. The Z-score was calculated for each data
point, and points exceeding a specified threshold (default: 3 standard deviations) were
considered outliers (Figure 5.29). These outliers were then replaced with the mean value
of the non-outlier data points. This process is applied to each signal in the original data,
including RPM, power, and torque, so as to ensure data integrity and reduce the influence
of extreme values on subsequent analyses.
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Figure 5.29: RPM signal correction

After the outliers were removed, the Savitzky-Golay filter was applied in order to
smooth the signal and reduce high-frequency noise while preserving the underlying trends
(Figure 5.30). The Savitzky-Golay filter is a digital smoothing filter that fits a polynomial
of a specified order to a sliding window of data points. For the purpose of this analysis,
a window size of 3001 was selected, as it corresponds to a duration of 1 minute at the
sampling rate of 50 Hz (1 sample every 0.02 seconds). Owing to this larger window size,
the overall trends can be observed in a minute- rather than second-scale, as short-term
variations are smoothed and the longer-term behavior of the signal is emphasized. The
polynomial order is set to 3, which is a value typically sufficient for observations of general
trends without overfitting to noise.

Figure 5.30: Signal smoothing analysis with Savitzky-Golay filtering technique

The choice of the window size and of the polynomial order depended on the specific
characteristics of the signal and the desired level of smoothing. The application of the
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Z-score outlier removal and the Savitzky-Golay filter allows a better adjustment of the
pre-processed for further analysis and feature extraction.

5.6.2 Signal Statistics

The relevant metrics and characteristics are extracted from the preprocessed signals with
the use of various statistical measures. These include the mean, which represents the
average value of the signal over the entire measurement period, and the standard deviation,
which quantifies the variability by measuring the dispersion of signal values around the
mean. The minimum and maximum values are also identified in order to find the range of
values recorded during the measurement. The coefficient of variation (CV), calculated as
the ratio of the standard deviation to the mean, expresses the relative variability of the
signal. Skewness and kurtosis are used in the assessment of the asymmetry and peakedness
or flatness of the signal distribution, respectively. They provide information on the shape
of the distribution as compared to the normal distribution.

In addition to these statistical measures, steady-state analysis is performed for both
torque and power signals. The analysis is aimed at evaluating the stability of the operation
of the mill and the consistency of the signal trend during the grinding process. The steady-
state mean is calculated as the average value of the signal during the second half of the
measurement duration. This calculation is based on an assumption that the mill reaches
a stable operating condition after the initial transient phase. The steady-state standard
deviation quantifies the variability around the steady-state mean during this stable period.

Furthermore, transient state analysis of torque and power signals allows information
on the dynamic behavior of the system and its response to operational changes or dis-
turbances. The main metrics computed in this analysis include rise time, settling time,
and overshoot. Rise time is defined as the time during which the signal rises from a lower
level to 90% of the steady-state mean value. It is determined by identifying the initial
peak that exceeds this 90% threshold. Settling time is a time stamp representing the time
when the signal leaves the specific tolerance range around its steady-state mean value.
It is calculated by locating the last peak that meets the 90% steady-state mean crite-
rion. Overshoot represents the maximum value that the signal reaches when exceeding its
steady-state mean value during the transient phase. It is identified by finding the maxi-
mum peak deviation above the steady-state mean among the identified peaks. If no peaks
meet the defined criteria, these metrics are considered to remain undefined and to indicate
the absence of significant transient behavior within the observed range.

The calculating of these statistical measures, performing steady-state analysis, and
conducting transient state analysis enable a comprehensive characterization of the signals,
as well as comparisons between different operating conditions and mill configurations,
thus facilitating the identification of optimal settings and the detection of anomalies or
instabilities in the operation of the mill.

5.6.3 Measured Signals

The performance of a ball mill is monitored and analyzed with the use of sensors that
record the following signals during each measurement:

RPM Signal: The rotational speed signal, expressed in revolutions per minute (further
referred to as RPM signal), represents the angular velocity of the ball mill. It provides
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information about the operating speed of the mill and its stability over time. A comparison
of the RPM signal to the set rotational speed value, which is selected on the basis of the
mill diameter and grinding conditions, allows the evaluation of both the performance
of the mill and the effectiveness of the control system. The analysis of the RPM signal
includes calculating both the mean deviation, which is the average difference between the
actual and the set rotational speed values, and the standard deviation of deviation, which
quantifies the variability or dispersion of the RPM deviations from the set RPM. The
operating stability of the mill is additionally assessed by calculating the percentage of
time during which the RPM signal remains within an acceptable range (±5% of the set
RPM).

Torque Signal: The torque signal represents the moment acting on the ball mill. It
provides information on the mechanical stress and energy transfer within the mill. The
relationship between the torque signal and the power draw of the mill is identified in
correlation analyses. The correlation coefficient calculated between the absolute values
of torque and power signals serves to quantify the strength and direction of their linear
relationship. A high positive correlation indicates that an increase in absolute torque is
associated with an increase in power draw, while a low or negative correlation suggests
a weaker or inverse relationship. This analysis aids the understanding of the mill dynamics
and performance.

Power Signal: The power signal represents the electrical power draw by the motor of
the ball mill. It provides information about the energy consumption of the mill during the
grinding process. The total energy consumed by the mill during the measurement period
is calculated by integrating the power signal over time, and is thus an overall measure
of the energy requirements in the grinding process. This analysis identifies the energy
efficiency of the mill and potential areas for optimization.

Signal Analysis: The measured signals (RPM, torque, and power) are analyzed with
the use of various techniques in order to assess the performance of the mill, identify rela-
tionships between operating parameters, and detect anomalies or instabilities. Statistical
measures are calculated for all signals, while steady-state analyses and transient state
analyses are performed specifically for torque and power signals. The statistical mea-
sures include the mean, standard deviation, minimum, maximum, coefficient of variation,
skewness, and kurtosis, which comprehensively characterize the signals. The steady-state
analysis evaluates the stability and consistency of mill operation during the grinding pro-
cess, while the transient state analysis investigates the dynamic behavior and response of
the system to operational changes or disturbances.

5.7 Correlation Analysis
The correlation analysis served to investigate the relationships between operational pa-
rameters and performance metrics for different mill diameters, in both dry and wet milling
conditions. It was aimed at identifying the main correlations and trends that describe the
scaling behavior of ball mills, as well as the factors influencing their performance.

Pearson’s Correlation Coefficient (Pearson’s r) was used to quantify the strength and
direction of linear relationships between variables. Pearson’s r ranges from -1 (perfect

68



CHAPTER 5. MATERIALS AND METHODS

negative linear relationship) to 1 (perfect positive linear relationship), with 0 indicating
no linear relationship. The ‘pearsonr‘ function from the ‘scipy.stats‘ module in Python
was employed in the computations of the correlation coefficients and p-values.

The statistical significance of correlations was assessed using p-values, which represent
the probability of observing a given correlation coefficient by chance, assuming no true
relationship between variables. A commonly used threshold for statistical significance is
p < 0.05, which indicates that the observed correlation is unlikely to have occurred by
chance.

The experiments performed for all scales included 24 dry milling experiments and
24 wet milling experiments. Together with the Python scipy library, the results of these
experiments served to calculate correlation matrices for both dry and wet milling condi-
tions. The correlation coefficients between each pair of parameters were calculated so as
to quantify the strength and direction of their linear relationship.

The correlation matrices were filtered with respect to their statistical significance and
correlation strength. Correlations with p-values above 0.05 were considered statistically
insignificant and were excluded. Correlations with coefficients between -0.4 and 0.4 were
considered weak and were also excluded. As a result, the focus remained only on moderate
to strong correlations. The filtered correlation matrices were visualized on heatmaps in
order to highlight the main relationships between the parameters.

The filtered correlation matrices were also analyzed for notable correlations and trends.
Each parameter was examined individually, considering its correlations with other param-
eters and performance metrics. The interpretation of the correlations allowed for the ex-
perimental design and the related potential biases introduced by this design. The analysis
focused on identifying relevant relationships, such as the impact of operational parameters
on performance metrics and the mutual influence of different parameters.

5.8 Scaling Constant and Scaling Strategy
The scaling constant is expected to aid the replication of the parameters of the energy
transfer to ore for different scales of the milling process. This approach has a potential to
allow consistent milling effectiveness and energy utilization metrics, such as size reduction,
specific energy, and specific energy per rotation. These metrics, based on the available
measurement results, represent the complicated milling process. In order to be comparable
across scales, these metrics, as well as the scaling constant, must be scale-agnostic. Total
energy consumption and torque acting on the mill drum are thus unsuitable for this
purpose.

Linear scaling of mill geometry and grinding media size is not feasible due to the
complex dynamics involved. Instead, this study focuses on the necessary adjustments in
rotational velocity and size distribution of the grinding media which ensure consistent
energy utilization in larger diameter mills. The aim is to calculate the scaling constant
value for a small mill with reference operational parameters and then set the rotational
speed and size distribution in such a manner that a mill with a larger diameter would
have the same scaling constant value as the reference mill without modifications to other
operational parameters (filling degree, number of lifters, lifter height).

This aim is achieved by systematically varying the rotational speed of the mill and
the size distribution of the grinding media in order to explore a parameter space for
optimal conditions.Such variations have a direct influence on both the kinetic energy of
the grinding media (i.e. the impact breakage potential of the grinding media) and the
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scaling constant. The exploration is performed by minimizing the difference between the
calculated scaling constant and the reference scaling constant value of the base mill.

Different combinations of ball diameters and rotational speeds were explored with the
use of a numerical solver. The solver compares the scaling constant calculated for the
larger diameter mill to the reference scaling constant calculated for the base mill. The
scaling constant represents detailed parameters that may affect energy transfer through
the grinding media, such as the number of balls per total working area, which can be com-
pared across scales to calculate the number of contacts per one square meter of the total
working area, as these translate directly into the number of contacts. Rotational speed
also directly affects the impact rate and is therefore employed in the scaling constant, as
are the maximum potential and kinetic energies of the ball inside the mill.

The scaling constant is thus a measure of the maximum energy transfer rate through
contact points between balls per active working area, which can be compared and main-
tained across scales. This approach enables the replication of energy transfer to ore during
milling processes performed on different scales, potentially leading to consistent milling
effectiveness and energy utilization.

5.8.1 Calculation of Total Working Area

The total working area Atotal is the sum of the surface areas of all balls in the load (Aballs)
and the effective working area of the mill (Amill). The Aballs is calculated by summing the
surface areas of all balls from i = 1 to N , where each ball can have a different diameter
(di):

Aballs =
N∑
i=1

πd2i . (5.3)

The Amill is considered to be half of the full internal surface area of the mill. This
simplification is based on an assumption that only half of the internal surface is in contact
with the load at any given time. The internal surface area of the mill is approximated as
the surface area of a cylinder, and is calculated using the internal radius (Rint) and the
length of the cylindrical section (l):

Amill =
1

2
· (2πRintl + 2 · πR2

int) = πRint(l +Rint). (5.4)

The combination of the surface areas of the balls with the effective working area of the
mill allows the total working area Atotal. This value is an important factor in the scaling
constant, as it enables the comparison of the number of contact points per one square
meter of the combined ball-and-mill surface across different scales, and thus it directly
impacts the number of contact points and the energy transfer rate.

5.8.2 Energy Considerations

The maximum possible total energy transferred to the average-size grinding medium in
a mill is the sum of its maximum potential energy (PEmax

ball(avg)) and its maximum kinetic
energy (KEmax

ball(avg)). For an average ball, this can be expressed as:

Emax
ball(avg) = PEmax

ball(avg) +KEmax
ball(avg), (5.5)
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where, PEmax
ball(avg) is the maximum energy due to the height h to which the average ball in

the load can be lifted, while KEmax
ball(avg) represents the maximum kinetic energy that the

average ball can obtain inside the mill due to the rotation of the mill, considering only
linear velocity.

The maximum potential energy is calculated as:

PEmax
ball(avg) = mball(avg)ghmax =

4

3
πr3ball(avg)ρg(Dint − rball(avg)), (5.6)

where mball(avg) is the mass of the average ball, g is the acceleration due to gravity,
hmax is the maximum height that the ball can reach, rball(avg) is the average ball radius,
ρ is the density of the ball material, and Dint is the internal diameter of the mill.

The maximum kinetic energy is calculated as:

KEmax
ball(avg) =

1

2
mball(avg)v

2
max =

2

3
πr3ball(avg)ρ · (ωrad · (Rint − rball(avg)))

2, (5.7)

where vmax is the maximum linear velocity of the ball, ωrad is the angular velocity of
the mill in radians per second, and Rint is the internal radius of the mill.

The average ball radius (rball(avg)) is calculated as:

rball(avg) =
1

2

n∑
i=1

pi × di, (5.8)

where n is the total number of size fractions, pi is the percentage of mass per the
ith size fraction (normalized as a fraction of 1), and di is the diameter of the ith fraction.

With both the maximum potential energy and the kinetic energy of an average ball
within the mill, allowed for in the scaling constant, it can more effectivelly represent the
complicated factors which affect the energy transfer and enable more accurate comparisons
between different mill scales.

5.8.3 Operational Definition of the Scaling Constant

The scaling constant, denoted as κ, is defined by the following equation:

κ = Emax
ball(avg) ·

N

Atotal
· ωRPM , (5.9)

where Emax
ball(avg) represents the maximum possible energy (both kinetic and potential)

of an average ball within the load, measured in Joules (J), N is the total number of
balls in the load, Atotal is the total effective working area available for the balls and the
interior surfaces of the mill to perform work, provided in square meters (m2), and ω is
the rotational speed of the mill, expressed in revolutions per minute (RPM).

The scaling constant κ can be redefined so that it represents the maximum power draw
per square meter of working area by dividing it by 60 seconds per minute. The result is
in the form of the following equation:

κSI =
κ

60
[W/m2]. (5.10)

This redefinition is a more intuitive approach to the scaling constant in terms of power
per unit area, which is particularly useful when comparing mills of different sizes and at
different operating conditions.
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By incorporating the maximum possible energy of an average ball, the total number
of balls, the total effective working area, and the rotational speed of the mill, the scaling
constant κ represents the essential factors that influence energy transfer and milling ef-
ficiency. Maintaining a consistent value of κ for different mill scales is expected to result
in similar milling performance and energy utilization, enabling more accurate scale-up
predictions and optimizations.

5.9 Methodology of Scaling Constant Testing
The response metrics are measured in controlled experiments for each experimental run.
The metrics include size reduction, specific energy, and specific energy per rotation.
Whether the resulting metrics remain invariant for different mill scales is verified with
the use of statistical analysis, specifically Analysis of Variance (ANOVA). Additionally,
a Design of Experiments (DoE) is incorporated for each experimental series in each scale
to gain further insight into the experiments and other operational parameters that may
impact mill efficiency, size reduction, and power draw.

5.9.1 Methodology and Implications of Testing

The experimental design ensured that the independence of observations assumption was
met. The Shapiro-Wilk test was used to assess normality within each group (300, 400, and
500 mm mills), and the p-value > 0.05 indicated that the normality assumption was met.
The homogeneity of variances across groups was ensured with the help of Levene’s test,
and if the p-value was greater than 0.05, the equal variances assumption was considered
met. In cases where the p-value was less than or equal to 0.05, one-way ANOVA was
replaced with Welch’s ANOVA.

The choice of the hypothesis test depended on the normality and homogeneity of vari-
ances assumptions. If both were met, one-way ANOVA was used. When normality was
met but equal variances were violated, Welch’s ANOVA was employed. If normality was
violated, the Kruskal-Wallis H test was utilized. Post-hoc pairwise comparisons were con-
ducted when the hypothesis test indicated significant differences among groups. Tukey’s
HSD test was found unnecessary for both one-way ANOVA and Welch’s ANOVA, and
Dunn’s test with Bonferroni correction was performed for the Kruskal-Wallis H test.

The magnitude of differences between groups was assessed by calculating the effect
size measures. For Welch’s and one-way ANOVA, partial eta-squared (η2p) was used, with
interpretations as follows: small effect (0.01 ≤ η2p < 0.06), medium effect (0.06 ≤ η2p <
0.14), and large effect (η2p ≥ 0.14).

The results were interpreted so as to determine if the the scaling constant allowed the
metrics to be maintained at the same level across different ball mill scales.

5.10 Design of Experiments (DoE)
Design of Experiments (DoE) is a systematic approach used to plan, conduct, analyze,
and interpret controlled tests to evaluate the effects of multiple input variables on the
output variable, with the goal of improving or optimizing the process or product being
tested. In this study, the effects of the main operating variables on mill performance for
both dry and wet milling were investigated by employing a 2-level fractional factorial
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design. It allows analyses of the most important factors in an experiment based only on
a fraction of the total number of experiments that would be required for a full factorial
design. In effect, the test is more efficient and cost-effective.

The fractional factorial designs were developed using Minitab Statistical Software,
and they resulted in a resolution of IV for dry milling and III for wet milling. Each
experimental design was run three times for each mill diameter. The lifter reference (0)
mean values, i.e. 6 lifters having a height of 10 mm, later served to select the high and
low values for experiments. The average reference filling degree was set to 0.4, and the
reference rotational speed was calculated as 75% of the critical speed for the smallest mill
diameter.

The ball sizes selected for the experiment ranged from 15 to 35 mm. The size dis-
tribution was calculated on the basis of the Bond Equilibrium state equation, with the
balls accounting for 60% of the filled volume (total mill volume x filling degree) and the
remaining 40% filled by ore or slurry. For example, a filling degree of 0.5 indicates that
50% of the internal volume of the mill is effectively utilized for the balls and the milled
material. It is assumed that approximately 60% of this volume is filled with steel balls,
translating to 30% of the total volume of the mill.

In the case of larger scales, the rotational speed and ball sizes were recalculated so
that the scaling constant was maintained at the same level as for the smallest diameter.
For both the 400 and 500 mm mills the scaling constant was calculated with the use of
the reference average values of the parameters. The values for lifter configuration were
selected on the basis of the test stand capabilities, while the reference filling degree and
rotational speed were adjusted to the industry standards [55].

The DoE approach was based on a fractional factorial design with the following factors
and levels:

• Lifter height: 5 mm (-1), 15 mm (+1)

• Filling degree: 30% (-1), 50% (+1)

• Number of lifters: 4 (-1), 8 (+1)

• Mill rotational speed: 90% (-1) and 110% (+1) of the reference speed for given scale

For the 400 mm mill, the reference rotational speed was 0.733 of the critical speed,
and the ball size distribution was in the range of 20-35 mm. For the 500 mm mill, the
reference rotational speed was 0.712 of the critical speed, and the ball size distribution
range was 25-35 mm.

For wet milling, the slurry density values were selected so as to cover a broad spectrum
of possible densities relevant to mineral processing operations. The reference density was
set to 1600 kg/m3, with a 200 kg/m3 difference on each side to cover a wide spectrum of
densities, resulting in 1400 kg/m3 (-1) and 1800 kg/m3 (+1).

The experimental matrices with coded values are presented in Figure 5.1 for dry milling
and in Figure 5.2 for wet milling.
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Table 5.1: Design of Experiments (DoE) table for dry milling experimental series

Run ID Rotational Speed Filling Degree Number of Lifters Height of Lifters
d1 -1 1 1 -1
d2 1 1 -1 -1
d3 1 -1 1 -1
d4 -1 -1 -1 -1
d5 1 1 1 1
d6 1 -1 -1 1
d7 -1 -1 1 1
d8 -1 1 -1 1

Table 5.2: Design of Experiments (DoE) table for wet milling experimental series

Run ID Rotational Speed Filling Degree Number of Lifters Height of Lifters Slurry Density
w1 -1 -1 -1 1 1
w2 1 -1 -1 -1 -1
w3 -1 1 -1 -1 1
w4 1 1 -1 1 -1
w5 -1 -1 1 1 -1
w6 1 -1 1 -1 1
w7 -1 1 1 -1 -1
w8 1 1 1 1 1

5.10.1 Analysis of Results

The analysis was performed in Minitab statistical software for each experimental series
and for all response metrics, resulting in a total of 36 analyses (6 series and 6 metrics).
The analysis employed stepwise selection of terms with an alpha value of 0.15 for both
removing and entering terms.

In the context of the Minitab-based factorial Design of Experiments (DOE) analy-
sis, "stepwise selection of terms" refers to a methodical approach for selecting the most
significant factors and interactions that influence the outcome variable. This process is
particularly valuable in factorial DOE, in which many factors and their interactions need
to be potentially considered, and it is important to identify which of them have a consid-
erable impact on the response.

The stepwise selection of terms involves the following steps:

1. Identification of all possible terms: initially, the analysis is performed for all possible
factors and their interactions, including the main effects, two-way interactions, and
higher-order interactions, depending on the factorial design.

2. Selection criteria: the stepwise procedure uses statistical criteria, such as p-values
from hypothesis tests (e.g., F-tests), to decide which terms to add or remove from
the model. Terms with p-values below a certain threshold indicate significant effects.

3. Stepwise procedure: the procedure can be a forward selection (starting with a min-
imal model and adding terms), a backward elimination (starting with a full model
and removing terms), or a bidirectional elimination (combining both the forward
selection and the backward elimination).
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4. Model refinement: the iterative process continues until adding or removing terms
does not significantly improve the model based on the selection criteria; the result is
a refined model that includes only statistically significant factors and interactions.

The main focus in the results is placed on the standardized effects, regression equations,
and the model summary R2 fits. Standardized effects are the estimated impacts of factors
on the response variable. They are scaled to have a uniform measurement scale and they
facilitate the comparison of effects across different units of measurement.

R2represents the proportion of variance in the dependent variable explained by the in-
dependent variable(s) in a regression model. R2(adj), or adjusted R2, adjusts the R2 value
based on the number of predictors relative to the number of data points, accounting for
the potential increase in R2simply due to adding more predictors. R2(pred), or predicted
R2, indicates how well the model is expected to predict responses for new observations
not included in the model estimation.

Other results, including ANOVA and Pareto charts, are also present in the analysis
results and can be found in the appendix.

5.11 Summary
This chapter presents the materials, methods, and experimental setup used to investigate
the scaling behavior of ball mills and the development of a scaling constant. The experi-
ments were performed in a specially designed laboratory-scale ball mill with exchangeable
drums of different diameters, equipped with sensors measuring power draw, torque, and
rotational speed. A high-speed video camera recorded the motion of the grinding media
and ore particles inside the mill.

The copper ore and steel balls used in the experiments were characterized in terms of
their properties, preparation process, and size distribution. The rheology of the copper ore
slurry used in wet milling experiments was measured with a viscometer. The experimental
methodology involved analyzing the product size distribution and the milling time, as well
as the video recordings, which served as a source of such data as the dynamic angle of
repose and slurry surface profile.

The milling process was studied by conducting the DEM-SPH simulations, and the
model parameters were calibrated to match the experimental results. The relationships
between operational parameters and performance metrics across different mill scales were
identified in correlation analyses. A scaling constant was developed with an aim to repli-
cate the energy transfer to ore during the milling process for different scales, and the
proposed scaling strategy was based on adjusting the rotational velocity and size distri-
bution of the grinding media.

The methodology for testing the scaling constant involved controlled experiments and
statistical analysis using ANOVA. Further information on the effects of various operational
parameters on mill performance was acquired with the use of the Design of Experiments
(DoE) approach. The results of the DoE analysis were interpreted using standardized
effects, regression equations, and model summary R2fits.
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Results

This chapter presents the main results and findings from the experimental study on ball
mill scale-up. It begins with the calibration results, including experimental measurements
and simulation convergence for ball-only, dry milling, and wet milling cases. The chapter
then provides detailed results for the dry and wet milling experimental series, covering
sensor measurements (rotational speed, torque, power draw), product size distribution,
simulations (force ratio, charge position), and correlations between torque and simulated
data. Design of Experiments (DoE) analysis provides the most influential operational pa-
rameters for various response variables such as mean torque, force ratio, size reduction,
and energy consumption metrics. Statistical tests verify the validity of scaling assump-
tions based on the scaling constant. Finally, correlations across mill scales, analyzed for
both dry and wet milling processes, reveal the most important relationships and trends
in the milling process. The discussed results can be used in ball mill scale-up, process op-
timization, and in the analysis of the impact of various operational parameters on milling
performance.

6.1 Calibration
The calibration section presents the results of the experimental measurements and sim-
ulation convergence for the ball-only, dry milling, and wet milling cases. It includes the
measured dynamic angles of repose, the calibration of ball parameters through iterative
simulations, and a comparison of experimental and simulated data for the wet milling
case. The section serves as a basis for the subsequent analysis of the dry and wet milling
experimental series.

6.1.1 Experimental Measurements

The Experimental Measurements subsection presents the results of the physical exper-
iments conducted for the ball-only, dry milling, and wet milling cases. It includes the
dynamic angles of repose measured in the ball-only case for various drum diameters, as
well as the dynamic angles recorded during the dry milling process, and the slurry surface
profile analyzed for the wet milling case. These experimental measurements provide the
basis for calibrating the simulation models and validating them as accurate representa-
tions of the real-world milling conditions.
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Balls Only Case: The dynamic angles of repose measured for recordings of the balls
inside the drum were found to be 43.25°, 42.15°, and 40.35° for the 300, 400, and 500 mm
mills, respectively.

Dry Milling Case: The dynamic angles recorded during the dry milling processes were
54.24°, 41.97°, and 47.67° for the 300 mm, 400 mm, and 500 mm mills, respectively. These
values are less accurate, as the extraction of the load area from the recording was more
challenging and as the method was not resistant to the reflections on the wall.

Wet Milling Case: The curve fitted to the data from the wet milling recording is
presented in Figure 6.1.

Figure 6.1: Points of surry surface detected with GUI, the fitted curve, and the confidence
interval

6.1.2 Simulation Convergence

The Simulation Convergence subsection describes the process of calibrating the simulation
models so that they match the experimental measurements for the ball-only, dry milling,
and wet milling cases. It presents the iterative approach employed in determining the
optimal coefficients of restitution and kinetic friction for the balls, the selection of the
best iteration based on the lowest sum of squared errors (SSE) between the experimental
and the simulated angles for the dry milling case, and the comparison of the simulated and
experimental slurry surface profiles for the wet milling case. The subsection discusses the
convergence of the simulation models which accurately represent the real-world milling
conditions, providing a reliable foundation for further analysis and optimization of the
milling process.

Balls Only Case: The calibration of the ball behavior started with 18 initial simula-
tions (6 measurements for each of the 3 diameters). New local minima were discovered
until the 10th iteration, after which no better combination was found. The final parame-
ters for the simulation balls, i.e. the coefficient of restitution and the coefficient of kinetic

77



CHAPTER 6. RESULTS

friction, were 0.390 and 0.496, respectively. In total, 13 iterations resulting in 39 simula-
tions were performed. The results of the ball behavior calibration are shown as heatmaps
in Figure 6.2. These maps demonstrate the relationship between two critical parameters:
the coefficient of restitution and the coefficient of kinetic friction, using a color gradient
that represents the sum of squared errors (SSE). Specifically, the x-axis corresponds to
the coefficient of restitution, which quantifies the elasticity of collisions, and the y-axis
corresponds to the coefficient of kinetic friction, which is a measure of the resistance to
motion. Contour lines represent constant SSE values, and the color gradient from green
to red indicates ascending SSE values, thus reflecting the fidelity of the simulation param-
eters to the experimental observations. The optimal parameters are marked in red and
exhibit the lowest SSE. They represent the most accurate simulation values determined
in the iterative calibration process.

Figure 6.2: Calibration results for ball coefficient of restitution and friction

Dry Milling Case: For the dry milling calibration, all of the angles resulting from the
previous calibration were considered in the calculations of the initial response surface with
the new SSE value. The comparison of the angles simulated in the 12th iteration of the
previous calibration with the experimental angles provided the best result and the new
lowest SSE. Three possible local minima were explored, but none gave lower SSE than
the previous best combination from the 12th iteration. Therefore, the selected values of
the parameters are 0.385 for the coefficient of restitution and 0.482 for the coefficient of
kinetic friction. These parameters are less accurate because the angle of repose for the
load measured from the recording is less precise. The dry milling calibration results are
shown in Figure 6.3 as a heatmap.
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Figure 6.3: Dry milling calibration results for ball coefficient of restitution and friction

Wet Milling Case: Extracted water elevation points for all time steps, cleaned as
described in the previous chapter, are presented in Figure 6.4.

Figure 6.4: Points of the slurry surface extracted from the simulation, with fitted curve
and 95% confidence interval

A comparison of this data to the data extracted from the recording (Figure 6.5) indi-
cates that the fitted curves fit inside each other’s confidence intervals. This fact indicates
that adjusting the density and viscosity of the fluid to realistic values provides a satisfy-
ing match in the behavior of the simulated slurry, including the slurry pooling in the toe
region.
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Figure 6.5: Comparison of experimental data and simulation results for wet milling cali-
bration

Key Points – Calibration – Dry/Wet Milling:

• Experimental dynamic angles of repose were measured for ball-only and dry milling
cases at various drum diameters.

• Ball parameters were calibrated in iterative simulations, converging on optimal co-
efficients of restitution and kinetic friction.

• Dry milling calibration was built upon the ball calibration results, by selecting the
best iteration based on lowest SSE between experimental and simulated angles.

• In wet milling calibration, slurry surface profiles from experiments and simulations
were compared and showed good agreement when the fluid density and viscosity
were adjusted to realistic values.

6.2 Dry Milling Experimental Series Results
This section presents the findings from the comprehensive analysis of the dry milling
experiments conducted at various mill diameters. It covers the sensor measurements, in-
cluding rotational speed, torque, and power draw, providing insights into the stability,
variability, and efficiency of the milling process. The section also examines the product
size distribution and offers a comparison of the effectiveness in achieving finer particle
sizes and higher size reduction ratios for mills with different diameters. Additionally, it
presents the results of the dry milling simulations, focusing on the force ratio and charge
position, and explores the correlations between torque and simulated data. The section
concludes with an analysis of the recordings. It discusses computer vision techniques used

80



CHAPTER 6. RESULTS

to identify the centroid coordinates of the charge and offers a novel approach to monitor-
ing mill operation. It also provides a comprehensive description of the dry milling process
and the factors influencing its performance.

6.2.1 Sensor Measurements

This subsection presents the results obtained from the various sensors employed in the
dry milling experiments, including rotational speed, torque, and power draw. It analyzes
the stability and control of the rotational speed of the mill, the variability and transient
behavior of the torque signal, and the power consumption trends across different mill
diameters. The subsection also investigates the correlations between torque and power
draw, providing insights into the energy dynamics of the milling process. It also offers
detailed operational characteristics of the mill and describes the factors influencing its
performance, providing grounds for process optimization and control.

Rotational Speed

This study investigates the rotational speed control and stability of the mill during dry
grinding experiments conducted with three different mill diameters: 300 mm, 400 mm, and
500 mm. The experimental data, including the RPM signals for each diameter, is presented
in Appendix B and Figure B.1, with statistical measures of each signal summarized in
Table B.1.

The analysis reveals that the mean RPM values closely align with the set RPM values
across all mill diameters, indicating well-controlled mill rotational speeds. This finding is
reinforced by the low standard deviations (ranging from 0.07 to 0.16) and a consistent
coefficient of variation of 0.00, which indicate minimal fluctuations and stable operation.
Furthermore, the skewness and kurtosis values of the data are close to zero and three,
respectively, suggesting that the RPM distributions are symmetric and similar to a normal
distribution. This characteristic implies that deviations from the set RPM values are
symmetrically distributed without significant outliers, which fact is in agreement with the
expected operational behavior.

Although the measured RPM values are slightly albeit consistently higher than the set
values, the deviation remains within a small range (1.11 to 3.15 RPM). This observation
demonstrates the accuracy and precision of the rotational speed control system. The
consistency of the system is further evidenced by the fact that the RPM signal remains
within ±5% of the set RPM for nearly the entire time (100% for most measurements).
Interestingly, the deviation between the set and the measured RPM values appears to scale
with mill diameter, with the smallest diameter showing the most significant differences.
This observation suggests that the effectiveness of the rotational speed control system may
be inversely related to mill size and indicates an area for potential system optimization
and future research.

In summary, the results indicate that the mill maintains a stable, controlled, and
consistent rotational speed close to the desired set points during the dry grinding process.
While the performance of the control system is effective, the consistent pattern of actual
RPM being higher than the set points across all mill diameters suggests a potential area
for system improvement. Future research should focus on improving the rotational speed
control system, with a specific emphasis on compensating for mill diameter effects and on
finding the source of the systematic bias in RPM measurements.
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Key Points – Rotational Speed Sensor Measurements – Dry Milling:

• Mean RPM values closely align with set RPM values, indicating well-controlled
rotational speeds across all mill diameters.

• Low standard deviations and consistent coefficient of variation signify minimal fluc-
tuations and stable operation.

• Rotational speed distributions are symmetric and similar to a normal distribution,
suggesting symmetrically distributed deviations without significant outliers.

• All measured RPM values are insignificantly albeit consistently higher than the set
values; however, they remain within a small (5%) deviation range.

• The deviation between the set and the measured RPM values scales with mill di-
ameter, with the smallest diameter showing the most significant differences.

Torque

The torque measurements for dry milling experiments were conducted across three mill
diameters: 300 mm, 400 mm, and 500 mm (Figure 6.6). The analysis of the results allows
several main observations on the behavior of torque signals and their relationship with
operating conditions and mill scale.

Across all scales, the consistent negative mean torque values indicate a resistance
force exerted by the mill charge on the moving ball mill due to gravity. The coefficient
of variation (CV) analysis reveals that the smallest diameter mill (300 mm) exhibits
moderate to high variability in torque signals, suggesting a more significant impact of
operating conditions on torque generation at this scale. In contrast, the larger diameter
mills (400 mm and 500 mm) generally show low CV values, with a few moderate values,
indicating more stable torque responses despite the inherent process variability (Tables
C.1, C.2 C.3 in Appendix C).

The variations in skewness and kurtosis values suggest non-uniform distributions of
torque values, potentially influenced by factors such as filling degree, rotational speed, and
lifter configurations. Runs 2 and 3, with higher rotational speed and lower lifter height,
show positive skewness and kurtosis above 3 for all mill sizes, while run 4, with lower
settings for all parameters, shows negative skewness and a kurtosis closer to the higher
range, indicating a more dispersed spread of torque across its range.

Direct comparisons of runs with varying operating conditions confirm the expected
trends in torque values. Runs 6 and 3, both with higher rotational speed and low filling
degree, result in lower torque across all scales, while runs 1 and 8, with high filling degree
and low rotational speed, yield higher torque values.

The detailed steady-state and transient analysis provides important information on
the dynamics of the milling process. Rise times for most measured values are under one
minute, with a tendency towards 30 seconds. Settling times are close to 1800 seconds
(the experiment duration) for most cases, indicating stable fluctuations near the steady-
state mean. However, missing values for certain experiments, particularly for the 500 mm
diameter mill, suggest an absence of transient behavior.

The observation that torque values and their variability increase with mill diameter
is of particular importance for understanding scale-up effects. Additionally, the varying
correlation between torque and power draw across scales and conditions points to a com-
plex interaction which involves multiple factors beyond those measured. The absence of
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a consistent strong correlation between torque and power across different mill diameters
suggests that other factors play significant roles in the energy dynamics of the milling
process. Therefore, future experimental setups should include these factors for a more
comprehensive analysis.

Key Points – Torque Sensor Measurements – Dry Milling:

• Smaller diameter mills exhibit higher torque variability, while larger mills show more
stable responses.

• Skewness and kurtosis variations suggest non-uniform torque distributions influ-
enced by operating conditions.

• Runs 2 and 3, with higher rotational speed and lower lifter height, exhibit positive
skewness and kurtosis above 3 for all mill sizes.

• Run 4, with lower settings for all parameters, shows negative skewness and a kurtosis
closer to the higher range.

• Runs 6 and 3, both with higher rotational speed and low filling degree, result in
lower torque across all scales.

• Runs 1 and 8, with high filling degree and low rotational speed, yield higher torque
values.

• Rise times tend to 30 seconds while the settling time is close to the time of the
experiment; however some missing values, especially for the largest diameter, suggest
the absence of transient behaviour.

• Torque values and variability increase with mill diameter, crucial for understanding
scale-up effects.

• Varying correlation between torque and power draw suggests complex interactions
involving multiple factors.

Power Draw

Power draw signals were recorded for all dry milling experiments across the mill diameters
of 300, 400, and 500 mm, with 8 experiments conducted for each diameter (see Figure 6.7
and Appendix D, Tables D.1, D.2, and D.3). While the signal charts alone did not allow
clear observations, the data suggests that more than one operational parameter directly
influences the power draw. This fact seems important for further detailed analysis aimed
at identifying the main parameters involved.

As expected, low rotational speed and low filling degree result in lower power draw,
while high filling degree and high rotational speed lead to higher power draw. Runs 2 and
5 (high filling degree and high rotational speed) tend to be in the higher spectrum of
power draw across scales, while runs 4 and 7 (low rotational speed and low filling degree)
tend to be in the lower spectrum.

The power signals exhibit low variance, with all measurements below 10%. Transient
behavior, specifically the rise times under 1 minute in duration across all mill diameters,
suggests efficient responsiveness to starting conditions. Settling times being close to the
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(a) D=300 mm

(b) D=400 mm

(c) D=500 mm

Figure 6.6: Pre-processed torque signals for dry milling experiments at different mill di-
ameters
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end times of the experiments for all runs across scales indicate that mills may maintain
steady-state operation throughout the experiment.

As expected, an increase in mean power consumption along with mill diameter, from
71.407 W in the 300 mm mill to 202.167 W in the 500 mm mill, serves as evidence
of the scaling effect on power draw. The standard deviation of power consumption also
increases with mill diameter, from 2.447 in the 300 mm mill to 12.783 in the 500 mm
mill, indicating greater variability in absolute values of power demand in larger mills, but
similar variability in relative values, such as the coefficient of variation (CV), is similar
across all experiments.

Notably, the documented effect of rotational speed and filling degree, particularly
on skewness and kurtosis, provides detailed information on their impact on power draw
variability. Runs 2 and 5 (high filling degree and high rotational speed), which tend to be
in the higher spectrum of power draw across scales, also show negative skewness across all
scales and higher values on the spectrum of kurtosis in each experimental series (except
for the 300 mm mill). This relationship between the operational parameters and the
statistical descriptors of the power signal offers a broader perspective on process control
and optimization.

Key Points – Power Draw Sensor Measurements – Dry Milling:

• Multiple operational parameters directly influence power draw, with rotational speed
and filling degree as the main factors.

• Runs 2 and 5 (high filling degree and high rotational speed) tend to be in the higher
spectrum of power draw across scales.

• Runs 4 and 7 (low rotational speed and low filling degree) tend to be in the lower
spectrum of power draw.

• Power draw signals show low variance and quick adaptation to changes, indicating
efficient responsiveness and steady-state operation.

• Power consumption increases with mill diameter, demonstrating the scaling effect
on power draw.

• Runs 2 and 5 (high filling degree and high rotational speed), which tend to be in
the higher spectrum of power draw across scales, also show negative skewness across
all scales and higher values on the spectrum of kurtosis in each experimental series
(except for the 300 mm mill).

6.2.2 Product Size Distribution

The product size distribution analysis for dry milling experiments across the 300, 400, and
500 mm mill diameters provides information on the effectiveness of the milling process in
terms of reducing particle size (Table 6.1, Figures E.1, E.2, and E.3 in Appendix E). The
d80 values, which represent the particle size at which 80% of the material is finer, show
a decreasing trend with increasing mill diameter. The average d80 values for the 300, 400,
and 500 mm mills are 225.5, 177.8, and 154.9 μm, respectively. These numbers suggest
that larger mill diameters are more effective in achieving finer particle sizes under dry
milling conditions.
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(a) D=300 mm

(b) D=400 mm

(c) D=500 mm

Figure 6.7: Pre-processed power signals for dry milling at different mill diameters
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Table 6.1: Particle size reduction results for dry milling at various mill diameters

Run No. 300 mm: d80 (µm) size reduction 400 mm: d80 (µm) size reduction 500 mm: d80 (µm) size reduction
1 194.7 4.499 178.4 4.910 158.8 5.517
2 227.0 3.859 242.3 3.616 171.8 5.100
3 271.6 3.226 157.1 5.576 119.3 7.344
4 218.0 4.018 147.4 5.942 126.9 6.904
5 299.6 2.923 195.0 4.492 179.4 4.884
6 209.7 4.178 172.7 5.073 156.7 5.591
7 181.0 4.841 170.2 5.148 162.1 5.404
8 202.5 4.327 159.7 5.486 164.7 5.320

Average 225.5 3.984 177.8 5.030 154.9 5.758

Size reduction ratios, calculated as the ratio of feed D80 to product d80, provide a mea-
sure of milling efficiency. The average size reduction ratios for the 300, 400, and 500 mm
mills are 3.984, 5.030, and 5.758, respectively, indicating that milling efficiency improves
with increasing mill diameter. The 500 mm mill achieves the highest average size reduc-
tion. It is important to note that this metric alone might not represent all aspects of
milling efficiency, such as energy consumption or time efficiency.

The cumulative size distribution curves for each mill diameter (Figures E.1, E.2, and
E.3) show a progressive shift towards finer particle sizes as mill diameter increases, con-
firming the trend observed in the case of the d80 values and the size reduction ratios. These
findings support the hypothesis that larger mill diameters are more effective in achieving
finer particle sizes and higher size reduction ratios under dry milling conditions, possibly
due to enhanced charge motion, as well as to an optimal combination of cascading and
cataracting.

Key Points – Product Size Distribution – Dry Milling:

• Mills with larger diameters achieve finer particle sizes, as indicated by lower d80 val-
ues.

• The average size reduction ratios for the 300, 400, and 500 mm mills are 3.984,
5.030, and 5.758, respectively.

• The 500 mm mill demonstrates the highest effectiveness and efficiency in dry milling.

6.2.3 Simulations

This subsection presents the results of the dry milling simulations conducted using the
calibrated models. Figure 6.8 shows examples of simulation runs with the same operational
parameters across all mill scales, providing a visual comparison of the charge motion
and distribution. The subsection analyzes the force ratio, which represents the ratio of
tangential to normal forces acting on the balls, and the charge position, characterized by
the center of circulation (CoC) and the center of gravity (CoG), as well as by the specific
type of motion. It examines the spatial distribution of force ratios within the mill and the
influence of operational parameters on the charge position. It also provides information
on the dynamics of the dry milling process and the factors affecting the efficiency and
performance of the mill.
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Figure 6.8: Comparison of the simulations with identical parameters across scales for dry
milling

Force Ratio

The force ratio analysis for dry milling experiments across the 300, 400, and 500 mm mill
diameters provides important details on the dynamics of the milling process. Table 6.2
presents the average ratios of tangential to normal forces acting on the balls for each run,
while Figures F.1, F.2, and F.3 illustrate the spatial distribution of force ratios within
the mill. It is important to note that the white space in the figures indicates that no
ball was present at that spot in any of the analyzed time steps. However, the figures do
not represent how often the balls occupied a specific place, but only whether they were
present at that point, and what type of force was dominant at that particular point.

Table 6.2: Tangential to normal force ratios in dry milling at different mill diameters

Run No. Force Ratio (300 mm) Force Ratio (400 mm) Force Ratio (500 mm)

1 0.927 1.302 1.192
2 0.829 1.276 1.158
3 0.864 1.223 1.110
4 0.856 1.251 1.135
5 0.873 1.249 1.143
6 0.812 1.173 1.076
7 0.845 1.207 1.114
8 0.915 1.298 1.184

The predominance of tangential forces in most runs suggests that the most typical
grinding mechanisms are abrasion and attrition, which are beneficial for achieving finer
particle sizes. Impact breakage, associated with higher normal forces, seems to be less
prevalent in these simulations. The differences in force ratios can be attributed to varia-
tions in operational parameters, as evidenced by the range of force ratios demonstrated
across the runs for each mill diameter. The 300 mm mill shows ratios ranging from 0.812
to 0.927, the 400 mm mill—from 1.173 to 1.302, and the 500 mm mill—from 1.076 to
1.192.

The optimal force ratio depends on the desired outcome of the milling process, whether
it is to maximize energy efficiency, reduce particle size, or achieve a specific particle
shape. This fact suggests the need for a more detailed approach to controlling milling
parameters beyond simply pursuing a ’high’ or ’low’ force ratio. The absence of a clear
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pattern in the force ratio distribution across diameters and runs indicates a complex
interaction between the mill design and its operational parameters that might not be
intuitive. The specific conditions that produce optimal force dynamics for desired milling
outcomes require further investigation.

Runs 1, 2, 5, and 8 in both the 400 mm and 500 mm mills show patterns in force
distribution (broader area of the dominating tangential force) positively correlated with
the filling degree, indicating a direct relationship between this operational parameter
and the force distribution across the mill. This observation suggests that adjustments to
the filling degree could be a controllable means for optimizing the milling performance.
Additionally, runs 3 and 4 in the 500 mm mill show the greatest size reduction alongside
higher energy consumption per ore mass, suggesting a problem of balancing the energy
use and the milling efficiency. Further analysis could explore whether these operational
settings offer a net benefit when considering both energy costs and the value of the
increased size reduction.

A more detailed analysis of how tangential and normal forces interact within the
milling process could lead to more sophisticated control strategies, such as adjusting the
number and height of lifters or modifying the speed coefficient so as to adjust the milling
process to specific material characteristics or desired outcomes.

Key Points – Force Ratio – Dry Milling:

• The predominance of tangential forces in most runs suggests that the typical grind-
ing mechanisms are abrasion and attrition, which are beneficial for achieving finer
particle sizes.

• Optimal force ratio depends on desired outcome of milling process (energy efficiency,
particle size reduction, or specific particle shape).

• Complex interaction between mill design and operational parameters suggests that
further investigation is needed into specific conditions producing optimal force dy-
namics.

• Runs 1, 2, 5, and 8 in both the 400 mm and 500 mm mills show patterns in force
distribution (broader area of dominating tangential force) positively correlated with
filling degree.

• Balancing energy use and milling efficiency requires consideration to both energy
costs and the value of increased size reduction.

Charge Position

The charge (simulated grinding media) position in dry ball milling is an important aspect
that influences the grinding efficiency and overall mill performance. The center of circula-
tion (CoC) and the center of gravity (CoG) are two main parameters used to characterize
the charge position. Table F.1 in Appendix F presents the CoC and CoG data for various
dry ball milling simulations.

The CoC angle ranges from 52.47° to 65.08°, while the CoG angle ranges from 51.05°
to 63.84°. The CoC moment arm varies from 0.0387 m to 0.1447 m, and the CoG moment
arm varies from 0.0436 m to 0.1451 m. These ranges provide a quantitative information
on the position of the charge in the simulations.
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Further analysis of the data revealed potential correlations between the mill diameter
and both the CoC and the CoG positions. As expected, larger mill diameters seem to
have larger moment arms. This fact suggests that the mill diameter plays a significant
role in determining the charge position.

The variability in the CoC and CoG angles and arms across different runs with iden-
tical diameter but different conditions indicates the sensitivity of charge positioning to
operational parameters. Optimizing mill operations may involve fine-tuning these param-
eters with an aim of achieving the desired charge position and grinding efficiency.

Interestingly, the CoC and CoG angles remain within a narrow range (less than 1 de-
gree of variance) for certain runs, particularly those with higher lifter heights (runs 5,
6, and 7) and a higher number of lifters (runs 1, 5, and 7). This observation suggests
that lifter size and quantity may contribute to maintaining similar load dynamics while
scaling the mill. However, it is important to note that the stability of the charge position
is not solely dependent on lifters but also on the combination of the lifter setup with other
operational parameters such as filling degree and rotational speed.

Key Points – Simulated Charge Position – Dry Milling:

• Mill diameter correlates with the CoC and CoG positions and moment arms.

• Charge position is sensitive to such operational parameters as speed and lifter con-
figurations.

• The CoC and CoG angles remain within a narrow range (less than 1 degree of
variance) for certain runs, particularly those with higher lifter heights (runs 5, 6,
and 7) and a higher number of lifters (runs 1, 5, and 7).

• Higher lifter size and quantity may contribute to stable load dynamics during scaling.

• Charge position stability depends on a combination of the lifter setup and other
operational parameters.

Qualitative Analysis of Movement in Dry Milling Simulations

Figure 6.9 shows the dominant type of charge motion observed in the simulations. It varies
from cascading (rolling or tumbling) through cataracting to centrifuging, depending on
the operational parameters. Cascading motion is characterized by a continuous circulation
of the charge, with particles rolling down the free surface. The result is a combination
of abrasion, attrition, and some impact breakage. Cataracting occurs when particles are
thrown clear of the charge into the free space above, falling on parabolic trajectories, and
impacting the toe of the charge or mill shell. This type of movement leads to higher energy
impact breakage.
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Figure 6.9: Dominant type of charge motion

The dominant type of motion is a combination of cascading and cataracting, but
for specific cases, there is an observable shift from centrifuging to cataracting and from
cataracting to cascading as the diameter increases. The most stable runs across scales,
exhibiting the same type of dominant motion, are runs 1, 3, 5, 7, and 8. The most common
denominator of operational parameters for these runs is the number of lifters; 4 out of 5
runs with the same type of movement across scales have a higher number of lifters, except
for run 8.

Run 2 shifts from centrifuging and cataracting at the diameter of 300 mm to cascading
and cataracting at higher diameters. Run 4 moves from cascading and cataracting to just
cascading at higher diameters. Run 6 is centrifuging and cataracting at the diameters of
300 and 400 mm but shifts toward cascading and cataracting at the 500 mm diameter.
For the runs that shift the type of movement across scales (runs 2, 4, and 6), the common
values are a lower number of lifters, lower lifter height, lower filling degree, and higher
speed. This fact may mean that more lifters can stabilize the type of charge movement
across scales, while fewer lifters with lower height, as well as lower filling degree, and
higher speed can increase the effect of scale on charge behavior.
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At the lowest diameter, 3 runs (2, 5, 6) approximate the centrifuging motion, which
may impact experimental results, in particular the measured torque and size reduction.
All these runs have higher rotational speed, suggesting that the selected upper limit of
rotational speed could be too high. However, run 3, with lower lifters and lower filling
degree, represents the desired cascading and cataracting type of movement even with
higher rotational speed.

The optimal movement, a mixture of cascading and cataracting, is present in runs 3,
4, 7, and 8 in the 300 mm mill. The operational parameters do not have any patterns.
It could be hypothesized that optimal movement is produced by a combination of lower
lifters with lower filling degree and higher lifters with lower rotational speed, or fewer
lifters with lower rotational speed and more lifters with lower filling degree.

For the 400 mm ball mill, optimal charge type movement is achieved in runs 2, 3, 7,
and 8. Here, higher lifters are combined with lower rotational speed, while lower lifters
are combined with higher rotational speed. The number of lifters is combined with the
filling degree; in the mentioned runs higher filling degree is combined with fewer lifters
and vice versa.

For the 500 mm ball mill, optimal runs 2, 3, 6, 7, and 8 show a slight dominance
in higher rotational speed, lower filling degree, fewer lifters, and higher lifters across all
parameters.

Key Points – Charge Movement in Simulations – Dry Milling:

• The dominant type of charge motion for most cases is cascading and cataracting.

• There is an observable shift from centrifuging to cataracting and from cataracting
to cascading as the diameter increases.

• More lifters can stabilize the type of charge movement across scales—runs 1, 3, 5,
7, 8 have the same type of movement across scales and 4 out of 5 (except for run 8)
have more lifters.

• For runs 2, 4, 6 fewer lifters with lower height, lower filling degree, and higher speed
can increase the effect of scale on charge behavior.

• Lower diameter mills are more prone to centrifuging, and this fact may impact
experimental results.

• Optimal movement, a mixture of cascading and cataracting, is achieved through
specific combinations of lifter height, filling degree, and rotational speed.

• The influence of operational parameters on optimal charge motion varies with mill
diameter.

6.2.4 Recordings

The analysis of the recorded dry ball milling performance, as presented in Table F.2
in Appendix F, provides information on the behavior of the mill charge under various
operational parameters. The centroid, which represents the center of gravity of the masked
area representing the mill charge (grinding media and ore particles), is calculated for each
frame at each time step and then averaged for the entire simulation.
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As expected, the variation in the centroid coordinates and the corresponding angle
suggest differences in the charge position and orientation within the drum across differ-
ent runs. Notably, only run 4, whose angle from the vertical axis to the centroid of the
charge area is lower than 90° for all scales, provides a clear indication of how operational
parameters influence charge positioning. This observation is consistent with the expecta-
tion that lowering all of the modified parameters results in a lower shoulder position and,
consequently, in a lower center of gravity.

In most of the other runs with lower rotational speeds, such as runs 1, 7, and 8, the
angles also tend towards or below 90 degrees. Interestingly, even runs 7 and 8, which
have higher mill lifter heights, have angles below 90 degrees for the drum diameters of
400 and 500 mm. This counter intuitive finding suggests that rotational speed, expressed
as a fraction or percentage of critical speed, may have a more significant impact on the
charge shoulder position than the mill lifter height.

The innovative data collection method, which utilizes computer vision to record the
centroid coordinates of the charge, offers a novel approach to monitoring mill operation.
Analyses of its accuracy, limitations, and potential for real-time optimization could inform
its applicability and effectiveness in industrial settings.

Key Points – Recordings – Dry Milling:

• The CoG coordinates and angles vary across runs, indicating differences in charge
position and orientation.

• Run 4, with all parameters lowered, consistently shows angles below 90°, confirming
the influence of operational parameters on charge positioning.

• In most of the runs with lower rotational speeds, such as runs 1, 7, and 8, the angles
also tend towards or below 90 degrees.

• Interestingly, even runs 7 and 8, which have higher mill lifter heights, show angles
below 90 degrees for the 400 and 500 mm drum diameters.

• Rotational speed may have a more significant impact on charge lifting height than
lifter height does.

Qualitative Analysis of Movement in Recordings

Figure 6.10 shows the dominant type of charge motion observed in the recorded experi-
ments. It varies in a manner analogical to that described in the Qualitative Analysis of
Movement in Dry Milling Simulations part.
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Figure 6.10: Dominant type of charge motion in recorded experiments of dry milling

The dominant types of movement observed in the recordings were cascading and
cataracting. Runs 5, 7, and 8 showed the same type of motion across all mill diameters.
For the remaining runs, the movement type was observed to change with the increasing
diameter, from centrifuging to cataracting and from cataracting to cascading.

For the 300 mm diameter mill, the optimal type of movement—a combination of
cascading and cataracting - was observed in runs 1, 4, 7, and 8, which were all performed
with lower rotational speeds. Similarly, for the 400 mm diameter mill, runs 1, 7, and
8 showed the same optimal motion, with the exception of run 4, which had all operational
parameters set to low values. In this case, the combination of cascading and cataracting
changed to cascading only.

In the case of the 500 mm ball mill, optimal motion was observed in runs 2, 3, 6, 7,
and 8, which demonstrated a slight dominance of higher rotational speed, lower filling
degree, fewer lifters, and higher lifters across all parameters. Conversely, Run 5, with all
operational parameters at high levels, showed centrifuging across all scales.
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Key Points – Charge Movement in Recordings – Dry Milling:

• Dominant types of movement: cascading and cataracting.

• Stable motion across scales in Runs 5, 7, and 8.

• Movement type has a trend from centrifuging to cataracting and from cataracting
to cascading as diameter increases.

• Optimal motion (cascading and cataracting) observed at lower rotational speeds for
the 300 mm and 400 mm mills.

• For the 500 mm mill, optimal motion was obtained with higher rotational speed,
lower filling degree, fewer lifters, and higher lifters.

• Run 5 (all parameters at high levels) showed centrifuging across all scales.

6.2.5 Torque Correlation Analysis Results

The Torque Correlation Analysis Results subsection explores the relationships between
the measured torque and various simulated and recorded parameters in the dry milling
experiments. It is divided into three sub-subsections: Simulated CoG and CoC, Recorded
CoG and Torque, and Comparison of Recordings and Simulations. The first sub-subsection
investigates the correlations between the torque, the simulated center of gravity (CoG),
and center of circulation (CoC) of the grinding media. It identifies the main factors in-
fluencing torque and the potential for optimization. The second sub-subsection analyzes
the correlations between the torque, the recorded CoG, and other metrics. It provides
insights into factors which influence torque in a real-world ball mill setting. The third
sub-subsection compares the simulated and the recorded CoG parameters and serves to
validate the accuracy of the simulation models and to identify areas for further research.

Simulated CoG and CoC

The correlations between torque and the simulated center of gravity (CoG) and the center
of circulation (CoC) of the grinding media, were calculated based on the data in Table
F.1 in Appendix F. The scatter plots of torque versus the angles and moment arms of
the center of circulation (CoC) and the center of gravity (CoG), presented in Figure L.1
in Appendix L, reveal a weak negative trend between torque and CoC/CoG angles com-
pared to the strong positive correlation with moment arm length. The CoC and CoG
are important in descriptions of the circulation of the charge within the ball mill, as the
CoC located along the equilibrium surface differentiates the ascending charge from the de-
scending charge. Although the correlation with the moment arm was expected, this finding
shifts the focus towards optimizing the moment arm length for torque management.

Pearson’s correlation analysis further supports these observations. The correlation co-
efficients (Pearson’s r) between the torque and the CoC/CoG angles are -0.292 and -0.209,
respectively, indicating a weak negative correlation. In contrast, the correlation coefficients
between the torque and the CoC/CoG arm lengths are 0.826 and 0.825, respectively, sug-
gesting a strong positive correlation. The p-values for the arm length correlations are
0.000, indicating high statistical significance, while the p-values for the angle correla-
tions are 0.166 and 0.328, and suggest that the negative correlations are not statistically
significant.

95



CHAPTER 6. RESULTS

Among the most important insights from this analysis are the high correlations be-
tween the arm lengths (CoC and CoG) and the torque and the suggestion that the CoC
seems a minimally more effective predictor of torque. These findings highlight the rele-
vance of charge position, as measured by the CoC and the CoM, in the optimization of
mill design and operational efficiency.

Key Points – Simulated CoG and CoC – Dry Milling:

• Weak negative trend is observed between torque and CoC/CoG angles.

• Strong positive correlation is observed between torque and moment arm length.

• High correlation is observed between arm lengths (CoC and CoG) with torque.

• CoC is potentially a minimally more effective predictor of torque than CoM.

• Charge position (CoC and CoG) is relevant for mill design optimization and oper-
ational efficiency improvement.

Recorded CoG and Torque

The correlation analysis conducted on the recorded center of gravity (CoG) and torque
metrics, based on the data in Table F.2 in Appendix F, offers detailed information on the
factors influencing torque in ball mill experiments. The scatter plots in Appendix L serve
as a descriptive tool and are used to visualize the correlation between the torque and each
variable, confirming the described trends and offering a more intuitive understanding of
the relationships between the data.

The correlation analysis revealed significant relationships between the measured torque
and the investigated variables. The strong positive linear relationship between the charge
mass and the torque (Pearson’s r=0.898, p-value=0.000) directly attributes higher torque
values to increased load mass. This correlation is both statistically significant and oper-
ationally important, confirming the behavior as expected and offering a straightforward
strategy for influencing torque via charge mass adjustments.

Similarly, the significant and strong positive correlation between the arm length and
the torque (Pearson’s r=0.823, p-value=0.000) demonstrates the influence of geometric
factors on the torque. It is important that moment arm length has almost as strong impact
on the torque as the charge mass does. The adjusting of the arm length, implicitly through
other operational settings, may translate into optimizing mill performance.

The moderate negative relationship between the angle and the torque (Pearson’s r=
-0.512, p-value=0.011) is an indicator of more complex dynamics, as increasing angles
correlate with the decreasing torque. This observation suggests that angle adjustments,
through operational or design modifications, may also have an influence on torque man-
agement, although the more scattered plot for the torque vs. the angle implies more
complicated interactions that go beyond the linear correlation and that could be further
explored in the context of the complexities of the effect of the angle on the torque.

Key Points – Recorded CoG and Torque Correlation – Dry Milling:

• Significant relationships exist between the measured torque and the load mass, angle,
and arm length.
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• Strong positive linear relationship is observed between the load mass and the torque,
as well as between the arm length and the torque.

• The moment arm length has almost as strong impact on the torque as the charge
mass does.

• Moderate negative relationship between the angle and the torque suggests a poten-
tial for torque management through angle adjustments.

Comparison of Recordings and Simulations

This section discusses the comparison between the center of gravity (CoG) of the grinding
media obtained from the simulations and the CoG of the full charge obtained from the
recordings. The aim is to assess how well the behavior of a real mill can be predicted in
simulations. Figure L.3 in Appendix F illustrates the simulated versus the measured CoG
angles and arms.

The validation of the simulated CoG angles and moment arms against measured values
translates into the precision and applicability of simulation models in predicting real-
world ball mill behavior. Correlation analyses comparing the simulated and the actual
CoG measurements are important for validating the simulation accuracy. The scatter
plots comparing the simulated and the measured CoG angles and arms serve to support
the quantitative correlation analysis.

The moderate to strong positive correlations between the simulated and the measured
CoG parameters, with Pearson’s r values of 0.549 (p=0.005) for the CoG angles and 0.677
(p=0.000) for the CoG arms, prove the effectiveness of the simulation model in repre-
senting the most important aspects of mill charge dynamics. The substantial correlation
between the simulated and the measured CoG arms, with the higher Pearson’s r value,
indicates that arm length predictions from simulations are particularly reliable.

However, room for further research exists. Identifying new factors and investigating
those not yet fully analyzed could improve the accuracy and predictive potential of the
model. Discrepancies between simulations and measurements could be also explored, along
with their potential reasons.

The difference identified between the simulation and the recorded values may be at-
tributed to the fact that the simulations covered only the grinding media, while the
recordings reflected the full charge. This observation confirms the complexity of real-
world milling environments. Investigating the impact of integrating ore characteristics
into simulations could enhance the realism of the model. The discrepancies and addi-
tional influencing factors not yet identified in the here analyzed models require further
investigation.

Key Points – Comparison of Recordings and Simulations – Dry Milling:

• The simulated CoG angles and arms were validated against the measured values in
order to assess the accuracy of simulation models and their applicability in predicting
real-world ball mill behavior.

• The identified moderate to strong positive correlations between the simulated and
the measured CoG parameters confirm the effectiveness of the simulation model in
representing the main aspects of mill charge dynamics.
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• The substantial correlation between the simulated and the measured CoG arms indi-
cates that the arm length predictions from the simulations are particularly reliable.

• The observed discrepancies between the simulations and the measurements suggest
room for further research, such as investigations of additional factors and integrating
ore characteristics into simulations.

6.3 Wet Milling Experimental Series Results
This section presents the findings from the comprehensive analysis of the wet milling
experiments conducted for various mill diameters. It discusses the sensor measurements,
including the rotational speed, torque, and power draw, providing insights into the sta-
bility, variability, and efficiency of the wet milling process. The section also examines the
product size distribution, comparing the effectiveness of different mill diameters in achiev-
ing finer particle sizes and higher size reduction ratios under wet conditions. Additionally,
it presents the results of the wet milling simulations, focusing on the force ratio and charge
position, and it explores the correlations between the torque and the simulated data.

6.3.1 Sensor Measurements

This subsection presents the results obtained from the sensors used during the wet milling
experiments, including rotational speed, torque, and power draw. It analyzes the stabil-
ity and control of the mill rotational speed in the presence of slurry, the variability and
transient behavior of the torque measurements under wet conditions, and the power con-
sumption trends across the three mill diameters. The subsection also investigates the
correlations between the torque and the power draw. Additionally, it explores the im-
pact of slurry density on the accuracy of the rotational speed control system and on the
variability of the torque and power signals.

Rotational Speed

During wet milling experiments, the rotational speed measurements were performed for
three mill diameters. Each experimental series consisted of 8 experiments, resulting in
a total of 24 measurements (Figure G.1 and Table G.1 in Appendix G).

The mean RPM values for each wet measurement are close to the set RPM values. This
fact indicates that the rotational speed of the mill was well-controlled and maintained at
desired levels, even in the presence of slurry. This information is important, as it confirms
that the operational parameters were well-controlled despite the complexity introduced
by the wet conditions.

The standard deviation of the RPM signal is relatively low (0.05 to 0.22), suggesting
minimal fluctuations and stable operation of the mill during wet grinding. This observation
demonstrates the reliability of the test equipment under varying wet conditions.

The coefficient of variation (CV) is consistently very low for all wet measurements,
confirming the stability and consistency of the rotational speed during the wet grinding
process. Low CV confirms the precision of the control system, although the non-zero
standard deviations indicate some variation.

Skewness values are generally close to zero, indicating a relatively symmetric RPM
distribution, albeit some measurements show minimally negative or positive skewness.
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Kurtosis values range from 2.29 to 6.09, with most values close to 3, indicating the RPM
distribution is similar to a normal distribution. Only few measurements show higher kur-
tosis values. These statistics are interesting for understanding the data distribution but
not critical from the operational perspective.

The mean deviation from the set RPM is relatively small (0.77 to 3.16), indicating
that actual RPM values are close to desired set points. Slightly lower deviation values for
larger diameters suggest better control with larger diameters. This fact emphasizes the
precision of the milling process control.

The standard deviation of deviation is low (0.05 to 0.22), further confirming the consis-
tency and accuracy of RPM control and proving the reliability of the control mechanism.

The percentage of time the RPM signal remains within acceptable limits (±5% of set
RPM) is very high for most wet measurements, albeit with several exceptions, demon-
strating well-maintained rotational speed within specified limits throughout the entire
process.

Overall, the results indicate that the rotational speed of the mill is stable, well-
controlled, and consistently maintained at desired set points, with low variability, small
deviations, and a high percentage of time within the acceptable limits. The presence of
slurry does not seem to significantly affect the stability and control of the rotational speed.

It is interesting to note that all of the measured RPM values are higher than the set
RPM values, albeit still within acceptable limits. In each experimental series, there were
4 experiments with high rotational speed and 4 experiments with low rotational speed.
The measurements are grouped together as expected, but the range of the RPM values
inside the low and high groups becomes wider together with the mill diameter.

In the mill with the greatest diameter, run 2 and run 4 tend toward lower values
within the high-speed group, while run 5 and run 7 in the lower group also tend towards
lower RPM values. Interestingly, all of these runs have lower slurry density, and they also
have the lowest deviation of the mean from the set RPM value. It could be hypothesized
that the accuracy of the rotational speed control system is influenced by both the slurry
density and the formation of a slurry pool in the toe region.

Key Points – Rotational Speed Sensor Measurements – Wet Milling:

• The rotational speed of the mill was well-controlled and maintained at desired levels
during wet milling, despite the presence of slurry.

• Low standard deviation and coefficient of variation indicate minimal fluctuations
and stable operation.

• Mean deviation from set RPM is small (up to 5%), confirming the precision of the
control system.

• The percentage of time within acceptable RPM limits is high, demonstrating con-
sistent control.

• Slurry density may impact the accuracy of the rotational speed control system. Runs
with lower slurry density have the lowest deviation from the set RPM.

• The presence of slurry pooling in the toe region of the mill may influence the stability
and control of the rotational speed.
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Torque

The torque measurements were conducted for three mill diameters: 300 mm, 400 mm, and
500 mm, with 8 experiments for each diameter, totaling 24 experiments (Tables H.1, H.2,
and H.3 in Appendix H). All experiments were performed under wet milling conditions
with the presence of slurry. The mean torque values across all scales were consistently
negative, indicating the resistance force exerted by the mill charge on the moving ball
mill due to gravity.

The standard deviation and coefficient of variation (CV) values indicate moderate to
high measurement variability and dispersion. Notably, two CV values exceeded 100%, in-
dicating that the standard deviation for those measurements was larger than the absolute
mean value. This high variability could be attributed to the complexities of the motion
of the charge and to the grinding mechanisms within the mill, e.g. during cascading and
cataracting, as well as to the combination of impact breakage and abrasion.

Transient analysis did not reveal the transient state for most runs with lower slurry
density at the 400 mm and 500 mm diameters. However, for other runs, the mills required
a considerable amount of time to stabilize, with rise times ranging from 40.2 s to 1330.72 s
(Figure 6.11). The shortest rise times were observed for the smallest mill diameter. For
most runs, the settle time approached the end time of the experiment (1800 s), indicating
that the signal was out of the range close to the steady-state mean at the end of the
experiment.

The correlation between the measured torque and the power depended on slurry den-
sity. Measurements with higher slurry density (1, 3, 6, 8) tended to have a very high
correlation between torque and power. In contrast, for lower slurry densities, the corre-
lation was significantly different, with very low and sometimes even negative correlations
observed across all scales.

Key Points – Torque Sensor Measurements – Wet Milling:

• Moderate to high variability and dispersion was observed in measurements, with
some CV values exceeding 100%.

• Transient state was not observed for most runs with lower slurry density at larger
diameters.

• Rise times ranged from 40.2 s to 1330.72 s, with shortest times for the smallest mill
diameter.

• High correlation between the torque and the power was observed for higher slurry
densities, while low or negative correlation was observed for lower densities

Power Draw

The power draw measurements were performed for three different mill diameters (300 mm,
400 mm, and 500 mm) under wet milling conditions, with eight experiments conducted for
each diameter. The measurement data are presented in Tables I.1, I.2, I.3 in Appendix I,
and the signal plots in Figure 6.12.

Mean power consumption shows a clear increasing trend correlated with the increase
in mill diameter. This fact indicates higher energy requirements for larger mills under wet
milling conditions. As the mill size increases, so does the power required to achieve effective
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(a) D=300 mm

(b) D=400 mm

(c) D=500 mm

Figure 6.11: Pre-processed torque signals for wet milling experiments at different mill
diameters
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grinding. Additionally, the variability in power consumption, as shown by the standard
deviation, generally increases with the size of the mill. This observation suggests that
larger mills are more susceptible to fluctuations in power use. However, the coefficient of
variation (CV) for all experiments shows mostly low to moderate variance without any
strong trend, with only a slight increase in values as the scale increases. This fact implies
that although absolute variations in power consumption increase with scale, probably due
to the larger charge volume and more intensive charge motion, the relative variations
remain relatively stable.

The steady-state mean power indicates consistent power requirements during the re-
ported stable operational phase. The power requirements increase with mill diameter.
This is an important factor in designing and implementing operational control measures
which ensure sustained grinding effectiveness and energy efficiency. Furthermore, the fact
that overshoot values increase with mill diameter may indicate a higher initial energy
expenditure required to bring larger mills to operational stability. This initial energy ex-
penditure may be related to the need to overcome the inertia of the larger charge mass and
to establish the desired charge motion, such as cascading or cataracting, depending on the
operating conditions. This observation is crucial for the process startup phase, suggesting
that larger systems may require more careful control in order to minimize energy waste
due to overshoot.

The transient analysis, including the rise and settling times, shows consistently low
rise times, mostly under one minute, indicating that the mill quickly reaches stable power
draw after the initial startup phase. The settle time for all measurements is over 1760 s,
which is very close to the end of the experiment, meaning that the operating conditions
were stable throughout the entire experiment duration, and the values were not out of
the range around the steady-state mean.

Lastly, although negative skewness was recorded for most of the experiments with
lower slurry density, there is no recognizable pattern in the kurtosis values.

Key Points – Power Draw Sensor Measurements – Wet Milling:

• Mean power consumption increases with mill diameter, indicating higher energy
requirements for larger mills.

• Variability in power consumption increases with mill size, but relative variations
(CV) remain stable.

• Steady-state mean power indicates consistent power requirements during stable op-
eration, critical for design and control.

• Overshoot values increase with mill diameter, suggesting the need for careful control
during startup to minimize energy waste.

• Low rise times (< 1 min) indicate quick stabilization of power draw after startup,
while long settle times (> 1760s) show stable operation throughout experiments.

• Experiments with lower slurry density tend to result in negative skewness.
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(a) D=300 mm

(b) D=400 mm

(c) D=500 mm

Figure 6.12: Pre-processed power signals for dry milling at different mill diameters
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6.3.2 Product Size Distribution

The product size distribution analysis for wet milling experiments provides valuable in-
sights into the complex relationships between mill diameter, slurry properties, and opera-
tional parameters. Table 6.3 presents the d80 values and size reduction ratios for each run,
while Figures J.1, J.2, and J.3 in Appendix J illustrate the cumulative size distribution
curves for milled products.

Table 6.3: Particle size reduction results for wet milling at various mill diameters

Run No. 300 mm: d80 (µm) size reduction 400 mm: d80 (µm) size reduction 500 mm: d80 (µm) size reduction
1 357.3 2.452 118.0 7.424 188.6 4.644
2 66.7 13.143 45.6 19.211 54.3 16.141
3 218.9 4.002 224.2 3.908 217.5 4.028
4 79.1 11.079 77.2 11.354 81.8 10.704
5 125.8 6.965 85.4 10.253 101.6 8.626
6 268.6 3.262 255.6 3.428 226.9 3.861
7 75.4 11.613 68.7 12.750 70.1 12.492
8 347.7 2.520 221.2 3.961 278.4 3.147

Average 192.4 6.879 137.0 9.036 152.4 7.955

The average d80 values for the 300, 400, and 500 mm mills are 192.4, 137.0, and
152.4 μm, respectively, with the 400 mm mill achieving the finest average d80 value. In-
terestingly, the 500 mm mill shows minimally coarser products compared to the 400 mm
mill. This fact suggests that the relationship between mill diameter and product size dis-
tribution in wet milling is complex and may be influenced e.g. by slurry properties and
rheology. The factors behind this non-linear relationship require further analysis.

In terms of milling efficiency, the average size reduction ratios for the 300, 400, and
500 mm mills are 6.879, 9.036, and 7.955, respectively. The 400 mm mill achieves the
highest average size reduction ratio. It indicates the best milling efficiency among the three
mill diameters under wet milling conditions. This fact is important for understanding the
efficiency trends and performing a more detailed analysis of the reasons behind the higher
efficiency of the 400 mm mill.

The cumulative size distribution curves for each mill diameter in wet milling reveal
a wide range of particle size distributions, probably influenced by the different grinding
mechanisms, such as impact breakage, abrasion, and attrition, that dominate under var-
ious operating conditions. The curves for the 400 mm and 500 mm mills show a more
considerable shift towards finer particle sizes, consistent with the lower d80 values and
higher size reduction ratios observed for these mill diameters.

Runs with lower slurry density are observed to result in significantly higher size re-
duction rates compared to runs with high slurry density. This clear pattern suggests that
slurry pooling in the toe region or its dumping properties may change and impact the
efficiency of impact breakage. Slurry density may thus seem to be an important factor in
optimizing in wet milling.

Key Points – Product Size Distribution – Wet Milling:

• The 400 mm mill achieves the finest average d80 value and highest size reduction
ratio, suggesting an optimal scale for wet milling efficiency.

• In terms of milling efficiency, the average size reduction ratios for the 300, 400, and
500 mm mills are 6.879, 9.036, and 7.955, respectively.
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• The relationship between mill diameter and product size distribution in wet milling
is complex and influenced by such factors as slurry properties and rheology.

• Slurry density appears to be an important factor in wet milling, with lower densities
resulting in higher size reduction ratios.

• Further investigation into slurry characteristics is necessary so that the multifactorial
nature of milling efficiency in wet conditions can be fully understood.

6.3.3 Simulations

This subsection presents the results of the wet milling simulations conducted on the cali-
brated models. Figure 6.13 shows examples of simulation runs with identical operational
parameters across all mill scales under wet conditions, providing a visual comparison of
the charge motion and distribution in the presence of the slurry. The subsection analyzes
the force ratio, which is the ratio of tangential to normal forces acting on the balls, and
the charge position, characterized by the center of circulation (CoC) and the center of
gravity (CoG). It examines the spatial distribution of force ratios within the mill and the
influence of operational parameters, including slurry density, on the charge position. It
also provides information on the dynamics of the wet milling process, the factors affect-
ing the efficiency and performance of the mill under wet conditions, and the differences
between wet and dry milling simulations. The findings allow a better understanding of
the complex interactions between the grinding media and the slurry in the wet milling
process, as well as of the dominant types of charge motion, such as cascading, cataracting,
and slurry pooling.

Figure 6.13: Comparison of the simulations with identical parameters across scales for wet
milling

Force ratio

The force ratio, defined as the ratio of tangential to normal forces acting on the balls, is
important in the analyses of the dynamics of wet milling. Table 6.4 presents the average
force ratios for each run, while Figures K.1, K.2, and K.3 in Appendix K show the spatial
distribution of force ratios within the mill.
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Table 6.4: Tangential to normal force ratios in wet milling at different mill diameters

Run No. Force Ratio (300 mm) Force Ratio (400 mm) Force Ratio (500 mm)

1 0.810 1.203 1.164
2 0.836 1.201 1.152
3 0.918 1.291 1.206
4 0.840 1.204 1.129
5 0.848 1.210 1.164
6 0.785 1.152 1.116
7 0.970 1.351 1.240
8 0.800 1.124 1.045

Wet milling shows a range of force ratios: from 0.785 to 0.970 for the 300 mm mill,
from 1.124 to 1.351 for the 400 mm mill, and from 1.045 to 1.240 for the 500 mm mill.
The highest force ratio is observed for the 400 mm mill diameter at run 7 (1.351). This
fact suggests that certain combinations of operational parameters can lead to significantly
increased tangential forces. The variation in force ratios can be attributed to the differ-
ent grinding mechanisms, such as impact breakage, abrasion, and attrition, which are
influenced by the charge motion and operating conditions. Interestingly, run 7 has the
highest ratio for each diameter, while run 8 has the smallest or second smallest ratio for
all diameters. The two runs differ in slurry density, lifter height, and rotational speed,
with run 8 having all operational parameters at a high level and run 7 having those three
parameters at a lower level. This observation indicates that the above parameters or their
interactions may have the most significant impact on the force ratio.

The lowest mill diameter (300 mm) consistently shows the lowest force ratios, while
the difference between the 400 mm and 500 mm mills is much smaller. However, for the
same runs, the force ratio values are always slightly lower for the 500 mm mill compared
to the values for the 400 mm mill.

A consistent trend can be observed in the spatial distribution of force ratios (Figures
K.1, K.2, and K.3), with the largest area of tangential force domination occurring in runs
3, 4, and 7. The only parameter shared between these runs is the higher filling degree.

Key Points – Force Ratio – Wet Milling:

• Force ratio varies with mill diameter, with the lowest ratios observed in the 300 mm
mill and the highest in the 400 mm mill.

• Run 7 has the highest force ratio for each diameter, while run 8 has the smallest
or second smallest ratio for all diameters. Run 8 has all operational parameters at
a high level and run 7 has slurry density, lifter height, and rotational speed at a lower
level.

• Higher filling degree (runs 3, 4, 7) is associated with larger areas of tangential force
domination within the mill.

• For the same runs, the force ratio values are always slightly lower in the 500 mm
mill compared to the values in the 400 mm mill.
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Charge Position

Table K.1 in Appendix K presents the calculated center of circulation (CoC) and center
of gravity (CoG) angles and arms for various ball mill diameters and cases under wet
milling conditions. The data is based on the results of simulations for the grinding media
(steel balls) and their respective center of gravity and center of circulation positions.

The CoC angle ranges from 50.34° to 61.07°, while the CoG angle varies between
50.45° and 59.28°. The CoC arm values are from 0.0334 m to 0.1308 m, and the CoG arm
values are from 0.0408 m to 0.1315 m. As expected, the moment arms differ across mill
diameters. However, some runs maintain lower ranges of variation within the angles:

• Run 2: CoC range of 1.24°, CoG range of 0.66°

• Run 7: CoC range of 1.77°, CoG range of 0.81°

• Run 4: CoC range of 2.07°, CoG range of 1.61°

• Run 5: CoC range of 2.22°, CoG range of 1.29°

Interestingly, the four runs with lower slurry density (2, 7, 4, 5) have more stable
ranges of angles across scales compared to the other four runs with higher density. This
observation suggests that lower slurry density may promote a more consistent charge
motion, possibly due to different slurry pooling and dampening effects in the toe region
of the mill. Furthermore, runs 2 and 7, which have the lowest difference in angles across
scales, also share a lower lifter height. This fact implies that the lifter height parameter
may influence the stability of the charge behavior in the ball mill.

Key Points – Charge Position – Wet Milling:

• CoC and CoG angles and arms vary across ball mill diameters and individual cases
under wet milling conditions.

• Runs (2, 7, 4, 5) with lower slurry density show more stable ranges of angles across
scales.

• Runs 2 and 7, which have the lowest difference in angles across scales, also share
a lower lifter height.

Qualitative Analysis of Movement

The grinding media and approximate slurry surface based on the SPH slurry particles
were analyzed for all DEM-SPH simulations across all scales, as shown in Figure 6.14.
In the simulations, runs 5-8 showed stable behavior across all scales, possibly due to the
higher number of lifters. The lifter number may thus seem an important parameter in the
reproducibility of charge behavior across scales. Slurry pooling in the toe area was the
most considerable in runs with the dominant cascading motion.
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Figure 6.14: Dominant type of charge motion

Run 8 demonstrated centrifuging motion across all scales, with all operational pa-
rameters at higher values. Runs with optimal movement across all scales had both lower
filling degree and more lifters. In runs 1-4, a considerable shift from cataracting to cas-
cading motion occurred as the diameter increased. These runs had fewer lifters, and this
modification may account for the amplified effect of other parameters and scale on charge
behavior. Slurry pooling in the toe area was most significant in runs with the dominant
cascading motion.

Key Points – Charge Movement in Simulations – Wet Milling:

• Runs 5-8 showed stable behavior across all scales, possibly due to a higher number
of lifters, indicating the importance of lifter number in reproducibility of charge
behavior.

• Slurry pooling in the toe area was most prominent in runs with cascading as the
dominant motion.
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• Run 8 exhibited centrifuging across all scales, with all operational parameters at
higher values.

• Runs with optimal movement had lower filling degree and more lifters.

• Runs 1-4 showed a shift from cataracting to cascading as diameter increased, possi-
bly due to fewer lifters amplifying the effect of other parameters and scale on charge
behavior.

6.3.4 Torque Correlation with Simulated Data

The analysis of the correlation between torque and the center of circulation (CoC) and
center of gravity (CoG) parameters reveals significant relationships (refer to Figure M.1 in
Appendix M). The results show strong negative correlations between torque and both the
CoC angle (Pearson’s r=-0.628, p-value=0.001) and the CoG angle (Pearson’s r=-0.555, p-
value=0.005). This finding is important as it suggests that an increase in the CoC or CoG
angle, probably due to changes in charge motion such as increased cataracting or a higher
shoulder position, causes the torque required for the milling process to decrease. This
observation may have significant implications for the optimization of energy consumption
in the milling process.

Furthermore, the analysis reveals moderately positive and statistically significant cor-
relations between torque and the CoC arm (Pearson’s r=0.436, p-value=0.033) and be-
tween torque and the CoG arm (Pearson’s r=0.419, p-value=0.041). This fact indicates
that torque increases together with the arm lengths, suggesting a direct relationship be-
tween the size of the circulation/mass center arms and the energy required for milling.
This insight could be used to adjust milling parameters, such as mill speed or lifter de-
sign, so that the charge motion and grinding mechanisms could be optimized for improved
energy efficiency.

It is noteworthy that both angles have a higher impact on the torque than the arms
do, with the CoC angle and arm having slightly higher torque predictive power compared
to their CoG counterparts. The significant relationship between the values measured in
the simulations and the torque measured in the experiments confirms the validity of the
simulation data, which can be used to predict the behavior of the multiphase charge
modeled with SPH for slurry (ore and water) and with DEM for steel balls serving as the
grinding media.

Although the correlations are moderate and statistically significant, they are not per-
fect and indicate that the models and tools used for DEM-SPH simulations require fur-
ther improvement. The scatter plots (Figure M.1) illustrate the relationships between the
torque and the CoC/CoG angles and arms for wet milling, with clear negative trends for
the angles and moderate positive trends for the arms. This relationship is consistent with
the correlation analysis results.

Key Points – Torque Correlation with Simulated Data – Wet Milling:

• Strong negative correlations between torque and both the CoC and CoG angles
suggest that increased angles lead to decreased torque and potential energy savings.

• Moderate positive correlations between torque and the CoC/CoG arms indicate that
larger arm lengths result in higher torque and energy requirements.
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• Angles have a higher impact on torque than arms do, and the CoC parameters show
slightly higher predictive power.

• Significant relationships between the simulated and the experimental data validate
the use of DEM-SPH simulations for predicting multiphase charge behavior.

• Room for improvement exists in the models and tools used for DEM-SPH simula-
tions.

6.4 DoE Results
This section compares the experiments for both dry and wet milling conditions using
Fractional Design of Experiments. The detailed results of the analysis, performed with
Minitab statistical software, are presented in Appendix N. The appendix contains the
standardized effects, regression equations and other detailed statistics for each design, and
for different diameters and milling conditions (dry/wet). A comparison of these results
across the six designs allows the identification of the operational parameters with the most
significant impact on the analyzed response parameters. The appendix also contains tables
with raw data used for the Fractional DoE analysis. Data from the dry milling experiments
and simulations is presented in Table N.1, and for the wet milling experiments—in Table
N.2.

The response parameters examined for both dry and wet milling include mean torque,
tangential to normal force ratio, size reduction, energy consumed, energy consumed per
mass unit, and energy consumed per mass per rotation. The analysis of these parameters
provides insights into the differences between dry and wet milling processes and the key
factors influencing their performance.

6.4.1 Mean Torque

The analysis of absolute torque values across various mill setups indicates several relation-
ships between operational parameters and torque. Filling degree seems to be an important
factor in most setups, with the exception of the 500 mm mill under wet milling condi-
tions. As expected, a higher filling degree positively correlates with torque owing to the
increased gravitational force which the mill must overcome due to a heavier charge.

In dry milling, rotational speed also significantly impacts torque values within the
analyzed range. The negative correlation between the speed and the torque suggests that
increased speed leads to decreased torque. Additionally, lifter configuration affects torque,
particularly in the 300 mm dry mill, which exhibits the highest adjusted R2 value and
strong predictive power. In this case, more lifters and higher lifters result in lower torque,
possibly by promoting the cataracting motion and reducing the overall gravitational force
on the mill shell. For larger diameters, the 500 mm mill includes lifter height, but both 400
and 500 mm mills have lower R2 values. This observation may indicate that the model can
only partially describe the torque behavior based on the input parameters. The remaining
variance can be explained by lifter configuration. However, the data was not sufficiently
clear for this effect to be identified as statistically significant for these diameters.

In wet milling, the effect of slurry density dominates other parameters, with higher
density leading to lower torque. Models for the 400 and 500 mm mills demonstrate high
predictive power, with nearly 90% of torque behavior accounted for by slurry density
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and filling degree, or slurry density alone. This fact indicates the crucial role of setting
appropriate slurry density for optimal mill performance in wet milling.

The response of the 500 mm wet mill to filling degree adjustments suggests possible
non-linear or threshold effects at larger scales, which requires additional investigation.
The varying predictive power of regression models, particularly in wet conditions indicates
the complexity of wet milling and the need for more sophisticated models or additional
variables to fully represent the torque behavior.

Its consistent significance in wet milling across all mill sizes emphasizes the impact of
slurry density on energy efficiency and operational costs and renders it an important object
of further optimization efforts. Table 6.5 presents the standardized effects, regression
equations, and adjusted R2 values for the various mill setups. In dry milling, rotational
speed also significantly affects torque values within the analyzed range. The negative
correlation between speed and torque suggests that increasing speed leads to decreased
torque, probably due to the transition from the cascading to the cataracting motion.

Table 6.5: DoE analysis summary with Standardized Effects for mean torque with regres-
sion equations and R2 values for dry and wet milling conditions

Parameter 300 Dry 300 Wet 400 Dry 400 Wet 500 Dry 500 Wet
filling degree (fd) 25.69 1.86 3.84 2.2 5.1 x
number of lifters (nl) -5.49 x x x x x
lifter height (lh) -14.71 x x x -1.86 x
rotational speed (ω) -51.38 x -4.63 x -2.12 x
slurry density (ρ) N/A -2.29 N/A -10.71 N/A -9.75

Regression
Equation for:
Torque=

8.003
+3.275fd
-0.03500nl

-37.50lh
-0.10565ω

9.64
+10.42fd
-0.00640ρ

17.87
+9.84fd
-0.2301ω

41.14
+9.95fd
-0.02420ρ

25.19
+23.44fd
-170.8lh
-0.220ω

102.58
-0.05414ρ

R2 99.92% 63.47% 87.85% 95.98% 89.46% 94.06%
R2(adj) 99.80% 48.86% 82.99% 94.38% 81.56% 93.07%
R2(pred) 99.40% 6.48% 68.90% 89.72% 57.85% 89.44%

Key Points – Torque – DoE:

• Filling degree is an important factor in most setups; it is positively correlated with
torque.

• In dry milling, rotational speed impacts torque values within the analyzed range.
The negative correlation between speed and torque suggests that increasing speed
leads to decreased torque, probably due to the transition from the cascading to the
cataracting motion.

• Lifter configuration (lifter height and number) can impact torque, particularly in
the 300 mm dry mill. The more and the higher the lifters, the lower the torque.

• Slurry density dominates other parameters in wet milling, with higher density lead-
ing to lower torque.

• The response of the 500 mm wet mill suggests possible non-linear or threshold effects
at larger scales.
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• The predictive power of the regression models varies, accounted for by the complex-
ity of wet milling.

• The consistent significance of slurry density in wet milling emphasizes its importance
for energy efficiency and operational costs.

6.4.2 Force Ratio

The force ratio, defined as the average tangential to normal force acting on the grinding
media, is an indicator of the dominant forces during the milling process. A Design of
Experiments (DoE) analysis was conducted in order to investigate the effects of various
parameters on the force ratio under both dry and wet milling conditions across different
mill scales (300, 400, and 500 mm). The standardized effects, regression equations, and
adjusted R2 values for each condition are summarized in Table 6.6.

The filling degree was observed to most significantly influence the force ratio in most
conditions. It was positively correlated with the dominance of tangential forces. The only
exception was the 500 mm wet mill, whose model did not include filling degree. However,
this model also had lower predictive power. This fact suggested that the remaining vari-
ance might be explained by filling degree, which was not statistically significant in the
experimental data. These findings emphasize the importance of filling degree in optimizing
milling efficiency, particularly in dry conditions or smaller mills.

Rotational speed was the second most influential parameter across all setups, display-
ing a negative correlation with the dominance of tangential forces. As rotational speed
increases, the dominance of normal forces acting on the grinding media also increases,
which is an expected behavior. Higher speeds result in higher shoulder—the grinding
media are lifted higher, and as a result impact breakage is greater than abrasion and
attrition.

The effect of lifters on the force ratio is more complicated. While the number of lifters
seems to have no impact on the dominance of tangential forces across all setups, their
height has a significant negative impact. This is expected, as higher lifters, in an ef-
fect comparable to that of higher rotational speeds, lift the grinding media higher and
generate greater impact forces. This effect was not observed in the 300 mm dry milling
model, which had the lowest R2 values, suggesting that the remaining variance could be
explained by lifter height. Interestingly, the interaction between filling degree and lifter
height is significant in the 400 and 500 mm dry mills, indicating complex interdependen-
cies that cannot be explained by simple additive effects. Although higher lifters, when
considered in isolation, lead to decreasing dominance of tangential forces (abrasion and
attrition), the combination of higher lifters and higher filling degree intensifies these grind-
ing mechanisms. This important observation demonstrates the need to consider parameter
interrelations when optimizing mill operation.

In wet milling, the increasing of slurry density causes a consistent decrease in the
force ratio across all scales, suggesting a dampening effect of heavier and more viscous
slurries on tangential forces. This negative correlation indicates the complex role of slurry
properties in milling efficiency and the need for careful control of slurry density to achieve
optimal force ratios. Adjusting slurry density seems a valuable tool for optimizing the
grinding process and controlling the dominance of tangential and normal forces, as it
allows operators to control the process and change the balance between impact breakage
and the grinding mechanisms of abrasion and attrition.
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Table 6.6: DoE analysis summary with standardized effects for force ratio with regression
equations and R2 values for dry and wet milling conditions

Parameter 300 Dry 300 Wet 400 Dry 400 Wet 500 Dry 500 Wet
filling degree (fd) 2.06 17.11 13.02 3.31 17.4 x
number of lifters (nl) x x x x x x
lifter height (lh) x -14.5 -6.01 -4.12 -5.61 -3.47
rotational speed (ω) -2.04 -19.59 -6.58 -6.07 -9.92 -5.44
slurry density (ρ) N/A -12.44 N/A -3.18 N/A -2.52
fd ∗ lh x x 3.03 x 2.3 x

Regression
Equation for:
Force Ratio=

0.988
+0.209fd
-0.00333ω

1.3163
+0.3113fd
-5.275lh
-0.005746ω
-0.000113ρ

1.3774
+0.1813fd
-9.42lh
-0.003322ω
+15.75fd ∗ lh

1.842
+0.2550fd
-6.35lh
-0.00907ω
-0.000123ρ

1.2420
+0.2225fd
-5.15lh
-0.003890ω
+8.00fd ∗ lh

1.7740
-5.30lh
-0.00936ω
-0.000096ρ

R2 62.66% 99.71% 98.85% 96.15% 99.32% 92.31%
R2(adj) 47.72% 99.33% 97.32% 91.02% 98.41% 86.55%
R2(pred) 4.41% 97.96% 91.83% 72.63% 95.16% 69.26%

Key Points – Force Ratio – DoE:

• Filling degree is the most significant factor influencing force ratio, with a positive
correlation to tangential force dominance in most conditions.

• Rotational speed is negatively correlated with tangential force dominance, as higher
speeds lead to greater normal (impact) forces.

• Lifter height has a significant negative impact on tangential force dominance, while
the number of lifters has no effect.

• Interactions between filling degree and lifter height are significant in larger dry mills,
highlighting the importance of considering parameter interrelations.

• In wet milling, increasing slurry density decreases the force ratio across all scales,
suggesting a dampening effect on tangential forces.
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6.4.3 Size Reduction

Size reduction, defined as the ratio of feed D80 grain size to product d80 grain size, was
modeled using multiple linear regression for various mill scales and operating conditions.
The adjusted R2 (R2(adj)) values, which account for the number of predictors relative
to the number of data points, were used to assess the predictive power of each model
(Table 6.7).

For dry milling, the results were inconsistent across scales. The 300 mm and 400 mm
models exhibited low predictive power, and the 300 mm dry mill showed a negative cor-
relation between rotational speed and size reduction, which accounted for only 45% of
the variation. The 400 mm model included both rotational speed and filling degree, with
filling degree having a larger negative impact on size reduction. The 500 mm model, which
had higher confidence, included filling degree and lifter height as factors which both neg-
atively influenced size reduction. However, this model also demonstrated a complicated
relationship between these two parameters, suggesting that their combined effect increases
size reduction.

In wet milling, slurry density had the most significant impact on size reduction, with
higher densities leading to decreased size reduction. The 300 mm wet milling model also
included lifter height, which negatively affected size reduction.

The fact that all models demonstrated low to medium predictive power indicates that
the parameters considered (slurry density, filling degree, lifter height, and the interaction
between filling degree and lifter height) are important factors influencing size reduction.
The relationship between the filling degree and the lifter height in the 500 mm dry mill
suggests a complex, non-linear relationship affecting size reduction.

Table 6.7: DoE analysis summary with standardized effects for size reduction with regres-
sion equations and R2 values for dry and wet milling conditions

Parameter 300 Dry 300 Wet 400 Dry 400 Wet 500 Dry 500 Wet
filling degree (fd) x x -2.15 x -5.74 x
number of lifters (nl) x x x x x x
lifter height (lh) x -2.03 x x -4.76 x
rotational speed (ω) -2.62 x -1.18 x x x
slurry density (ρ) N/A -6.88 N/A -3.95 N/A -4.97
fd ∗ lh x x x x 3.69 x

Regression
Equation for:
Size Reduction=

8.36
-0.0705ω

39.69
-225lh
-0.01910ρ

10.06
-4.04fd
-0.0662ω

43.88
-0.02178ρ

11.726
-12.63fd
-375.6lh
+710fd ∗ lh

40.24
-0.02018ρ

R2 53.29% 91.13% 61.23% 72.18% 94.54% 80.48%
R2(adj) 45.50% 87.58% 45.72% 67.55% 90.45% 77.23%
R2(pred) 16.95% 77.29% 0.75% 50.55% 78.17% 65.30%

Key Points – Size Reduction – DoE:

• Dry milling results were inconsistent across scales, with low to medium predictive
power.

• For lower diameters and under dry milling conditions, rotational speed has a negative
effect on size reduction.
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• In wet milling, slurry density was the most significant factor, negatively impacting
size reduction.

• Filling degree, lifter height (negative impact), and their relationship (positive im-
pact) were identified as important factors influencing size reduction.

• The relationship between the filling degree and the lifter height in the 500 mm dry
mill is complex and non-linear.

6.4.4 Energy Consumed

The energy consumed during the milling process is an important factor used in assessing
the efficiency and optimization potential of both dry and wet milling setups. In this
analysis, the energy consumption is measured in joules (J), and the adjusted R2 values
are used to evaluate the predictive power of the regression models.

As shown in Table 6.8, rotational speed consistently influences energy consumption
across all dry milling setups, indicating a direct correlation between the two variables.
This finding was expected, as milling with higher rotational speeds typically requires
more energy to be maintained. In contrast, the wet milling setups show a different trend,
with the rotational speed being included in the model only for the 300 mm mill. For the
400 mm and 500 mm wet mills, the negative correlation with slurry density is the dominant
parameter and accounts for the majority of the variability in energy consumption (over
85% based on the R2(adj)).

In the case of dry milling, particularly for larger diameters (400 mm and 500 mm), the
filling degree appears to have the most significant positive effect on energy consumption.
This observation was also expected, as an effective grinding of a higher mass of the material
requires more energy. It is important to note that all models, except for the 400 mm and
500 mm wet milling setups, have low to moderate predictive power, suggesting that not
all important variables were taken into account in those models.

Interestingly, slurry density inversely affects energy consumption under wet milling
conditions across all diameters. This finding indicates that denser slurries may reduce the
cascading and cataracting motion of the charge and translate into lower energy consump-
tion during the milling process. It also demonstrates the potential for using slurry density
as a tool for obtaining energy savings in wet milling processes. By optimizing the slurry
density, it may be possible to minimize energy consumption.

In larger dry mills (400 mm and 500 mm), the filling degree positively correlates
with energy consumption, revealing the impact of charge volume on energy dynamics.
Additionally, the tests in the 500 mm dry mill setup suggest that higher lifters can intensify
the cataracting motion of the charge and translate into more efficient energy use by
increasing the impact breakage. This observation demonstrates the importance of lifter
height optimization as a method for energy savings through mechanical improvements.
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Table 6.8: DoE analysis summary with standardized effects for energy consumed with
regression equations and R2 values for dry and wet milling conditions

Parameter 300 Dry 300 Wet 400 Dry 400 Wet 500 Dry 500 Wet
filling degree (fd) x x 4.16 x 3.5 x
number of lifters (nl) x x x x x x
lifter height (lh) x x x x -2.35 x
rotational speed (ω) 3.53 2.45 2.73 x 2.2 x
slurry density (ρ) x -2.4 x -6.91 x -10.04

Regression
Equation for:
Energy Consumed=

48809
+1587ω

64142
+3976ω
-120.5ρ

74201
+119748fd
+1521ω

815643
-382.3ρ

74934
+267544fd
-3590975lh
+3795ω

1386309
-688.0ρ

R2 67.54% 70.20% 83.19% 88.84% 84.97% 94.38%
R2(adj) 62.12% 58.28% 76.47% 86.99% 73.69% 93.44%
R2(pred) 42.29% 23.71% 56.97% 80.17% 39.87% 90.01%

Key Points – Energy Consumed – DoE:

• Rotational speed directly correlates with energy consumption in dry milling.

• Slurry density is the dominant factor in wet milling.

• Filling degree has a significant positive effect on energy consumption in larger dry
mills.

• Slurry density inversely affects energy consumption in wet milling, offering potential
for energy savings.

• Higher lifters in the 500 mm dry mill can reduce energy consumption through more
dynamic charge lift and drop mechanics.

• Regression models provide a quantitative basis for predicting energy consumption,
but varying predictive accuracy suggests room for model refinement.

6.4.5 Specific Energy

Specific energy, measured in joules per kilogram of ground ore, is a crucial metric for
assessing the efficiency of the milling process. Analyses across most of the experimental
setups identify the filling degree as an important parameter negatively correlated with
the energy required to grind one kilogram of ore. This observation suggests that within
the specified range (0.3-0.5), a higher filling degree leads to lower energy consumption per
unit mass of ore. Consequently, the filling degree should be considered when designing
and optimizing the operation of a mill, as it could lead to more efficient energy utilization.

For mills with smaller diameters, the rotational speed also exhibits a positive correla-
tion with the specific energy. This fact indicates that the impact of rotational speed on
energy consumption may decrease with increasing mill scale. In the case of wet milling,
the slurry density seems the most significant parameter across all measured variables,
displaying an inverse correlation with specific energy. This phenomenon can be attributed
to the formation of a slurry pool in the toe region of the mill, which exerts buoyancy
forces on the charge and dampens impacts. This effect becomes more noticeable for larger
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mill diameters, and a relationship between filling degree and slurry density is observed for
the 500 mm mill. The high predictive power of the model for this measurement suggests
that the interplay between filling degree and slurry density is important for understanding
energy consumption in wet milling.

It is noteworthy that the dry milling setup for the 500 mm diameter does not take into
account rotational speed, which may contribute to the lower predictive power of the model.
This fact suggests that a portion of the variability in energy consumption could still be
accounted for by the rotational speed, even in larger diameter mills. Furthermore, while
rotational speed positively correlates with energy intake in smaller diameter dry mills
(300 and 400 mm), the absence of this correlation in larger diameters and wet conditions
suggests different underlying mechanics.

Lastly, the discrepancy between the adjusted and the predicted R2 values in certain
experimental setups (refer to Table 6.9) indicates that more complex models may be
required to fully represent the underlying phenomena governing energy consumption in
the milling process.

Table 6.9: DoE analysis summary with standardized effects for specific energy with re-
gression equations and R2 values for dry and wet milling conditions

Parameter 300 Dry 300 Wet 400 Dry 400 Wet 500 Dry 500 Wet
filling degree (fd) -16.38 x -12.77 -2.42 -3.71 -4.48
number of lifters (nl) x x x x x x
lifter height (lh) x x x x x x
rotational speed (ω) 4.29 1.88 2.6 x x x
slurry density (ρ) N/A -3.63 N/A -8.88 N/A -17.36
fd ∗ ρ N/A x N/A x N/A 2.55

Regression
Equation for:
Specific Energy=

40277
-72439fd
+305.7ω

134138
+2323ω
-138.7ρ

31188
-43744fd
+172.8ω

382404
-97586fd
-178.7ρ

37372
-37590fd

556454
-525220fd
-291.1ρ
+ 269fd ∗ ρ

R2 98.29% 76.98% 97.14% 94.43% 69.59% 98.79%
R2(adj) 97.60% 67.78% 96.00% 92.20% 64.52% 97.89%
R2(pred) 95.61% 41.08% 92.68% 85.74% 45.93% 95.18%

Key Points – Specific Energy – DoE:

• Filling degree is negatively correlated with specific energy, suggesting its importance
in optimizing energy utilization.

• Rotational speed positively impacts specific energy in smaller diameter dry mills,
but its effect is reduced in larger diameter mills and in wet conditions.

• Slurry density is the most significant parameter in wet milling, showing an inverse
correlation with specific energy

• The relationship between filling degree and slurry density is crucial for understand-
ing energy consumption in wet milling, especially for larger mill diameters.

• Discrepancies between the adjusted and the predicted R2 values suggest more com-
plex models are needed to fully represent the underlying phenomena.
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6.4.6 Specific Energy per Rotation

Specific energy per rotation is a measure of the amount of energy in joules required to
grind one kilogram of ore intake per mill rotation. Across most of the experimental setups
(Table 6.10), filling degree is observed as an important parameter negatively correlated
with the energy needed per kilogram of ore. This observation suggests that a higher filling
degree within the specified range (0.3-0.5) translates into lower energy consumption per
kilogram of ore per rotation. The filling degree is thus an important parameter to consider
when designing and optimizing the operation of a mill for energy efficiency.

Rotational speed is another significant factor, included in half of the models (300 dry,
400 dry, and 500 wet). In these models, rotational speed is always inversely correlated with
specific energy per rotation, indicating that lower rotational speeds require less specific
energy per rotation during grinding. The two models that did not allow for rotational
speed (400 wet and 500 dry) have much lower predictive power. This fact suggests that
this parameter is important for explaining the remaining variability in specific energy per
rotation, as indicated by the very definition of this metric.

In wet milling, the impact of slurry density is the most significant among all of the mea-
sured parameters, exhibiting an inverse correlation. This effect is more evident for larger
mill diameters (400 and 500 mm), where a relationship between filling degree and slurry
density is observed as an important factor determining the charge motion and grinding
mechanisms within the mill. The high predictive power of these models demonstrates the
importance of this relationship. However, the 300 mm wet mill model, which includes only
slurry density, has the lowest R2values, accounting for only about 67% of the variability
based on the adjusted R2.

The significant negative standardized effects of filling degree, slurry density, and rota-
tional speed on specific energy across various setups suggest that these parameters have
a considerable influence on the charge motion, grinding mechanisms, and energy utiliza-
tion within the mill. Further investigation into the relationship between these factors and
their impact on such phenomena as the position of the center of circulation and the rel-
ative importance of impact breakage, abrasion, and attrition could help identify some of
the principles behind milling efficiency.

Table 6.10: DoE analysis summary with standardized effects for specific energy per rota-
tion with regression equations and R2 values for dry and wet milling conditions

Parameter 300 Dry 300 Wet 400 Dry 400 Wet 500 Dry 500 Wet
filling degree (fd) -12.82 x -11.98 -6.67 -5.26 -9.32
number of lifters (nl) x x x x x x
lifter height (lh) x x x x -1.93 x
rotational speed (ω) -2.19 x -3.93 x x -2.48
slurry density (ρ) N/A -3.89 N/A -24.87 N/A -38.88
fd ∗ ρ N/A x N/A 3.23 N/A 5.17

Regression
Equation for:
Specific Energy
per rotation=

37.24
-37.76fd
-0.1042ω

140.5
-0.0699ρ

34.25
-27.49fd
-0.1748ω

332.5
-292.9fd
-0.1703ρ
+0.1455fd ∗ ρ

29.03
-26.56fd
-195lh

427.4
-376.7fd
-0.416ω
-0.2138ρ
+0.1922fd ∗ ρ

R2 97.12% 71.57% 96.93% 99.41% 86.28% 99.80%
R2(adj) 95.97% 66.84% 95.71% 98.97% 80.80% 99.53%
R2(pred) 92.63% 49.46% 92.15% 97.64% 64.88% 98.56%
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Key Points – Specific Energy per Rotation – DoE:

• As filling degree is negatively correlated with specific energy per rotation, higher
filling degrees may lead to lower energy consumption per kilogram of ore per rota-
tion.

• Rotational speed is inversely correlated with specific energy per rotation in half of
the models; this fact indicates that lower speeds require lower specific energy per
rotation.

• In wet milling, slurry density has the most significant impact on specific energy per
rotation, with an inverse correlation being more evident for larger mill diameters.

• Slurry density and filling degree correlate positively with specific energy per rotation.

6.5 Scaling Constant Testing of Assumptions
This section focuses on statistical tests aimed to determine whether maintaining the value
of the scaling constant at a certain level would allow specific metrics to remain at a simi-
larly constant level. The tests were performed on datasets from 6 experiments, 3 for dry
milling and 3 for wet milling. The mean values of the resulting measured parameters
across ball mill scales were compared with drum diameters of 300, 400, and 500 mm.

6.5.1 Results of Testing for Dry Milling

Testing Differences in Mean Size Reduction: The Shapiro-Wilk test was used to
assess the normality of data distribution within each scale. The results showed that the
data were normally distributed for the 300 mm (statistic=0.953, p-value=0.739) and 400
mm (statistic=0.941, p-value=0.624) scales, but not for the 500 mm scale (statistic=0.822,
p-value=0.049).

The Kruskal-Wallis H test was then employed to test the null hypothesis that the me-
dians of size reduction are equal across the scales. The result (statistic=13.205, p=0.001)
indicated significant differences in medians.

In order to identify which mill scales differ with respect to mean size reduction, Dunn’s
post-hoc test with Bonferroni correction was used for pairwise comparisons of size reduc-
tion medians between scales. The results showed significant differences between the 300
mm and 500 mm scales (p-value=0.001), while the differences between the 300 mm and
400 mm scales (p-value=0.054) and the 400 mm and 500 mm scales (p-value=0.688) were
not statistically significant.

Testing Differences in Mean Specific Energy: The Shapiro-Wilk test indicated
that the data were normally distributed within each scale (300 mm: statistic=0.875, p-
value=0.170; 400 mm: statistic=0.861, p-value=0.124; 500 mm: statistic=0.898, p-value=
0.274).

Levene’s test was used to test the null hypothesis of equal variances across scales. The
result (statistic=5.561, p-value=0.012) indicated unequal variances.

Due to the unequal variances, Welch’s ANOVA was employed to test the null hy-
pothesis of equal means across scales. The results (F(2, 13.499)=3.010, p-value=0.083,
η2p=0.292) showed no significant differences in means, but a large effect size (η2p=0.292)
was observed.
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Testing Differences in Mean Specific Energy per Rotation: The Shapiro-Wilk
test indicated that the data were normally distributed within each scale (300 mm: statis-
tic=0.847, p-value=0.089; 400 mm: statistic=0.921, p-value=0.442; 500 mm: statistic=
0.963, p-value=0.838).

Levene’s test (statistic=1.902, p-value=0.174) indicated equal variances across scales.
A one-way ANOVA was conducted to test the null hypothesis of equal means across

scales. The results showed no significant differences in means (F(2, 21)=0.801, p-value=
0.462, η2p=0.071) and medium effect size.

6.5.2 Results of Testing for Wet Milling

Testing Differences in Mean Size Reduction: The Shapiro-Wilk test indicated
that the data were normally distributed within each scale (300 mm: statistic=0.850, p-
value=0.096; 400 mm: statistic=0.906, p-value=0.325; 500 mm: statistic=0.888, p-value=
0.222).

Levene’s test (statistic=0.086, p-value=0.918) indicated equal variances across scales.
As both the normality and the homogeneity of variances assumptions were met, a tra-

ditional one-way ANOVA was performed to test the null hypothesis of equal means
across scales. The results showed no significant differences in means (F(2, 21)=0.382,
p-value=0.687, η2p=0.035) and small effect size.

Testing Differences in Mean Specific Energy: The Shapiro-Wilk test indicated
that the data were normally distributed within each scale (300 mm: statistic=0.882, p-
value=0.196; 400 mm: statistic=0.873, p-value=0.162; 500 mm: statistic=0.855, p-value=
0.108).

Levene’s test (statistic=0.500, p-value=0.614) indicated equal variances across scales.
As both normality and homogeneity of variances assumptions were met, a traditional

one-way ANOVA was conducted to test the null hypothesis of equal means across scales.
The results showed no significant differences in means (F(2, 21)=0.029, p-value=0.972,
η2p=0.003) and very small effect size.

Testing Differences in Mean Specific Energy per Rotation: The Shapiro-Wilk
test indicated that the data were normally distributed within each scale (300 mm: statis-
tic=0.8906, p-value=0.237; 400 mm: statistic=0.850, p-value=0.095; 500 mm: statistics=
0.841, p-value=0.078).

Levene’s test (statistic=4.000, p-value=0.034) indicated unequal variances across scales.
Due to the unequal variances, Welch’s ANOVA was used to test the null hypothesis

of equal means across scales. The results (F-statistic=0.436, p-value=0.655) indicated no
significant differences in means, with a small effect size (η2p=0.034) of scale on specific
energy per rotation.

Key Points – Scaling Constant Testing of Assumptions:

• Dry milling showed significant differences in size reduction medians across scales,
particularly between 300 mm and 500 mm scales.

• Dry milling showed no significant differences in mean specific energy and mean
specific energy per rotation across scales.
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• Wet milling showed no significant differences in mean size reduction, mean specific
energy, and mean specific energy per rotation across scales.

• The effect sizes of the mill scale on the measured parameters were large for dry
milling specific energy and medium for dry milling specific energy per rotation.

• The effect size of the mill scale on the measured parameters were very small to small
for all parameters in wet milling.

6.6 Correlations Across Mill Scales
This section investigates the relationships between various operational parameters and
performance metrics across different mill diameters for both dry and wet milling conditions
(as discussed in separate subsections). It aims to identify the main correlations and trends
that can provide insights into ball mill scale-up and the factors influencing ball mill
performance.

6.6.1 Dry Milling

All experimental results from all scales, i.e. altogether 24 dry milling experimental results,
were analyzed for correlations. The correlations are presented in the correlation matrix
in Figure L.4 in Appendix L. The correlations were filtered by p-value; statistically not
significant values were removed, they were also filtered by correlation coefficient; observa-
tions between -0.4 and 0.4 were also removed, so that only moderate to strong correlations
are presented. The resultant statistically significant correlations are presented in the ma-
trix in Figure 6.15. All detailed correlation values and their p-values are presented in the
tables in Appendix L.
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Figure 6.15: Filtered correlation matrix highlighting main relationships in dry milling
parameters

Internal Diameter: Internal diameter has, as expected, a very strong positive corre-
lation with absolute mean torque, and energy consumed, as well as with ball and ore
masses. Internal diameter is observed to have a strong inverse correlation with rotational
speed and the number of balls per working area (which is only the result of the bias due to
the experimental design). Interestingly, a high positive correlation coefficient is observed
with both size reduction level and force ratio. Mill diameter is also inversely correlated
with specific energy.

Filling Degree: Filling degree has the strongest positive correlation with ore mass and
ball mass, which is expected. Filling degree also has a very strong negative correlation
with energy utilization metrics, specific energy, and specific energy per rotation, suggesting
that higher filling degree reduces the values of both metrics.

Ball/Ore Mass: Ball and ore mass have the same correlation coefficient, plus coeffi-
cient 1 for the relationship with each other because they had the same proportions across
all experiments. It is interesting to note that the mass of charge balls/ore has a strong
positive correlation with the force ratio; the higher mass of ore/balls, the higher dom-
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inance of tangential forces. This phenomenon is here well observed because mass is an
absolute measure that changes across scales, while filling degree is a relative value, so it
did not have statistical significance when compared to the force ratio values. Also, higher
mass is inversely correlated with rotational speed, which may present a bias in fractional
experimental design because both values were preset. Ball mass is also inversely corre-
lated with specific energy (this fact suggests that larger diameters with higher masses
are a more efficient solution which requires lower specific energy). The balls per working
area parameter is also observed to have the strongest negative correlation coefficient with
ore/ball masses. This finding again shows bias due to experimental design and adjustment
for the scaling constant.

Rotational Speed and Measured Rotational Speed: The set rotational speed and
the measured rotational speed have almost the same correlation coefficient with the mea-
sured values, plus a coefficient of 1 with each other. Some of the correlations are biased
by the experimental design and do not provide any insight. These include the balls per
working area, ore and ball masses, and internal diameter parameters. Although not evi-
dent, the energy consumed and mean torque parameters are also biased by experimental
design because the rotational speed ranges vary between diameters, and larger diameters
also need more energy and higher torque to overcome larger gravitational forces acting on
the charge. Rotational speed also has a moderate correlation with scaling constant. This
observation may indicate that a large portion of changes in values of the scaling constant
can be attributed to rotational speed. Also, a strong negative correlation was observed
between rotational speed and both force ratio and size reduction, indicating that higher
speed results in bigger dominance of normal forces and lower size reduction.

Balls per Working Area: The balls per working area parameter has a lot of biased
correlations that are the result of experimental design, and this fact should be taken into
account during the analysis of the results. The analysis of other correlations not biased
by the design indicates that this parameter has a strong negative correlation with force
ratio and size reduction. Consequently, more balls per their active working area (smaller
balls, more densely packed) result in increased dominance of normal forces acting between
them and thus in limited size reduction.

Size Reduction: Internal diameter positively affects size reduction, and negatively cor-
relates with the number of balls per working area and with rotational speed. Also, size
reduction can be better predicted by torque than by energy consumed, probably due to
its relationship with the grinding mechanisms occurring within the mill. It is also worth
noting that size reduction is only moderately correlated with specific energy per rotation.

Energy Consumed: The energy consumed parameter has a very strong correlation
with torque, which was expected, and obvious correlations with mill diameter, as well
as with ball, and ore masses. It also shows a strong positive correlation with force ratio
and size reduction. This fact may indicate that maintaining the dominance of tangential
forces while producing finer products requires more energy. A negative correlation with
specific energy implies that when more power is supplied to the system, the grinding of
one kilogram of ore requires less power. However this observation may be biased by the
operational design and larger mills may be more energy efficient. A similar observation
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may apply to a very strong negative correlation with the balls per working area parameter,
which is also biased by the experimental design.

Specific Energy: A strong positive correlation with specific energy per rotation was in
fact expected, as these metrics vary only upon the incorporation of rotational speed. This
parameter is also strongly influenced by rotational speed. This metric is not as biased by
the experimental design as total energy intake because here the values are adjusted to
one kilogram of ore and can be compared directly across scales. Therefore, an interesting
moderate positive correlation with the balls per working area parameter is observed, which
suggests that the presence of more balls per working area requires more specific energy.
Specific energy is inversely correlated with the energy consumed, internal diameter, ball
and ore masses, and mean torque parameters, suggesting that the process is more efficient
with larger mills (that consume more energy and have larger torques). A very strong
inverse correlation with filling degree is worth noting; it shows that higher filling degrees
are more energetically optimal/efficient.

Mean Torque: These are obvious correlations. Positive: with diameter, energy con-
sumed, ball mass, and ore mass. Biased: with rotational speed and the balls per working
area. Interesting: moderately strong positive with force ratio and size reduction, moderate
negative with specific energy.

Force Ratio: Several parameters have a moderate impact on force ratio. Positive cor-
relation: with diameter, ball mass, and ore mass. Negative correlations: with rotational
speed and the balls per working area (parameters that can be controlled). Dominance of
tangential force correlates also with an increase in the measured absolute values of torque,
greater size reduction, greater total energy consumption, and lower specific energy.

Specific Energy per Rotation: Specific energy per rotation has very few correlations.
Of the operational parameters, it is affected with a very strong negative correlation by
filling degree. It is also moderately correlated with other metrics such as size reduction and
specific energy. This fact implies that optimization could help improve one metric (e.g.,
size reduction) without sacrifice to another (e.g., specific energy per rotation), as they
are not fully aligned, and some variation is not explained by their relationship. Specific
energy per rotation is also inversely correlated with the scaling constant.

Scaling Constant: It is correlated only with rotational speed and specific energy per
rotation. The correlation with rotational speed is expected because it was taken into
consideration when calculating the value of the scaling constant, and the correlation with
specific energy per rotation suggests that this metric is most easily maintained at the
same level during the scale-up process with the use of the scaling constant.

Key Points – Correlations Across Scales – Dry Milling:

• Internal diameter has a high positive correlation with size reduction and force ratio,
and is inversely correlated with specific energy.

• Higher filling degree reduces specific energy and specific energy per rotation.

• Higher mass of ore/balls results in a greater dominance of tangential forces.
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• Higher rotational speed results in a greater dominance of normal forces and in
limited size reduction.

• Rotational speed has moderate correlation with the scaling constant.

• More balls per working area result in an increased dominance of normal forces and
in limited size reduction.

• Torque can be a better predictor of size reduction than energy consumed.

• Size reduction is moderately correlated with specific energy per rotation.

• Maintaining dominance of tangential forces while producing finer product requires
more energy.

• Higher filling degrees are more energetically optimal/efficient.

• Dominance of tangential force correlates with an increase in torque, size reduction,
and total energy consumption, and with a decrease in specific energy.

• Rotational speed and the balls per working area (the parameters that can be con-
trolled) have negative correlations with force ratio.

• Torque has moderately strong positive correlations with force ratio and size reduc-
tion, and a moderate negative correlation with specific energy.

• There is moderate positive correlation between specific energy and the balls per
working area.

• There is a strong positive correlation between specific energy and specific energy
per rotation.

• Specific energy per rotation is the most responsive metric to the scaling constant
(inversely correlated).

6.6.2 Wet Milling

All experimental results from all scales, i.e. altogether 24 dry milling experiments, were
analyzed for correlations. All correlations are presented in the correlation matrix in Figure
M.2 in Appendix M. The correlations were filtered by p-value; statistically not significant
values were removed, and by correlation coefficient filtered out between -0.4 and 0.4,
so that only moderate to strong correlations are presented. The resultant statistically
significant correlations are presented in the matrix in Figure 6.16. All detailed correlation
values and their p-values are presented in the tables in Appendix L. Only non-obvious
correlations and those unbiased by experimental design are discussed.
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Figure 6.16: Filtered correlation matrix with main relationships between wet milling pa-
rameters

Internal Diameter: The correlation analysis of wet milling parameters shows several
important findings regarding the relationships between various factors and their impact
on the milling process. A high correlation between mill diameter and force ratio indicates
that as the diameter increases, the dominance of tangential forces also increases. This
observation suggests that larger mill diameters favor tangential force dominance in the
milling process.

Slurry Density: Slurry density seems to be an important parameter in the optimization
of wet milling. It exhibits a moderate negative correlation with energy consumption and
a high negative correlation with size reduction, energy intake per mass, and specific energy
per rotation. This inverse relationship indicates a trade-off between energy utilization and
size reduction when slurry density is adjusted. Higher slurry densities lead to improved
energy utilization but at the cost of reduced size reduction, probably due to different
slurry pooling in the toe region of the mill, which exerts buoyancy forces on the charge
and dampens the impacts.
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Ore Mass: A moderately positive correlation between ore mass and force ratio suggests
that an increase in ore mass results in greater tangential force dominance. Interestingly,
size reduction is inversely correlated with ore mass, probably as an indirect result of
higher ore mass leading to higher slurry density, which has a stronger correlation with size
reduction. Additionally, ore mass has a moderate negative correlation with such energy
utilization metrics as specific energy per rotation and specific energy. This fact indicates
that experiments with larger ore masses (i.e., larger mills) are more energy efficient.

Ball Mass: Ball mass exhibits a moderate positive correlation with force ratio. Higher
ball mass thus seems to contribute to the dominance of tangential forces in the milling
process.

Rotational Speed and Measured Rotational Speed: The set rotational speed and
the measured rotational speed have a very high correlation (0.999), confirming that the
process was well-controlled. The scaling constant has a moderate positive correlation
with rotational speed. This fact is expected since rotational speed is allowed for in the
calculation of the constant value. A strong negative correlation between force ratio and
rotational speed suggests that higher speeds allow the grinding media to be lifted higher,
leading to higher impact forces and a decrease in tangential force dominance.

Balls per Working Area: The number of balls per working area is strongly negatively
correlated with force ratio. As the number of balls per working area increases, the dom-
inance of normal force becomes greater, possibly due to a higher impact rate resulting
from a larger number of balls.

Size Reduction: Size reduction has very strong positive correlations with other metrics,
such as specific energy and specific energy per rotation. A moderate positive correlation
with both total energy consumed and the resulting torque indicates that these factors
can serve as predictors of the expected size reduction. The strong negative correlation
between size reduction and slurry density is noteworthy, as it emphasizes the importance
of this parameter.

Energy Consumed: The fact that energy consumed has a moderate positive correla-
tion only with size reduction implies that the energy utilization is influenced by other
unidentified factors. The inverse moderate correlation between energy consumed and
slurry density further emphasizes the significance of slurry density in the milling pro-
cess.

Specific Energy: A very strong correlation between specific energy and specific energy
per rotation indicates that during wet milling, the energy utilized for the purpose of size
reduction is stable and linearly correlated. Notably, it also has a very strong negative
correlation with slurry density.

Mean Torque: Mean torque has a moderate correlation with size reduction. This fact
suggests that torque can be a predictor of the resulting value. Mean torque also has a low to
moderate positive correlation with force ratio and that relationship indicates that higher
torque results in higher tangential force dominance. The moderate inverse correlation
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between mean torque and slurry density once again emphasizes the significance of slurry
density.

Force Ratio: Force ratio analysis shows that the dominance of tangential forces in-
creases with mill diameter, ball mass, and ore mass, while it decreases with an increase
in the number of balls per working area and in rotational speed. Higher dominance of
tangential forces is associated with higher torque values and higher energy consumption.
Force ratio influences the relative importance of the main grinding mechanisms: impact,
abrasion, and attrition. Higher tangential force dominance may favor abrasion and attri-
tion, while lower force ratios may promote impact breakage.

Specific Energy per Rotation The fact that specific energy per rotation has a very
strong positive correlation with specific energy and with size reduction suggests that
during wet milling, energy utilization for the purpose of size reduction is stable and linearly
correlated. Specific energy per rotation also has a very strong negative correlation with
slurry density, whose importance is thus again emphasized.

Scaling Constant Scaling constant has only one moderate and statistically significant
correlation with rotational speed. This fact indicates that it is independent of other pa-
rameters.

Key Points – Correlations Across Scales – Wet Milling:

• Larger mill diameters favor tangential force dominance in the wet milling process.

• Slurry density has moderate negative correlation with energy consumed and high
negative correlation with size reduction, specific energy and specific energy per ro-
tation and moderate inverse correlation with torque.

• Ball mass and ore mass cause tangential force dominance to increase, while the
number of balls per working area and rotational speed cause it to strongly decrease.

• Size reduction is strongly correlated with specific energy and specific energy per
rotation, and moderately correlated with total energy consumed and the resulting
torque.

• The scaling constant is independent of most parameters, with only a moderate
correlation with rotational speed.

• Specific energy has very strong correlation with specific energy per rotation.

6.7 Summary
This chapter presented the main results and findings from the experimental study on ball
mill scale-up, covering both dry and wet milling conditions across various mill diameters.
The calibration results served as a basis for the subsequent analysis, as they helped deter-
mine the optimal coefficients of restitution and kinetic friction for the balls and validate
the accuracy of the simulation models in representing real-world milling conditions.
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The results of dry milling final experimental series provide insights into the stability,
variability, and efficiency of the milling process owing to sensor measurements, product
size distribution analysis, simulations, and correlations. The analysis indicated the relative
importance of impact breakage, abrasion, and attrition mechanisms under different oper-
ating conditions. The rotational speed was found to be well-controlled and stable across
all mill diameters, while the torque measurements showed moderate to high variability.
Power draw increased with mill diameter, and different mill diameters were compared
with respect to the effectiveness in achieving finer particle sizes and higher size reduction
ratios. The simulations demonstrated the spatial distribution of force ratios within the
mill and the influence of operational parameters on the charge motion, including cascad-
ing, cataracting, and the position of the toe and shoulder regions. Correlations between
torque and the simulated data provided information on the energy dynamics of the milling
process.

The results of wet milling experimental series indicate the unique challenges and op-
portunities due to the presence of slurry in the mill, e.g. slurry pooling in the toe region
and its impact on the charge dynamics and grinding mechanisms. Sensor measurements
demonstrated the impact of slurry density on the accuracy of the rotational speed control
system and the variability of torque and power measurements. Product size distribution
analysis showed the complex relationship between mill diameter, slurry properties, and
milling efficiency. The simulations provided insights into the dynamics of the wet milling
process and the differences between wet and dry milling conditions. The correlations be-
tween torque and the simulated data validated the accuracy of the DEM-SPH simulation
models in representing multiphase charge behavior.

Design of Experiments (DoE) analysis identified the most influential operational pa-
rameters for various response variables, such as mean torque, force ratio, size reduction,
and energy consumption metrics. The analysis revealed complex interactions and non-
linear relationships between the parameters and indicated the need for careful optimiza-
tion and control of milling processes.

Statistical tests verified the validity of scaling assumptions based on the scaling con-
stant. While some differences were observed across scales, particularly in dry milling, the
effect sizes were generally small to moderate, suggesting that preserving the scaling con-
stant at a certain level may not always allow specific metrics to remain at a similarly
constant level.

Correlations across mill scales for both dry and wet milling provided insights into
both the ball mill scale-up behavior and the factors influencing mill performance. Internal
diameter, filling degree, ball mass and ore mass, rotational speed, and slurry density
were found to have significant correlations with various performance metrics, such as
size reduction, force ratio, and energy consumption. The analysis indicated the trade-offs
between energy efficiency and size reduction, as well as the importance of optimizing
operational parameters for desired milling outcomes.

In conclusion, this chapter provided a comprehensive overview of the experimental
findings, offering insights into ball mill scale-up, process optimization, and the impact of
various operational parameters on milling performance under both dry and wet conditions.
The presented results and correlations may serve as a basis for further research and
optimization of ball milling processes across different scales and milling environments.
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Conclusions and Implications

This chapter synthesizes the main findings of the research and discusses their implications
for ball mill scale-up and optimization. The study investigated the influence of operational
parameters on milling performance and energy efficiency across selected mill diameters. It
aimed to develop a more systematic approach to the understanding of the basic principles
behind ball milling across different scales.

The chapter assesses the validity of the simulation models. It also focuses on the
influence of charge motion, torque, and the effects of scale on the milling process, and
examines the main metrics describing its efficiency. The findings are contextualized within
the broader literature and described from the perspective of their contributions to research
on charge dynamics, energy efficiency, and the impact of operational parameters on milling
performance. The findings emphasize the importance of lifter design and slurry density,
as well as of the relationship between certain operational parameters. The findings also
point to some limitations of this study, which are discussed in the final sections of this
chapter along with proposed directions for future research.

7.1 Synthesis and Discussion of Key Findings
This section synthesizes the most important findings of the research and discusses the
validity of the simulation models in the context of charge motion, torque, scale effects,
and main process efficiency metrics in both dry and wet milling environments.

7.1.1 Validity of Simulation Models

The validity of the simulation results was ensured by carrying out a calibration process.
Experimental dynamic angles of repose were measured for ball-only and dry milling cases
across various drum diameters ( see section: Calibration – Dry/Wet Milling). Ball pa-
rameters were calibrated in iterative simulations, converging on optimal coefficients of
restitution and kinetic friction (Calibration – Dry/Wet Milling). The dry milling calibra-
tion was based on the ball calibration results, which served to select the best iteration
with the lowest SSE between the experimental and the simulated angles (Calibration –
Dry/Wet Milling). For wet milling, the calibration compared slurry surface profiles from
the experiments and simulations. It showed good agreement, as the fluid density and vis-
cosity were adjusted to realistic values (Calibration – Dry/Wet Milling). The simulation
calibration gave promising results, allowing correct representation of the behavior of real
mill charge.
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After performing the experimental series and reproducing all experiments in the sim-
ulation environment, a comparison with recordings data was performed for dry milling.
The simulated center of gravity (CoG) angles and arms were validated against the mea-
sured values in order to assess the accuracy and applicability of the simulation models
in predicting real-world ball mill behavior ( see section: Comparison of Recordings and
Simulations – Dry Milling). Moderate to strong positive correlations between the simu-
lated and the measured CoG parameters were found to support the effectiveness of the
simulation model in representing the main aspects of mill charge dynamics in dry milling
(Comparison of Recordings and Simulations – Dry Milling). The substantial correlation
between the simulated and the measured CoG arms indicates that arm length predictions
from simulations are particularly reliable (Comparison of Recordings and Simulations –
Dry Milling). However, some discrepancies between the simulations and the measurements
suggest room for model improvement by investigating additional factors and integrating
ore characteristics into simulations (Comparison of Recordings and Simulations – Dry
Milling).

Another significant qualitative factor which validates the simulations is the fact that
the dominant type of movement in real experiments (Charge Movement in Recordings –
Dry Milling) showed a limited shift in comparison to the simulated results (Charge Move-
ment in Simulations – Dry Milling). The shift was from cataracting towards centrifuging
and from cascading towards cataracting for the same runs. This behavior was expected
because the real rotational speed measured in experiments was only to a limited extent
higher than the set values used in the simulations (Rotational Speed Sensor Measurements
– Dry Milling).

In the case of wet milling, the validity of simulations is further confirmed by the
comparison of significant relationships between the simulated and the experimental data.
Although they validate the use of DEM-SPH simulations for predicting multiphase charge
behavior (Torque Correlation with Simulated Data – Wet Milling), room for improvement
is observed in the models and tools used for DEM-SPH simulations (Torque Correlation
with Simulated Data – Wet Milling). As in the case of dry milling, the charge behav-
ior shifted between simulations and real experiments. This finding was expected, as the
values of all rotational speeds measured in wet milling experiments exceeded the set val-
ues, particularly for the smallest diameter (Rotational Speed Sensor Measurements – Wet
Milling).

7.1.2 Charge Motion

This subsection compares the quantitative and qualitative data about charge movement
extracted from the simulations (dry and wet milling) and from the recordings (only for
dry milling).

The comparison of the simulations with the recordings in dry milling allows an observa-
tion that the dominant type of charge motion for most cases is cascading and cataracting
(Charge Movement in Simulations – Dry Milling, Charge Movement in Recordings – Dry
Milling). A shift can be observed from centrifuging to cataracting and from cataracting
to cascading as the diameter increases (Charge Movement in Simulations – Dry Milling,
Charge Movement in Recordings – Dry Milling). The dominant motion type and its trend
shift similarly across all experiments, indicating a good match between the simulations
and the recordings.

More lifters can stabilize the type of charge motion across scales. Runs 1, 3, 5, 7,
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and 8 have the same type of movement across scales in the simulations, and 4 out of
the 5 runs (except run 8) involve more lifters (Charge Movement in Simulations – Dry
Milling). Stable motion across scales is also observed in runs 5, 7, and 8 in the recordings
(Charge Movement in Recordings – Dry Milling). There is a partial match between stable
runs from the simulated and from the recorded data. Run 1 and run 3 in the experiments
match the type of motion for the largest scale, which may be expected behavior because
the difference between the real and the set RPM values was the most significant for the
smallest diameters, resulting in a 100% match in the charge type behavior for the 500 mm
scale, but only a 7/8 match for the 400 mm and a 5/8 match for the 300 mm scale.

The influence of operational parameters on optimal charge motion varies with mill
diameter (Charge Movement in Simulations – Dry Milling). Optimal movement, a mixture
of cascading and cataracting, is achieved through specific combinations of lifter height,
filling degree, and rotational speed (Charge Movement in Simulations – Dry Milling).
Optimal motion (cascading and cataracting) is observed at lower rotational speeds for
the 300 mm and 400 mm mills in the recordings (Charge Movement in Recordings – Dry
Milling). For the 500 mm mill, optimal motion typically results from higher rotational
speed, lower filling degree, fewer lifters, and higher lifters (Charge Movement in Recordings
– Dry Milling). Run 5 (all parameters at high levels) showed centrifuging across all scales in
both the simulations and the recordings (Charge Movement in Recordings – Dry Milling).
Lower diameter mills are more prone to centrifuging, which may impact experimental
results (Charge Movement in Simulations – Dry Milling).

The quantitative data from the recordings confirms the varying motion of the charge
and its average position. The CoG coordinates and angles vary across runs, indicating
differences in charge position and orientation (Recordings – Dry Milling). Charge position
is sensitive to operational parameters, such as rotational speed and lifter configurations
(Simulated Charge Position – Dry Milling). The CoC and CoG angles remain within
a narrow range (less than 1 degree of variance) for certain runs, particularly for those
with higher lifter heights (runs 5, 6, and 7) and with a higher number of lifters (runs 1,
5, and 7) (Simulated Charge Position – Dry Milling). Higher lifter size and number may
contribute to stable load dynamics during scale-up (Simulated Charge Position – Dry
Milling). Interestingly, even runs 7 and 8, which involve higher mill lifter heights, show
angles below 90 degrees for drum diameters of 400 and 500 mm (Recordings – Dry Milling).
The stability of the charge position depends on a combination of the lifter setup and other
operational parameters (Simulated Charge Position – Dry Milling). The fact that in most
of the runs with lower rotational speeds, such as runs 1, 7, and 8, the angles tend towards
or below 90 degrees (Recordings – Dry Milling) suggests that rotational speed may have
a more significant impact on charge lifting height than the lifter height does. Run 4, with
all parameters lowered, consistently shows angles below 90 degrees. This fact demonstrates
the influence of operational parameters on charge positioning (Recordings – Dry Milling).
Runs 1, 2, 5, and 8 in both the 400 mm and 500 mm mills show patterns (broader area of
tangential force dominance) in the force distribution positively correlated with the filling
degree (Force Ratio – Dry Milling).

The comparison of the qualitative data with the quantitative data suggests that the
angles and arm lengths of the CoC and CoG for different diameters are as presented in
Tables 7.1 and 7.2. The tables present the angles and arms measured in the simulation
for the center of circulation (CoC) of the grinding media, for the center of gravity (CoG)
of the grinding media, and for the CoG measured from the recordings for the full charge.
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Table 7.1: Comparison of measured center of circulation and gravity angles with dominant
type of motion in dry milling

Type of Motion CoC 300 mm CoC 400 mm CoC 500 mm Average CoC
Centrifuging and Cataracting 60.89-65.08 61.19-61.44 61 61.75
Cataracting and Cascading 56.93-62.12 56.5-61.37 55.8-60.93 58.53

Cascading 55.72 52.47-55.6 52.51-55.02 54.26
Type of Motion CoG 300 mm (sim) CoG 400 mm (sim) CoG 500 mm (sim) Average CoG (sim)

Centrifuging and Cataracting 59.54-63.84 59.85-60.04 60.25 60.62
Cataracting and Cascading 55.49-58.92 55.14-59.93 55.14-60.38 57.36

Cascading 54.29 51.05-54.22 51.85-54.61 53.2
Type of Motion CoG 300 mm (rec) CoG 400 mm (rec) CoG 500 mm (rec) Average CoG (rec)

Centrifuging 112.15-134.29 N/A N/A 123.22
Centrifuging and Cataracting 96.35-98.02 106.98-123.17 87.64-92.67 105.33
Cataracting and Cascading 80.61-126.15 80.61-92.22 73.94-100.8 90.43

Cascading N/A 65.76 55.01-83.2 67.99

Table 7.2: Comparison of arm relative to internal ball radius for measured center of cir-
culation and gravity with dominant type of motion in dry milling

Type of Motion CoC 300 mm CoC 400 mm CoC 500 mm Average CoC
Centrifuging and Cataracting 0.26-0.31 0.32-0.4 0.35 0.32
Cataracting and Cascading 0.38-0.46 0.4-0.51 0.41-0.54 0.45

Cascading 0.4 0.45-0.58 0.47-0.59 0.5
Type of Motion CoG 300 mm (sim) CoG 400 mm (sim) CoG 500 mm (sim) Average CoG (sim)

Centrifuging and Cataracting 0.3-0.35 0.35-0.43 0.38 0.35
Cataracting and Cascading 0.4-0.49 0.41-0.52 0.42-0.55 0.47

Cascading 0.42 0.46-0.58 0.47-0.59 0.5
Type of Motion CoG 300 mm (rec) CoG 400 mm (rec) CoG 500 mm (rec) Average CoG (rec)

Centrifuging 0.1 N/A N/A 0.1
Centrifuging and Cataracting 0.15-0.17 0.11-0.17 0.16 0.15
Cataracting and Cascading 0.1-0.26 0.19-0.25 0.17-0.24 0.2

Cascading N/A 0.19 0.19-0.22 0.2

Both angles measured from the simulations for each type of motion overlap to a great
extent between the diameters, showing a clear trend. The average angles for the cascading
motion are the lowest around 53-54 degrees; for cascading and cataracting they are around
57-58 degrees, and for the motion that starts to centrifuge they are about 60-61 degrees.
A small, approximately 3-4 degrees difference is observed between each type of motion.

The arms measured from the simulations demonstrate that the closer the motion
approaches centrifuging, the lower the relative arm is. For the motion type in which the
charge is further from the axis of rotation (cascading), the relative arm is on average 0.5.
This fact means that the center is at half of the internal radius of the mill.

It is worth noting that the measurements from the recordings are completely different
than the measurements from the simulations. However, they also show a trend of lowering
the relative arm as the motion type shifts towards centrifuging. In the case of the sim-
ulations, the measurements involved only balls, while in the case of the recordings, they
involved all of the charge, comprising balls and ore. Some differences are thus possible.

In wet milling, the CoC and CoG angles and arms varied across ball mill diameters
and cases (Charge Position – Wet Milling). Runs (2, 7, 4, 5) with lower slurry density
showed more stable angle ranges across scales (Charge Position – Wet Milling) and more
prominent pool formation at the toe region. Slurry pooling in the toe area was most
prominent in runs with the dominant cascading motion (Charge Movement in Simulations
– Wet Milling). Runs 2 and 7, which had the lowest difference in the angles across scales,
also shared a lower lifter height (Charge Position – Wet Milling) and tended to show
cascading motion in most experiments, except the runs for the smallest diameter. Runs
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5-8 showed stable behavior across all scales, possibly due to a higher number of lifters.
This observation indicates the importance of lifter number in the reproducibility of charge
behavior (Charge Movement in Simulations – Wet Milling). Run 8 showed centrifuging
across all scales, with all operational parameters set to higher values (Charge Movement
in Simulations – Wet Milling). The runs with optimal movement had lower filling degrees
and more lifters (Charge Movement in Simulations – Wet Milling). Runs 1-4 showed a shift
from cataracting to cascading as the mill diameter increased, possibly due to the fact that
a reduction in the number of lifters may amplify the effect of other parameters and scale
on the charge behavior (Charge Movement in Simulations – Wet Milling).

Wet milling is described only by the simulation data. The angles are approximately
52.5 degrees for cascading, 55-56 degrees for cataracting and cascading, and 58-59 degrees
for centrifuging and cataracting (see Table 7.3). In the case of wet milling, the relative
arms for the cascading motion are not significantly different from the relative arms for the
cascading and centrifuging motion. Therefore, this metric cannot serve alone to distinguish
the motion type. The average relative arm is much smaller only in the case of centrifuging
(Table 7.4).

Table 7.3: Comparison of measured center of circulation and gravity angles with dominant
type of motion in wet milling

Type of Motion CoC 300 mm CoC 400 mm CoC 500 mm Average CoC
Centrifuging and Cataracting 60.95 58.37 57.97 59.1
Cataracting and Cascading 53.98-61.07 53.04-59.17 51.76-57.13 56.08

Cascading 52.11 51.23-54.26 50.34-53.84 52.78
Type of Motion CoG 300 mm CoG 400 mm CoG 500 mm Average CoG

Centrifuging and Cataracting 59.28 57.22 57.55 58.02
Cataracting and Cascading 52.93-59.26 52.73-58.02 51.64-56.9 55.17

Cascading 51.26 50.93-53.75 50.45-54.03 52.52

Table 7.4: Comparison of arm relative to internal ball radius for measured center of cir-
culation and gravity with dominant type of motion in wet milling

Type of Motion CoC 300 mm CoC 400 mm CoC 500 mm Average CoC
Centrifuging and Cataracting 0.23 0.31 0.35 0.3
Cataracting and Cascading 0.25-0.41 0.33-.05 0.5-0.51 0.41

Cascading 0.33 0.39-0.48 0.36-0.53 0.42
Type of Motion CoG 300 mm (sim) CoG 400 mm (sim) CoG 500 mm (sim) Average CoG (sim)

Centrifuging and Cataracting 0.28 0.33 0.36 0.32
Cataracting and Cascading 0.29-0.45 0.34-0.51 0.5-0.52 0.44

Cascading 0.35 0.39-0.49 0.36-0.53 0.43

In summary, the comparison of charge motion between dry and wet milling simulations
and recordings reveals the following most important findings.

Key Findings:

1. Cascading and cataracting are the dominant types of charge motion in most cases
for both dry and wet milling.

2. A shift from centrifuging to cataracting and from cataracting to cascading is ob-
served as the mill diameter increases in both dry and wet milling.
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3. More lifters can stabilize the type of charge movement across scales in both dry and
wet milling.

4. The influence of operational parameters on optimal charge motion varies with mill
diameter in both dry and wet milling. Optimal motion is achieved through specific
combinations of lifter height, filling degree, and rotational speed.

5. Quantitative data from the recordings and the simulations confirms the varying
motion of the charge and its average position, with the CoG coordinates and angles
varying across runs.

6. Charge position stability depends on a combination of lifter setup and other opera-
tional parameters in both dry and wet milling.

7. Rotational speed may have a more significant impact on shoulder height than lifter
height in dry milling.

8. In wet milling, runs with lower slurry density show more stable ranges of angles
across scales and more significant pool formation at the toe region.

9. The average angles for the cascading, cataracting and cascading, and centrifuging
and cataracting motions are similar in both dry and wet milling simulations.

10. The relative arms for wet milling are not as distinguishable between different motion
types as in dry milling, with only the average relative arm for centrifuging being
significantly smaller.

These findings emphasize the importance of operational parameters, mill diameter, and
the presence of slurry in assessments of charge motion in ball mills. The similarities and
differences between dry and wet milling, as well as the relationships between qualitative
and quantitative data, provide valuable insights for optimizing ball mill performance and
understanding the effects of scaling on charge behavior.

7.1.3 Torque

The torque was measured directly on the mill during each experimental series. The analysis
of torque statistics and comparisons with other measurements lead to several findings
described below.

Smaller diameter mills exhibited higher torque variability, while larger mills showed
more stable responses (Torque Sensor Measurements – Dry Milling). This phenomenon
could be attributed to the fact that lower diameter mills were more prone to centrifuging,
which may impact experimental results (Charge Movement in Simulations – Dry Milling).
Additionally, the fact that the rise times were shortest for the smallest mill diameter
(Torque Sensor Measurements – Wet Milling) indicates that the operation of smaller
mills becomes stable after a shorter time.

On the other hand, larger diameter mills showed some missing values for rise times,
especially for the largest diameter. This observation suggests the absence of transient
behaviour (Torque Sensor Measurements – Dry Milling). As expected, torque values in-
creased with mill diameter (Torque Sensor Measurements – Dry Milling) due to the higher
mass of the load and greater gravitational forces.
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The presence of slurry had a significant impact on mill behavior. For most runs with
lower slurry density at larger diameters, the absence of the transient state was observed
(Torque Sensor Measurements – Wet Milling), indicating that the presence of slurry with
lower density stabilizes the behavior of the load. The correlation between torque and
power was high for higher slurry densities but low or negative for lower densities (Torque
Sensor Measurements – Wet Milling). This phenomenon can be explained by the increased
resistance within the mill at higher slurry densities. As a result, more energy is required to
maintain motion and in effect the positive correlation between torque and power signals
is observed for higher slurry densities. In contrast, lower slurry densities lead to less
resistance, and fluctuations in torque might not be associated with power if the system
can compensate for the lower resistance without the need to significantly increase the
energy input.

The verification of the correlations of mean torque values across scales indicated that
slurry density has a moderate inverse correlation with torque (Correlations Across Scales –
Wet Milling). In fact, slurry density was the most important parameter in wet milling, with
higher density leading to lower mean torque (Torque – DoE). This consistent significance
of slurry density in wet milling demonstrates its role in energy efficiency and operational
costs (Torque – DoE).

The relationship between torque and charge position was also investigated. In the
case of dry milling, a weak negative trend was observed between the torque and the
simulated CoC/CoG angles (only for the grinding media) (Simulated CoG and CoC –
Dry Milling). Also, a moderate negative relationship between angle and torque suggested
a potential for torque management through angle adjustments (Recorded CoG and Torque
Correlation – Dry Milling). The correlation was stronger in the case of the angle measured
from the recordings than from the simulated data, possibly due to the small shift in the
rotational speed between the real and the simulated experiments. High correlations were
observed between the arm lengths (CoC and CoG) and the torque (Simulated CoG and
CoC – Dry Milling), with a strong positive linear relationship between load mass, arm
length, and torque (Recorded CoG and Torque Correlation – Dry Milling). Torque was
influenced by the moment arm length to a practically identical extent as it was by the
charge mass (Recorded CoG and Torque Correlation – Dry Milling). The CoC arm was
potentially a marginally better predictor of torque than CoG (Simulated CoG and CoC
– Dry Milling).

In wet milling, the situation is different. Strong negative correlations between torque
and both the CoC and CoG angles suggest that increasing the angles leads to decreased
torque and potential energy savings (Torque Correlation with Simulated Data – Wet
Milling). The addition of slurry to the simulations caused the angles to be a better pre-
dictor of torque. Moderate positive correlations between torque and the CoC/CoG arms
indicate that larger arm lengths result in higher torque and energy requirements (Torque
Correlation with Simulated Data – Wet Milling). The angles had a higher impact on torque
than the arms did, and the CoC parameters showed marginally higher predictive power
(Torque Correlation with Simulated Data – Wet Milling).

General observations included on the one hand skewness and kurtosis variations,
which suggest that non-uniform torque distributions are influenced by operating con-
ditions (Torque Sensor Measurements – Dry Milling), and on the other hand—moderate
to high variability and dispersion in measurements, with some CV values exceeding 100%
(Torque Sensor Measurements – Wet Milling).

The correlations in dry milling showed varying relationships between torque and power
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draw, suggesting complex interactions involving multiple factors (Torque Sensor Measure-
ments – Dry Milling). The dominance of tangential force correlated with an increase in
torque (Correlations Across Scales – Dry Milling). This phenomenon was expected, as
the dominance of tangential forces is related not as much to cataracting (causing higher
impact forces) as to cascading. As a result, the charge is more concentrated in one place,
the moment arm is longer, and the angle to the center of gravity has a lower value. Both
of these changes are correlated with an increase in torque. In dry milling, rotational speed
impacted torque values within the analyzed range, and a negative correlation suggests
that increasing speed leads to decreased torque, probably due to the transition from the
cascading to cataracting motion (Torque – DoE). Torque had a moderately strong positive
correlation with size reduction and a moderate negative correlation with specific energy
(Correlations Across Scales – Dry Milling).

Filling degree was a highly influential factor in most setups, and was positively cor-
related with torque (Torque – DoE), as a higher filling degree results in more mass and
higher gravitational forces in both dry and wet milling. Lifter configuration (height and
number) can impact torque, particularly in the 300 mm dry mill, with more and higher
lifters leading to lower torque (Torque – DoE).

In wet milling, the predictive power of the regression models varied, demonstrating the
complexity of the process (Torque – DoE). The consistent significance of slurry density in
wet milling emphasizes its importance in energy efficiency and operational costs (Torque
– DoE).

Some specific runs in dry milling showed interesting torque signal characteristics. Runs
2 and 3, with higher rotational speed and lower lifter height, had positive skewness and
kurtosis above 3 for all mill sizes (Torque Sensor Measurements – Dry Milling). The posi-
tive skewness implies that the torque data is skewed to the right, with more frequent small
to moderate torque values and a longer tail of higher torque values. This fact indicates
moments of high stress or load on the mill. The kurtosis above 3 suggests that extreme val-
ues (both high and low) are more likely than in a normal distribution, indicating potential
for more frequent and extreme operational stress. These runs showed the cascading and
cataracting load behavior for most cases across all scales. The positive skewness suggests
that the mill often operates in a regime with normal cascading action but occasionally
enters a state with a more aggressive grinding or cataracting action that could cause
higher torque peaks. The heavy tails in the torque distribution could imply that extreme
torque values, possibly associated with cataracting or erratic charge dynamics, occur more
frequently than can be predicted from the normal distribution.

Run 4, with lower settings for all parameters, demonstrated negative skewness and
a kurtosis closer to the higher range (Torque Sensor Measurements – Dry Milling). This
run showed only the cascading motion (for the 400 and 500 mm mills). The negative
skewness implies more higher values and fewer lower values in the signal as compared
to a normal distribution. This fact was expected because the behavior is steady and less
turbulent, with the center of gravity in a similar place throughout the process, resulting in
constant torque values with occasional dynamic events accounting for other lower values
on the measured spectrum. The high kurtosis suggests that extreme values occur in the
torque signal more frequently than would be expected in a normal distribution, with
these extremes possibly indicating occasional but significant deviations from the optimal
cascading motion.

Runs 6 and 3, both with higher rotational speed and low filling degree, resulted in
lower torque across all scales (Torque Sensor Measurements – Dry Milling). These runs
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showed centrifuging for the 300 and 400 mm diameters, and cascading and cataracting
for the 500 mm mills. The lower torque can be explained by the centrifuging motion, as
the center of gravity is closer to the axis of mill rotation, resulting in a shorter moment
arm and lower torque.

Runs 1 and 8, with high filling degree and low rotational speed, provided higher torque
values (Torque Sensor Measurements – Dry Milling). This observation seems logical, as
a higher filling degree translates into more mass and higher gravitational forces and leads
to higher torque values. The lower rotational speed prevents material from centrifuging,
so the center of gravity is further away from the axis of rotation. The result is a longer
moment arm and higher torque.

Interestingly, the kurtosis and skewness of the torque signal could be used as indicators
of the charge dynamics in dry milling. It would be recommended to test this assumption
on an industrial scale in real-time monitoring.

Key Findings:

1. Slurry density dominates other parameters in wet milling, with higher density lead-
ing to lower mean torque, it thus has an important role in energy efficiency and
operational costs.

2. In dry milling, the correlation between torque and charge position was stronger with
the angle measured from the recordings than from the simulated data, possibly due
to the small shift in rotational speed between the real and the simulated experiments.

3. The addition of slurry to the simulations caused the simulated CoG angles to become
a better predictor of torque in wet milling than in dry milling.

4. The dominance of tangential force correlated with an increase in torque in dry
milling; this milling type involves less cataracting and more cascading, and as a result
the charge is more concentrated and the moment arm is longer.

5. The kurtosis and skewness of the torque signal could be used as indicators of the
charge dynamics in dry milling, as positive skewness and high kurtosis suggest occa-
sional aggressive grinding or cataracting actions and more frequent extreme torque
values.

6. Runs with higher rotational speed and low filling degree resulted in lower torque
across all scales due to centrifuging, while runs with high filling degree and low
rotational speed yielded higher torque values.

These findings indicate the complex relationships between operating parameters, charge
dynamics, and torque in both dry and wet milling, and thus they provide insights for op-
timizing mill performance and energy efficiency.

7.1.4 Scale Effect and Scaling Constant

This subsection discusses the scale effects observed in the study and the performance
of the developed scaling constant. It examines the process stability across different mill
diameters, and the effectiveness of the scaling constant in maintaining consistent perfor-
mance metrics. The analysis of the findings is intended to provide insights into the scaling
behavior of ball mills and the potential for improving scale-up strategies.
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Process Stability

In dry milling, the rotational speed was more effectively controlled at higher scales, with
the deviation between the set and the measured RPM values decreasing as the mill diam-
eter increased. The smallest diameter showed the most significant differences (Rotational
Speed Sensor Measurements – Dry Milling). Torque was more stable in the case of larger
diameters, and smaller diameter mills showed higher torque variability (Torque Sensor
Measurements – Dry Milling). In the case of some runs at higher diameters, transient be-
havior was absent altogether (Torque Sensor Measurements – Dry Milling). As expected,
the power draw and the absolute values of torque increased together with increasing di-
ameter (Torque Sensor Measurements – Dry Milling, Power Draw Sensor Measurements
– Dry Milling).

Interestingly, with a greater number and height of the lifters across scales, the identical
charge motion type can be maintained across scales. Higher lifter size and quantity may
contribute to stable load dynamics during scale-up (Simulated Charge Position – Dry
Milling). More lifters can stabilize the type of charge movement across scales, as seen in
runs 1, 3, 5, 7, and 8, which have the same type of movement across scales, and 4 out of
the 5 runs (except for run 8) have more lifters (Charge Movement in Simulations – Dry
Milling). In contrast, lower lifters, fewer lifters, lower filling degree, and higher speed can
increase the scale effect (Charge Movement in Simulations – Dry Milling) and lead to the
most significant shift in the type of charge movement. There is an observable shift from
centrifuging to cataracting and from cataracting to cascading as the diameter increases
(Charge Movement in Simulations – Dry Milling, Charge Movement in Recordings – Dry
Milling). The greatest deviation from the set RPM values was observed for the smallest
diameters and caused the charge to centrifuge more often. This phenomenon may have an
impact on the results (Charge Movement in Simulations – Dry Milling). The DoE results
did not allow the size reduction to be clearly explained by the operational parameters and
by how their impact changes with scale increase. This fact may be a result of the deviation
in the set and the real RPMs for the smallest diameter or due to other unidentified factors
(Size Reduction – DoE).

In wet milling, the rise times were smallest for the smallest diameters, but in the case
of larger diameters, the rise time was either long or absent. This contrast may be due
to the presence of slurry, which results in either the stability of mill operation or lack
thereof (Torque Sensor Measurements – Wet Milling). The transient state was absent for
most runs with lower slurry density at larger diameters (Torque Sensor Measurements
– Wet Milling). Power draw increased with diameter as expected (Power Draw Sensor
Measurements – Wet Milling), and the process was relatively stable across scales. Absolute
power draw variation increased together with power draw, but relative variations remained
stable (Power Draw Sensor Measurements – Wet Milling). Only the startup phase was
more aggressive for larger diameters. This observation suggests that initial phase dynamics
could be adjusted, and that in the case of greater diameters slower acceleration might
translate into better energy utilization (Power Draw Sensor Measurements – Wet Milling).
Interestingly, the optimal charge motion type for achieving dominance of tangential forces
was achieved in the medium scale and was not directly correlated with diameter (Force
Ratio – Wet Milling).

Key Findings:

1. In dry milling, rotational speed control and torque stability improved with increasing
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mill diameter, while absolute torque and power draw values increased with diameter.

2. A greater number and height of the lifters across scales can help maintain consistent
charge motion type during scale-up in dry milling.

3. Lower lifters, fewer lifters, lower filling degree, and higher speed can increase the scale
effect and cause shifts in charge movement type from centrifuging to cataracting and
from cataracting to cascading as diameter increases in dry milling.

4. In wet milling, the rise times were shortest for the smallest diameters, and the
transient state was absent for most runs with lower slurry density at larger diameters.

5. In wet milling, power draw increased with diameter, and the process was stable
across scales, with only the startup phase being more aggressive for larger diameters.

6. The optimal charge motion type at which dominance of tangential forces occurred
in wet milling was achieved in the medium scale and was not directly correlated
with diameter.

Scaling Constant

The developed scaling constant, which was the primary goal of this research, proved to be
effective in maintaining a consistent level of specific energy and specific energy per rotation
across different mill scales. The level of particle size reduction was also maintained, albeit
only for wet milling. The analysis indicated that the scaling constant has a direct moderate
correlation only with rotational speed for both dry and wet milling (Correlations Across
Scales – Dry Milling, Correlations Across Scales – Wet Milling). The scaling constant was
found to be independent of most other parameters.

However, in the case of dry milling, size reduction was not completely maintained at
a consistent level between scales, with significant differences observed in size reduction
medians across scales, particularly between the 300 mm and 500 mm mill diameters
(Scaling Constant Testing of Assumptions). This discrepancy may be attributed to the fact
that lower diameter mills are more prone to centrifuging, which can impact experimental
results (Charge Movement in Simulations – Dry Milling).

Further improvement of the scaling constant approach would require the incorporation
of the findings of this study and inclusion of other parameters not accounted for in the
scaling constant. These parameters should be accounted for in such a manner that the
type of charge motion is consistently maintained while scaling. This condition can be
verified in a numerical environment and then validated through laboratory tests so as to
determine if size reduction remains consistent across scales.

Although the differences in size reduction were observed for dry milling, specific energy
and specific energy per rotation were maintained at the same levels across scales for both
dry and wet milling (Scaling Constant Testing of Assumptions). The measured statistical
effect size of scale on the measured parameters was greater for dry milling, and the specific
energy per rotation metric was the most responsive to the scaling constant (showing
inverse correlation) (Correlations Across Scales – Dry Milling). In the case of wet milling,
all parameters showed small effect sizes, indicating that the scaling constant performs
better in wet milling conditions and maintains all metrics at the same level (Scaling
Constant Testing of Assumptions).
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Key Findings:

1. The scaling constant is directly correlated only with rotational speed for both dry
and wet milling.

2. Size reduction in dry milling was not maintained at the same level across scales,
particularly between 300 mm and 500 mm mill diameters.

3. Specific energy and specific energy per rotation were maintained at the same levels
across scales for both dry and wet milling.

4. The scaling constant works better in wet milling conditions, maintaining all metrics
at the same level.

7.1.5 Main Process Efficiency Metrics

The power draw and energy consumption in ball mills are directly influenced by several
operational parameters, with rotational speed and filling degree being the main factors in
dry milling, and slurry density being the dominant factor in wet milling (Energy Consumed
– DoE). As expected, increasing the mill scale, rotational speed, and filling degree leads
to higher power draw and energy consumption (Power Draw Sensor Measurements – Dry
Milling). This observation is evident from the dry experiments, where runs with high
filling degree and high rotational speed (Runs 2 and 5) tend to be in the higher spectrum
of power draw across scales, while runs with low rotational speed and low filling degree
(Runs 4 and 7) are in the lower spectrum (Power Draw Sensor Measurements – Dry
Milling).

The energy consumption increasing with mill diameter demonstrates the scaling ef-
fect on power draw in both dry and wet milling (Power Draw Sensor Measurements –
Dry Milling, Power Draw Sensor Measurements – Wet Milling). In dry milling, rotational
speed directly correlates with energy consumption (Energy Consumed – DoE), and fill-
ing degree has a significant positive correlation with energy consumption in larger mills
(Energy Consumed – DoE). Higher lifters in the 500 mm dry mill can reduce energy con-
sumption owing to enhanced charge lift and drop mechanics (Energy Consumed – DoE).
In wet milling, slurry density is the dominant factor affecting power draw, having an
inverse relationship with energy consumption and offering a potential for energy savings
(Energy Consumed – DoE).

Regression models provide a quantitative basis for predicting energy consumption,
but the varying predictive accuracy suggests some space for further model improvement
(Energy Consumed – DoE). Correlations across scales indicate that higher filling degrees
are more energetically optimal/efficient in dry milling (Correlations Across Scales – Dry
Milling), while slurry density has a moderate negative correlation with energy consumed
in wet milling (Correlations Across Scales – Wet Milling).

Specific Energy

Specific energy is the energy consumed by 1 kg of ore during the milling process. Lower
specific energy translates into energy savings. The filling degree is an important factor
in optimizing energy utilization, with higher filling degrees leading to better energy uti-
lization and lower specific energy (Specific Energy – DoE; Correlations Across Scales –
Dry Milling). However, specific energy can be reduced not only by higher filling degree
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but also by increased charge volume, as specific energy decreases with an increase in scale
(Correlations Across Scales – Dry Milling).

The internal diameter of the mill is inversely correlated with specific energy (Corre-
lations Across Scales – Dry Milling), as confirmed by the observation that torque has
a moderate negative correlation with specific energy due to greater diameter mills having
higher absolute torque values and lower specific energy (Correlations Across Scales – Dry
Milling). In the case of smaller diameters, higher speeds lead to lower specific energy, but
this fact may be due to centrifuging, which results in lower torque and power draw but also
in smaller size reduction. Rotational speed positively impacts specific energy in smaller
diameter dry mills, but its effect decreases in larger diameters and in wet conditions (Spe-
cific Energy – DoE). In fact, specific energy is strongly correlated with specific energy
per rotation. This relationship indicates that rotational speed does not have a significant
impact on specific energy (Correlations Across Scales – Wet Milling; Correlations Across
Scales – Dry Milling).

Other interesting observations include the dominance of tangential force correlated
with lower specific energy due to a greater share of the cataracting motion, which reduces
torque and total energy consumption (Correlations Across Scales – Dry Milling). Also,
a moderate positive correlation is observed between specific energy and the number of
balls per working area, as more contact points and faster energy transfer between balls
lead to higher specific energy in dry milling (Correlations Across Scales – Dry Milling).

In wet milling, slurry density appears to be the most significant parameter, showing an
inverse correlation with specific energy (Specific Energy – DoE; Correlations Across Scales
– Wet Milling). The relationship between filling degree and slurry density seems crucial
for understanding energy consumption in wet milling, especially for larger mill diameters,
and may require further research (Specific Energy – DoE). Additionally, size reduction is
strongly correlated with specific energy in wet milling. This relationship demonstrates that
higher energy input directly translates into greater size reduction (Correlations Across
Scales – Wet Milling).

Key Findings:

1. Higher filling degrees lead to better energy utilization and translate into lower spe-
cific energy.

2. Internal diameter is inversely correlated with specific energy.

3. Rotational speed has a limited impact on specific energy, particularly in larger di-
ameters and wet conditions.

4. Slurry density is the most significant parameter in wet milling, showing an inverse
correlation with specific energy.

5. The relationship between filling degree and slurry density seems crucial for under-
standing energy consumption in wet milling, especially in the case of larger mill
diameters.

Specific Energy per Rotation

Filling degree is a variable that greatly affects energy consumption in milling operations.
The analysis indicates that filling degree is negatively correlated with specific energy
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per rotation and suggests that higher filling degrees lead to lower specific energy per
rotation (Specific Energy per Rotation – DoE). This finding is further supported by the
observation that higher filling degree reduces specific energy per rotation across different
scales (Correlations Across Scales – Dry Milling). This effect is proven to be consistent
in various experimental setups.

However, the relationship between filling degree and energy efficiency is not simple, as
specific energy per rotation interacts with other factors such as slurry density. The inter-
action of slurry density with filling degree has a positive correlation with specific energy
per rotation (Specific Energy per Rotation – DoE), demonstrating a complex relationship
of multiple variables that needs to be allowed for in determining milling efficiency.

Another important operational variable is rotational speed, which is inversely corre-
lated with specific energy per rotation in half of the models. This fact indicates that lower
speeds require less specific energy per rotation (Specific Energy per Rotation – DoE). It
also demonstrates the importance of considering rotational speed when optimizing milling
processes for energy efficiency.

In wet milling, slurry density appears to be the most significant factor impacting
specific energy per rotation. The inverse correlation between slurry density and specific
energy per rotation becomes more evident for larger mill diameters (Specific Energy per
Rotation – DoE). This observation is further supported by the high negative correlation
between slurry density and specific energy per rotation across different scales in wet milling
(Correlations Across Scales – Wet Milling).

Size reduction, the primary goal of milling, is related to energy efficiency. In dry
milling, size reduction is moderately correlated with specific energy per rotation (Cor-
relations Across Scales – Dry Milling), while in wet milling, this correlation is strong
(Correlations Across Scales – Wet Milling). This difference in correlation strength is in-
dicative of the varying effects of size reduction on energy consumption, depending on the
milling environment.

The analysis also demonstrates that specific energy per rotation is the metric most
responsive to scaling constant, demonstrating an inverse correlation (Correlations Across
Scales – Dry Milling). This finding connects the specific operational measures of milling
to the theoretical principles of scale, demonstrating how changes in the scaling constant
can significantly influence energy efficiency.

Key Findings:

1. Higher filling degrees lead to lower specific energy per rotation.

2. Slurry density interacts with filling degree, affecting specific energy per rotation.

3. Lower rotational speeds require lower specific energy per rotation.

4. In wet milling, slurry density has the most significant impact on specific energy per
rotation.

5. Size reduction is correlated with specific energy per rotation; the strength of the
correlation varies depending on the milling environment.

6. Specific Energy per rotation is highly responsive to changes in the scaling constant.
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Size Reduction

The dry and wet milling experiments conducted across different mill diameters provide
important insights into the factors influencing particle size reduction and milling efficiency.
In dry milling, larger diameter mills generally produce finer particle sizes, as indicated
by lower d80 values (Product Size Distribution – Dry Milling). The average size reduction
ratios for the 300, 400, and 500 mm mills are 3.984, 5.030, and 5.758, respectively, with
the 500 mm mill demonstrating the highest effectiveness and efficiency (Product Size
Distribution – Dry Milling).

However, the results across scales in dry milling were inconsistent, with low to medium
predictive power suggesting the influence of other factors, such as operational conditions
or mill design (Size Reduction – DoE). For lower mill diameters, high rotational speed was
found to have a negative effect on size reduction (Size Reduction – DoE). Furthermore,
the relationship between filling degree and lifter height in the 500 mm dry mill is complex
and non-linear, and indicates that advanced analyses of these factors are further needed
to achieve optimal performance (Size Reduction – DoE).

In contrast to the dry milling case, the 400 mm wet mill achieves the finest average
d80 value and the highest size reduction ratio. This fact suggests an optimal scale for
efficiency (Product Size Distribution – Wet Milling). The average size reduction ratios
for the 300, 400, and 500 mm mills are 6.879, 9.036, and 7.955, respectively (Product
Size Distribution – Wet Milling). However, the relationship between mill diameter and
product size distribution in wet milling is complex and influenced by factors such as
slurry properties and rheology (Product Size Distribution – Wet Milling).

Slurry density again appears to be a critical factor in wet milling, with lower densities
resulting in higher size reduction ratios (Product Size Distribution – Wet Milling). This
finding is supported by the high negative correlation between slurry density and size
reduction (Correlations Across Scales – Wet Milling). Further investigation into slurry
characteristics is necessary so as to fully describe the multifactorial nature of milling
efficiency in wet conditions (Product Size Distribution – Wet Milling).

The design of experiments (DoE) analysis in wet milling identified slurry density as the
most significant factor which negatively impacts size reduction (Size Reduction – DoE).
Additionally, filling degree, lifter height (negative impact), and their interaction (positive
impact) were identified as important factors influencing size reduction (Size Reduction –
DoE).

From a cross-scale perspective, size reduction in dry milling is moderately correlated
with specific energy per rotation (Correlations Across Scales – Dry Milling). In wet
milling, size reduction is strongly correlated with specific energy and specific energy per
rotation, and moderately correlated with total energy consumed and with the resulting
torque (Correlations Across Scales – Wet Milling).

Key Findings:

1. Larger diameter mills produce finer particle sizes in dry milling.

2. The 500 mm mill demonstrates the highest effectiveness and efficiency in dry milling.

3. Dry milling results were inconsistent across scales, as they were influenced by oper-
ational conditions and mill design.

4. The 400 mm mill shows the finest average d80 value and the highest size reduction
ratio in wet milling.
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5. Slurry density is a critical factor in wet milling, with lower densities resulting in
higher size reduction ratios.

6. Filling degree, lifter height, and their interaction influence size reduction in wet
milling.

7. Size reduction is correlated with energy metrics in both dry and wet milling.

Size Reduction and Force Ratio

The relationship between force ratio and size reduction in dry milling is a complex phe-
nomenon influenced by various operational parameters and charge dynamics. Experimen-
tal observations suggest that the predominance of tangential forces, associated with the
abrasion and attrition grinding mechanisms, can be recommended for achieving finer
particle sizes (Force Ratio – Dry Milling). Mill internal diameter has a strong positive
correlation with size reduction and force ratios, as larger mill sizes lead to an increase in
tangential force dominance, which is correlated with higher size reduction (Correlations
Across Scales – Dry Milling). This phenomenon may be attributed to the higher charge
volume and mass in larger mills and may result in increased gravitational forces acting
on the cascading charge. In effect, the tangential forces become stronger than the friction
resistance between the balls. The dominance of tangential forces thus seems to be influ-
enced by the mass of ore and balls, with higher mass resulting in a greater dominance of
tangential forces (Correlations Across Scales – Dry Milling). Conversely, higher rotational
speeds and a greater number of balls per working area lead to an increased dominance of
normal forces and lower size reduction (Correlations Across Scales – Dry Milling). Inter-
estingly, the size distribution of the grinding media may also affect the force dominance,
as smaller balls potentially increase the number of contacts between balls, leading to more
direct impacts and an increase in normal force dominance.

Maintaining the dominance of tangential forces needed to produce finer products re-
quires more energy (Correlations Across Scales – Dry Milling). Experiments show that
a higher ratio of tangential to normal forces is associated with increased torque, size reduc-
tion, and total energy consumption, but with lower specific energy (Correlations Across
Scales – Dry Milling). This observation suggests that maintaining tangential force domi-
nance may translate into increased grinding efficiency understood as the energy consumed
per kilogram of ore. Balance between energy consumption and milling efficiency requires
considering both energy costs and size reduction (Force Ratio – Dry Milling), and the
optimal force ratio depends on the desired outcome of the milling process, such as energy
efficiency, particle size reduction, or specific particle shape (Force Ratio – Dry Milling).

Operational parameters and charge dynamics also have a significant impact on force
ratio and size reduction. Higher filling degrees are associated with broader areas of tangen-
tial force dominance within the mill, as observed in both dry and wet milling experiments
(Force Ratio – Dry Milling, Force Ratio – Wet Milling). The filling degree has the most
significant influence on force ratio. It has a positive correlation with tangential force dom-
inance in most conditions (Force Ratio – DoE). On the other hand, rotational speed and
lifter height have a negative impact on tangential force dominance (Force Ratio – DoE).

In wet milling, force ratio varies with mill diameter, with the lowest ratios observed
in the 300 mm mill and the highest in the 400 mm mill (Force Ratio – Wet Milling).
The fact that increasing slurry density decreased the force ratio across all scales suggests
a dampening effect on tangential forces (Force Ratio – DoE). Tangential force dominance is
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more common for larger mill diameters in the wet milling processes. It increases under the
influence of ball mass and ore mass, and significantly decreases affected by the increasing
number of balls per working area and rotational speed (Correlations Across Scales – Wet
Milling).

Key Findings:

1. Tangential force dominance is advantageous for achieving finer particle sizes in dry
milling.

2. Mill diameter, mass of ore and balls, and filling degree positively correlate with
tangential force dominance.

3. Greater rotational speed, number of balls per working area, and lifter height nega-
tively impact tangential force dominance.

4. Maintaining tangential force dominance requires more energy but may lead to more
energy-efficient grinding.

5. Optimal force ratio depends on the desired outcome of the milling process.

6. In wet milling, increasing slurry density decreases force ratio across all scales.

7.2 Contextualizing the Findings within the Literature
This section situates the main findings of the study within the broader context of the
existing literature on ball mill optimization and scaling. The results are compared and
contrasted with previous research in order to better illustrate their contributions to the
understanding of charge motion, torque, energy efficiency, size reduction, and force dynam-
ics in both dry and wet milling environments. The section also provides a comprehensive
overview of how the findings align with and expand on the current state of knowledge in
the field.

7.2.1 Charge Motion

The charge motion in tumbling mills is a factor significantly influencing grinding efficiency
and energy consumption. This study investigated the effects of mill diameter, lifter config-
uration, and operational parameters on charge motion in both dry and wet milling using
a combination of experimental measurements and numerical simulations.

It was found that an increase in the mill diameter entails a shift from centrifuging
to cataracting and from cataracting to cascading charge motion in both dry and wet
milling. This finding is consistent with previous studies showing that larger mill diameters
promote higher energy impacts, but reduce the frequency of those impacts for a particular
percent of critical speed [46, 82, 189, 107]. The type of charge motion regime changes from
cascading to cataracting as the mill diameter increases [8]. However, very large diameter
mills can become less efficient if not properly optimized, as the mill diameter, the mill
speed, the charge volume, and the ball size distribution must be carefully balanced so
that the desired charge motion and breakage rates can be maintained [107].

The results also showed that an increase in the number of lifters can stabilize the type
of charge movement across scales under both dry and wet milling conditions. Lifters have
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a significant impact on how the charge is lifted and projected. They influence the impact
energy spectra, power draw, and overall grinding efficiency [132, 50, 25, 149, 142, 33]. An
optimal lifter design depends not only on mill diameter but also on lifter width, height,
angle and the overall lifter type [25].

The influence of operational parameters on optimal charge motion was found to vary
with mill diameter in both dry and wet milling. Optimal motion is the result of specific
combinations of lifter height, filling degree, and rotational speed. These parameters affect
the stability and positions of the head, shoulder, impact toe and bulk toe of the charge
in varying degrees [135, 33, 103, 11]. Charge motion is controlled primarily by rotational
speed and also by lifter height, which is particularly important for the shoulder and toe
positions, as they define impact energy [140, 33].

The quantitative data from the recordings and the simulations confirmed that the
motion of the charge and its average position, as well as the center of gravity coordinates
and angles vary across runs. Several methods are used in the recording and simulating
of charge motion. They include the Discrete Element Method (DEM), Positron Emission
Particle Tracking (PEPT), instrumented balls, high-speed video, and vibration sensors
[116, 33, 141, 9, 8, 112, 187, 88, 76, 10, 80]. DEM is the most comprehensive simulation
method, while experimental techniques provide data for calibration and validation of the
numerical models [12, 141, 88].

The charge position stability was found to depend on a combination of the lifter
setup and other operational parameters in both dry and wet milling. In dry milling,
rotational speed seems to have a more significant impact on shoulder height than lifter
height does. Rotational speed requires optimization in order to maximize grinding while
avoiding excessive cataracting and liner wear. Lifter height should be adjusted so as to
fine-tune the charge motion as lifters wear over time [33]. In wet milling, runs with lower
slurry density showed more stable ranges of the CoC/CoG angles across scales and more
prominent pool formation at the toe region. An increase in slurry density leads to a more
damped and stable charge motion, decreases impact forces, causes the formation of a slurry
pool, and influences power draw [162, 31, 29, 127, 159]. The slurry pool and viscous effects
also need to be considered when modeling charge behavior in wet milling.

The average angles for the cascading, cataracting and cascading, and centrifuging and
cataracting motions were found to be similar in both dry and wet milling simulations.
However, the relative arms for wet milling are not as distinguishable between different
motion types as in dry milling, and only the average relative moment arm for centrifuging
is significantly smaller. Further detailed experimental or simulation studies may allow
a better description of how the relative moment arms of each motion type change between
dry and wet environments.

In summary, this study provides information on the complex relationship between mill
design, operating conditions and environment, and on their influence on charge motion in
tumbling mills. The results demonstrate the importance of lifter design, mill speed, and
slurry properties in optimizing the charge motion for efficient grinding across different
scales and milling types. Advanced modeling techniques, such as DEM, combined with
experimental validation, provide tools which provide more information about these effects
and allow designs of improved milling systems.
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7.2.2 Torque

The torque required to rotate a tumbling mill is an important parameter that reflects
the charge dynamics and energy efficiency of the milling process. This study investigated
the effects of various operating conditions on torque in both dry and wet milling, and
compared experimental measurements with simulated data.

In wet milling, the results showed that the importance of slurry density for energy
efficiency and operational costs is greater than that of other parameters, with higher
slurry density notably leading to lower mean torque. Previous studies have shown that an
increase in slurry density generally decreases the impact forces and energy in the mill by
dampening the collisions between grinding media [162, 187, 159]. Therefore, an optimal
slurry density can maximize grinding efficiency, as excessively high densities can decrease
both the mechanical intensity of grinding and the energetic efficiency [162, 187, 159].
Optimizing slurry density is thus crucial for achieving the desired balance between particle
transport and impact dampening in wet milling processes.

In dry milling, the correlation between torque and charge position was stronger for
the angle measured from the recordings than for the angle measured from the simulated
data. This discrepancy may be due to the small shift in rotational speed between the real
and the simulated experiments, as well as to other factors such as simplifications in the
DEM model, accuracy of the input parameters, not modeled power losses, experimental
vibrations, and insufficient simulation time [116, 18, 11, 109]. Careful model calibration
and sufficiently detailed simulations, which require long computing time, are necessary
for minimizing these differences and improving the predictive accuracy of torque based
on charge angles in dry milling.

The addition of slurry to simulations caused the simulated center of gravity (CoG)
angles to be a better predictor of torque in wet milling than in dry milling. The presence
of a slurry pool at high filling degrees significantly affects the toe angle and charge dy-
namics, hindering predictions of torque based solely on the CoG angles [162, 132]. The
currently developed advanced numerical models coupling DEM and CFD/SPH seem capa-
ble of better representing the complex multiphase interactions in wet mills, but industrial
validation is still needed [114, 32].

The study also found that the dominance of tangential force is in correlation with
an increase in torque in the case of dry milling, because it is related not as much to
cataracting as to cascading. As a result, the charge is more concentrated and the moment
arm is longer. The charge motion, influenced by operating parameters such as mill speed
and lifter design, determines the tangential forces and torque acting on the mill shell
[106, 145, 1]. Optimization of charge motion is thus important for maximized grinding
efficiency without excessive power draw and liner wear.

Kurtosis and skewness of the torque signal were identified as potential indicators of
the charge dynamics in dry milling, with positive skewness and high kurtosis suggesting
occasional aggressive grinding or cataracting action and more frequent extreme torque
values. However, the raw kurtosis and skewness values of the unfiltered torque signal
may not be fully reliable. Advanced spectral analysis techniques applied to the torque
signal, particularly those which filter and quantify noise levels, show promising results, as
they provide characteristics of charge dynamics and other important parameters, e.g. mill
filling degree [139, 169]. Thus a decision to pre-process torque signal prior to calculating
kurtosis and skewness.

The study also confirmed that runs with higher rotational speed and low filling degree
showed in lower torque across all scales due to centrifuging, while runs with high filling
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degree and low rotational speed showed higher torque values. Rotational speed and filling
degree are important operating variables that should be both optimized in order to achieve
the desired torque and power draw for efficient grinding [139, 72, 48, 11, 194, 145, 131].
Speeds around 70-80% of critical and filling levels of 35-45% are typical for ball mills [70].

In conclusion, this study provides important insights into the complex relationships be-
tween operating conditions, charge dynamics, and torque under both dry and wet milling
conditions. The findings indicate that parameters such as slurry density, rotational speed,
and filling degree require optimization for maximizing grinding efficiency and minimizing
energy consumption. The discrepancies between the experimental and the simulated data
also point to the need for further improvement of numerical models so that they better
represent the multiphase interactions and power losses in industrial mills.

7.2.3 Scaling

The scaling constant developed in this research is a novel parameter hypothesized to
maintain performance metrics such as size reduction, specific energy, and specific energy
per rotation at consistent levels across different scales of ball milling. The scaling constant
aims to include the maximum average energy per ball in the charge, as well as rotational
speed, number of balls, and the ball working area into a single parameter that can be
used to compare mill performance across scales.

The findings from this study show that the scaling constant is directly correlated with
rotational speed for both dry and wet milling. However, size reduction in dry milling was
not maintained at the same level across scales, particularly between the 300 mm and
500 mm mill diameters. In contrast, specific energy and specific energy per rotation were
maintained at consistent levels across scales for both dry and wet milling. The scaling
constant was found to work better in wet milling conditions, as all of the metrics were
maintained at the same level.

These findings can be contextualized within the broader literature on the scale-up
and optimization of milling operations. Maintaining consistent performance across scales
is a significant problem in the mining industry, and various approaches are employed to
address this issue. Common methods include using dimensionless scale-up factors [130],
establishing correlations between power-specific breakage rates and mill operating condi-
tions [72], applying population balance models [113, 59], and utilizing the attainable region
methodology [26]. The scaling constant developed in this study offers a new approach to
this problem, as it offers a single parameter that represents the main mill variables.

The influence of rotational speed on milling performance, as presented in this study,
is well-established in the literature. An increase in rotational speed up to 70-80% of
critical speed generally improves grinding rates and power draw due to more intensive
cataracting and ball impact energy [72, 194, 179, 61, 187, 162]. However, beyond this
optimal range, grinding rates decrease as the charge starts to centrifuge [72, 194, 61]. The
direct correlation between the scaling constant and rotational speed seems to support
these findings.

The challenges in measuring and maintaining energy efficiency during scale-up, as
encountered in this study, are also reflected in the literature. The low energy efficiency
of ball mills, inaccurate measurements of energy dissipation, and complex influence of
operating variables during scale-up it is difficult to optimize and maintain the efficiency
of large-scale grinding processes [97, 173, 73, 30]. The ability of the scaling constant to
maintain specific energy and specific energy per rotation across scales demonstrates its
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potential in addressing the above challenges.
Mill diameter is significant in determining the results of milling operations, with larger

diameters generally increasing breakage rates and impact energy [46, 131]. However, the
effects are complex and depend on ore type and operating conditions [72]. The inconsistent
size reduction observed in this study across mill diameters in dry milling suggests that
scale-up processes be performed upon careful optimization.

Computational simulations, such as Discrete Element Method (DEM) and Population
Balance Models (PBM), are increasingly used in predictions and optimization of milling
operations at different scales [82, 100, 144, 45, 75]. The development of the scaling constant
could potentially benefit from integration with these simulation techniques, so that its
predictive capabilities, in terms of both the predictive power and accuracy, can be further
improved.

Finally, the fact that the scaling constant performed better in wet milling than in dry
milling seems to agree with the literature on the differences between these two conditions.
Wet milling tends to produce finer, smoother, and more irregularly shaped particles, while
dry milling has higher breakage rates and generates coarser, rounder particles [17, 136, 93].
The slurry present in wet milling absorbs impact energy and results in different wear
patterns [43, 184], which may contribute to the better performance of the scaling constant
in wet conditions.

In summary, the scaling constant developed in this research offers a novel approach to
maintaining consistent performance across scales in ball milling. The findings, particularly
the direct correlation with rotational speed and superior performance in wet milling, corre-
spond to the established trends in the literature. However, the inconsistent size reduction
in dry milling across mill diameters indicates the challenges that still remain in scaling up
milling operations. Further research integrating the scaling constant with computational
simulations and exploring its application in a wider range of operating conditions could
help improve its predictive capabilities and potential for industrial application.

7.2.4 Energy

During this research, two main energetic factors were examined: specific energy and spe-
cific energy per rotation. Specific energy is the energy consumed per unit mass of milled
ore, while specific energy per rotation is a measure established in this study to account
for the energy consumed during one mill rotation at different rotational speeds.

The degree to which the mill drum is filled with the grinding media and the material
has a significant impact on the energy efficiency of milling operations. An optimum filling
degree maximizes energy utilization and grinding efficiency [26, 30, 131, 24]. At low filling
degrees, insufficient load prevents the efficient utilization of the available energy, while at
very high filling degrees, the grinding media and material can dampen the charge motion
and reduce the intensity of grinding [48, 183, 137, 35]. The findings of this study are in
agreement with the literature, showing that higher filling degrees lead to better energy
utilization and lower specific energy.

Mill diameter is an other important factor affecting energy efficiency. Several studies
have found that as mill diameter increases, the specific breakage rates for different par-
ticle sizes increase, and the maximum in each breakage rate curve shifts to coarser sizes
[46]. However, the power draw increases more rapidly than the useful impact energy as
diameter increases. As a result, the grinding performance is lower for identical operating
conditions in larger mills [82]. The inverse correlation observed in this study between in-
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ternal diameter and specific energy is not consistent with these findings, possibly because
the scale increase was not sufficient, as in this research energy utilization was found to be
more optimal for larger mills.

Rotational speed has a significant impact on the specific energy and grinding efficiency
of ball mills, but this impact can be limited at higher speeds and in larger diameter mills.
As mill speed increases, grinding rate and power draw initially increase substantially,
reaching a maximum at an intermediate speed (typically around 70-80% of the critical
speed) [100, 194, 179]. However, as speed increases further towards the critical speed,
power continues to rise, but grinding rate decreases due to the centrifuging motion of the
charge [100, 194, 107]. The findings of this study, showing a limited impact of rotational
speed on specific energy, especially in larger diameters and wet conditions, correspond to
these observations.

Slurry density also has an indirect effect on mill energy consumption, as its increase
translates into increased mass and density of the charge, and thus into the damping and
cushioning of impacts. An intermediate optimum slurry density balances these factors so
that grinding efficiency and mill throughput can be maximized [162, 132, 56]. The strong
inverse correlation between slurry density and specific energy found in this study indicates
the importance of controlling slurry density as an operating parameter in wet milling.

The relationship between filling degree and slurry density is important for understand-
ing energy consumption in wet milling, in particular for larger mill diameters. As the share
of slurry filling increases in the total charge volume, the mill power draw initially increases
linearly until a certain level U ′, beyond which the power decreases non linearly with fur-
ther increases of the share of slurry in the mill filling [187, 132]. The optimal slurry filling
U ′ for maximum power draw in large mills tends to be in the range of 1 < U ′ < 1.5 for
large mills [187]. The findings of this study emphasize the importance of considering the
interaction between these parameters, particularly in mills of larger diameters.

Specific energy per rotation, a measure established in this study, provides additional
insights into the energy consumption during milling. The findings show that higher filling
degrees lead to lower specific energy per rotation, and that this measure is also affected by
slurry density along with mill filling degree. Lower rotational speeds require lower specific
energy per rotation, and in wet milling, slurry density has the most significant impact
on specific energy per rotation. These observations are believed to contribute to a more
comprehensive understanding of energy consumption in milling processes.

In summary, the findings of this study on specific energy and specific energy per
rotation align with and extend the existing knowledge in the literature. The research
emphasizes the importance of optimizing filling degree, mill diameter, rotational speed,
and slurry density in such a manner that the energy efficiency in milling operations can
be maximized. The introduction of specific energy per rotation as a new measure provides
additional insights into the energy consumption during milling, particularly in relation to
rotational speed and slurry density.

7.2.5 Size Reduction and Dominant Forces

The size reduction achieved in ball milling depends on various design and operational
factors. In dry milling, larger mill diameters generally lead to finer particle sizes due to
increased impact energy and breakage rates [27, 46]. In the present study, the 500 mm
mill demonstrated the highest effectiveness and efficiency in dry milling. However, the
results across different scales were inconsistent, probably due to variations in operational
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conditions and mill design. Factors such as ball size distribution, scale-up correction fac-
tors, and feed size distribution can contribute to the variability of dry milling performance
across scales [130, 20, 159, 32].

In wet milling, the 400 mm mill showed the finest average d80 value and the highest size
reduction ratio. Although no definitive optimal scale is available for wet milling, various
factors influence grinding efficiency and product size. Smaller grinding media, higher mill
speeds, and lower slurry density generally favor finer grinding [93, 159, 77]. However, the
optimal combination of parameters depends on the specific ore characteristics, mill design,
and target product size. Pilot tests and models may provide data on suitable operating
conditions for a given application [130, 45, 59].

Slurry density is an important factor to be considered in wet milling, as lower densities
result in higher size reduction ratios. An increase in slurry density generally reduces the
breakage rate and particle size reduction by cushioning impacts and increasing viscosity
[162, 43, 159, 62]. The effect is most significant at high solids concentrations where the
slurry becomes highly viscous. Optimized slurry density allows the desired product size
and adequate material transport through the mill [132, 59].

Filling degree and lifter height also influence size reduction in wet milling. Higher lifters
promote more crushing and grinding by increasing impact forces and frequency [149]. The
number of lifters affects the impact frequency and particle trajectory [149]. A filling degree
above 25% is recommended, as it helps prevent lifter breakage and limit liner wear [149].
However, higher filling degrees and slurry concentrations can dampen impact forces by
absorbing ball and ore energy [162]. These parameters should be optimized in order to
maximize size reduction while controlling wear.

Size reduction is correlated with energy metrics in both dry and wet milling. Specific
energy relates energy input to size reduction, and impact energy is uniquely correlated
with grinding rate for each particular material [157, 82]. Collision energy between particles
is directly linked to breakage, and the energy spectra shift towards higher specific collision
energies as particle size decreases [179, 36]. Lifter height, mill speed, ball size, and density
also influence the energy distribution and breakage rates [34, 50, 159, 90]. However, only
a small fraction of the energy input to a ball mill is utilized for particle breakage. The
remaining energy is dissipated as heat, sound, and wear [173, 84].

Force ratio, which is the ratio of tangential to normal forces, indicates the domi-
nant forces during the milling process. Tangential forces result mainly from abrasion and
attrition, while normal forces are primarily due to impact. Tangential force dominance
is a metric of importance for achieving finer particle sizes in dry milling. At high mill
speeds, smaller balls tend to remain near the mill shell periphery, where tangential veloc-
ities are highest. This arrangement leads to increased collision frequency and high impact
energies which facilitate the generation of finer, rounded particles with rough surfaces
[163, 117, 93, 17].

Mill diameter, mass of ore and balls, and filling degree positively correlate with tan-
gential force dominance. Larger mill diameters show higher tangential forces and more
cataracting of the charge, as particles are lifted to higher positions and have greater kinetic
energy at impacts [100, 35, 46].

Rotational speed, the number of balls per working area, and lifter height negatively
impact tangential force dominance. An increase in the rotational speed leads to higher
impact forces and collision energies, with more cataracting and higher impact frequencies
[162, 185]. Higher lifters translate into increased height of the impact toe and more inten-
sive cataracting motion, leading to higher collision energies and impact forces [25, 33, 149].
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However, excessive speeds or lifter heights can cause particles to hit the mill shell directly,
causing accelerated wear [162, 11]. As lifter height decreases due to wear, cataracting
is reduced, and bulk charge shear is increased. As a result, the energy distribution is
shifted from normal impacts to shear, impact breakage is reduced, and attrition grinding
is intensified [34].

The maintaining of tangential force dominance requires more energy but may increase
the energy efficiency of the grinding process. Tangential forces originate from frictional
sliding between particles and the mill shell or other particles when the frictional limit
is exceeded. As a result, more energy is dissipated than in normal collisions [12]. The
increased energy dissipation due to tangential forces and sliding reduces energy efficiency
because energy is lost in non-productive friction rather than being used for size reduc-
tion [36, 173]. This observation does not align well with the results of this study, as the
dominance of tangential forces was here found to increase energy efficiency, indicating
a possible threshold value, beyond which tangential force dominance is excessive.

In wet milling, an increase in slurry density results in a decrease of the force ratio
across all scales. Higher slurry density or solids concentration tends to decrease the impact
forces and energy due to viscous dampening and resistance to ball motion [162, 187, 43].
An increase in the density and viscosity of the slurry increases its influence on charge
trajectory and dynamics. Interestingly, the reduction in tangential forces was greater
than the reduction in normal forces This phenomenon indicates that the slurry acted
either as grease, reducing friction, or as an adhesive, gluing the grinding media together
with cohesive forces and reducing the movement between balls.

The optimal force ratio depends on the desired outcome of the milling process. Mill
speed, lifter design, ball size, and filling degree interact with each other, affecting the
impact and abrasion forces in the mill. Balanced in models and experiments, these factors
can optimize the breakage rates and energy efficiency for a particular feed material and
target product size [33, 46]. Mechanistic models and DEM simulations are valuable in
the predictions and optimization of force ratio and charge motion for specific milling
applications [116, 179].

In summary, this study provides insights into the factors influencing size reduction
and force dynamics in ball milling. The findings demonstrate the importance of mill
diameter, slurry density, filling degree, lifter height, and their relationships required for
achieving the desired milling outcomes. The results also emphasize the significance of
force ratio as a tool for determining the dominant breakage mechanisms and ensuring
energy efficiency. By integrating these findings with existing knowledge and by employing
advanced modeling techniques it is possible to optimize milling performance and energy
utilization for various applications.

7.3 Implications for Ball Mill Scaling and Optimization
The findings of this study have significant implications for ball mill scale-up and optimiza-
tion in both dry and wet milling operations. The insights gained from investigating charge
motion, torque, energy consumption, size reduction, and force dynamics across different
scales and operating conditions have a potential to inform the design and operation of
more efficient and sustainable milling systems.

One of the main implications is the importance of lifter design in maintaining consistent
charge motion and grinding performance across scales. The study found that an increase
in the number of lifters can stabilize the type of charge movement in both dry and wet

153



CHAPTER 7. CONCLUSIONS AND IMPLICATIONS

milling, while a lower height and number of lifters, lower filling degree, and higher speed
can increase the scale effect and cause shifts in charge motion. This finding suggests that
optimized lifter configuration is one of the most important factors influencing successful
scale-up and can help maintain the desired grinding mechanisms and energy efficiency at
a consistent level.

The study also demonstrates the significance of slurry density in wet milling, and
notably that its higher density translates into lower mean torque and specific energy. This
finding emphasizes the need for the careful control and optimization of slurry density,
so that energy consumption and operational costs can be minimized. The relationship
between slurry density and filling degree is another important factor, particularly in the
case of larger mill diameters, as it can significantly impact energy utilization and grinding
efficiency.

The scaling constant developed as part of this research offers a novel approach to
maintaining consistent performance across scales. Although the scaling constant was found
to work more efficiently in wet milling conditions, its direct correlation with rotational
speed and its ability to maintain specific energy and specific energy per rotation across
scales confirm its potential as a tool for industrial applications. Further improvement and
validation of the scaling constant in computational simulations and pilot-scale tests is
expected to aid scale-up strategies and more predictable milling performance.

The study also provides insights into the factors influencing size reduction and force
dynamics in ball milling. The dominance of tangential forces was found to be advantageous
in achieving finer particle sizes in dry milling. On the other hand, an increase in slurry
density decreased the force ratio across all scales in wet milling. These findings can inform
the selection of such operating parameters and mill designs that result in the desired
product characteristics and energy efficiency.

Furthermore, the correlations between the energy metrics, size reduction, and force
ratio point to the importance of a holistic approach to mill optimization. By considering
the relationship between mill diameter, filling degree, rotational speed, slurry density, and
lifter design, mill operators can identify the optimal combination of parameters and maxi-
mize grinding efficiency while minimizing energy consumption for a particular application.

In conclusion, the findings of this study are believed to have significant implications
for ball mill scale-up and optimization, and thus to inform the design and operation of
more efficient and sustainable milling systems. An integration of the findings from this
research with advanced modeling techniques, e.g. of Discrete Element Method (DEM)
with Population Balance Models (PBM), may allow even more accurate predictions of
milling performance and facilitate the development of scale-up strategies.

7.4 Limitations and Future Research Directions
One of the main limitations identified in this study as an area requiring further research is
the limited range of the analyzed mill diameters (300, 400, and 500 mm). Although these
scales are suitable for laboratory and pilot-scale testing, they may not provide a complete
representation of the complexities and problems related to industrial-scale milling opera-
tions. Future research should involve larger mill diameters and include validations of the
findings in full-scale industrial mills.

Another limitation results from the focus on a single ore type and grinding media. The
relationships between ore properties, grinding media characteristics, and mill operating
conditions can significantly influence milling performance and energy efficiency. Therefore,
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future studies should focus on a wider range of ore types, particle size distributions,
and grinding media materials in order to offer more general insights and optimization
strategies.

The discrepancies between the experimental and the simulated data in this study
demonstrate the need for further improvement of numerical models. While the Discrete
Element Method (DEM) and Smoothed Particle Hydrodynamics (SPH) serve as promising
tools for simulating charge motion and fluid dynamics, their accuracy depends on the
quality of input parameters and model assumptions. Future research should focus on
both increasing the resolution of the existing computational methods and developing
new, improved computational methods, so that the complex interactions and power losses
in industrial mills can be represented more accurately.

The scaling constant developed in this study appears to be a promising solution. How-
ever, its performance was found to be better in wet milling conditions than in dry milling.
Future research should investigate the factors contributing to this difference and focus on
methods to improve the predictive capabilities of the scaling constant in dry milling. Ad-
ditionally, the integration of the scaling constant with computational simulations and its
validation in pilot-scale tests may provide more practical and reliable scale-up strategies.

The study also demonstrates the importance of lifter design, slurry density, and filling
degree in optimizing mill performance and energy efficiency. Future research should be
aimed at optimizing these parameters with the use of advanced experimental designs,
such as response surface methodology, and multi-objective optimization techniques so as
to identify the optimal combinations for specific applications. The integration of these
optimization approaches with mechanistic models and DEM simulations is expected to
result in more efficient and targeted optimization strategies.

Another potential direction for future research is to investigate advanced control strate-
gies for ball mills. The insights gained from this study,e.g. the correlations between torque,
charge motion, and energy efficiency, could be used to develop real-time monitoring and
control systems. Such systems could adjust mill operating conditions based on real-time
measurements and predictions for improved process stability, energy efficiency, and prod-
uct quality.

Another area for future research lies in the environmental and economic aspects of
ball mill optimization. The development of more energy-efficient and sustainable milling
technologies is important for reducing the carbon footprint and operating costs of mineral-
processing operations. Life Cycle Assessment (LCA) and Techno-Economic Analysis (TEA)
could be employed in the evaluations of the long-term environmental and economic im-
pacts of different optimization strategies and inform the development of more sustainable
milling practices.

7.5 Concluding Remarks
This research aimed to investigate the scale-up process of ball milling operations from
laboratory to industrial scale by analyzing the influence of operational parameters on
milling performance and energy efficiency across selected mill diameters. The study was
motivated by the need for a more systematic and scientific approach to the fundamental
principles governing ball milling across different scales, as the current approach relies
on empirical knowledge and trial-and-error methods, which often result in suboptimal
performance, excessive energy consumption, and increased operational costs.
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In order to achieve this research goal, a series of objectives were established and sys-
tematically addressed throughout the study. A systematic methodology for calibrating
a digital twin of a laboratory ball mill was developed by integrating advanced modeling
techniques (DEM-SPH simulations) with experimental methods (video recordings and
sensor measurements). This digital twin served as a reliable and accurate virtual repre-
sentation of the ball mill, providing a basis for further investigations and analyses.

Also, a scaling constant was developed and evaluated as a potential parameter for
maintaining similar milling performance across different mill scales. The study tested
whether maintaining the scaling constant at the same level resulted in a consistent size
reduction degree, similar specific energy, and comparable specific energy per rotation
under both dry and wet milling conditions. The findings show that the scaling constant
is directly correlated with rotational speed for both dry and wet milling, and that it
performs better in wet milling conditions. However, size reduction in dry milling was not
consistent across scales, particularly between the 300 mm and 500 mm mill diameters.
This fact points to the need for further improvement of the scaling constant approach.

The calibrated digital twin was applied to a multivariate analysis of copper ore milling,
and the simulations provided additional insights into load dynamics and the dominant
types of forces within the mill. The study investigated the impact of operational parame-
ters such as mill diameter, filling degree, rotational speed, lifter size, lifter numbers, and
slurry properties on the main performance indicators, including size reduction, energy con-
sumption, and force distribution within the mill. The findings identify the factors which
most influence ball mill performance and efficiency, pointing inter alia to the importance
of lifter design in maintaining consistent charge motion and grinding performance across
scales, and to the significance of slurry density in wet milling.

The study also identified and quantified correlations between mill diameter, opera-
tional parameters, and performance metrics in dry and wet milling environments with
an aim to inform the development of scale-up strategies. It established transparent re-
lationships between mill size and performance, which can be applied in the design and
operation of ball mills across different scales.

The observed limitations and the resulting opportunities for future research include
the following ideas: to extend research to larger mill diameters, to investigate a wider
range of ore types and grinding media, to improve numerical models and the predictive
capabilities of the scaling constant, to optimize the main parameters with the use of
advanced experimental designs, to develop advanced control strategies, and to consider
environmental and economic aspects. It is expected that addressing these limitations
and pursuing these research directions can result in more efficient, sustainable, and cost-
effective ball milling operations.
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