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Streszczenie (Abstract in Polish) v

Streszczenie

Tozsamos¢ Hardy’ego—Steina odzwierciedla rozpraszanie sie energii danej funkcji w cza-
sie. Przez energie rozumiemy tutaj p-ta norme tej funkcji na przestrzeni LP. Orygi-
nalnie, tozsamos¢ Hardy’ego—Steina zostata udowodniona przez Steina w jego ksiazce
[99, pp. 86-88] i dotyczyta operatora Laplace’a. Do dowodu uzyto reguty tancuchowej
dla laplasjanu. Badania nad przypadkiem nielokalnej tozsamosci Hardy’ego—Steina sg
stosunkowo nowe, a jako przyktad mozna tu podaé prace Banuelosa, Bogdana i Luksa [5],
gdzie wyprowadzono te tozsamosé dla operatorow Lévy’ego na przestrzeni euklidesowe;j.
Badanie tozsamosci Hardy’ego—Steina moze przebiega¢ przy uzyciu metod zaréwno anali-
tycznych jak i probabilistycznych. Autorzy [5] uzyli pierwszego z nich. Jako przypadek
uzycia w tym kontekscie metod probabilistycznych, mozemy wymieni¢ prace Banuelosa
i Kima [6], gdzie dowdd opiera si¢ o wzér 1t6.

Zeby uogdlnié¢ uzyskane do tej pory wyniki, autor niniejszej rozprawy opart sie na
teorii form Dirichleta. Przez regularna forme Dirichleta rozumiemy domknieta, nieujemna,
symetryczna, markowska oraz posiadajaca rdzen forme dwuliniowa £(u,v) o dziedzinie
D(E), ktora jest gesta w przestrzeni L?. Warto tutaj wspomnieé, ze istnieje bijekcja
miedzy klasa regularnych form Dirichleta a pewng klasg symetrycznych proceséw Markowa
nazywang symetrycznymi procesami Hunta.

Jednym z kluczowych twierdzen teorii form Dirichleta jest wzér Beurlinga—Deny, ktory
mowi, ze kazda regularna forma Dirichleta ma jednoznaczny rozktad na trzy sktadniki:
sktadnik silnie lokalny, sktadnik skokowy z miarg skokéw J i sktadnik zwiazany z zabijaniem
z miara zabijania k. Sktadniki te odzwierciedlaja kolejno ciaggle, skokowe i zwiazane
z zabijaniem zachowanie sie procesu Hunta powigzanego z forma Dirichleta £. Wzér ten
brzmi nastepujaco:

£ ) = £(u,) + 5 [[(uly) — u(@)wly) — o(w)) Jdw,dy) + [u()ole) k(do)

ExE\diag

i zachodzi dla wszystkich ciagltych (w ogdélnosci kwaziciagtych) funkeji u i v z dziedziny
D(E).

W niniejszej rozprawie uzyto tak zwanej formy Sobolewa—Bregmana (w skrécie p-formy),
ktora jest uogdlnieniem formy Dirichleta na przestrzen LP, gdzie 1 < p < oo. Pojecie to
pojawiato sie wczesniej w literaturze jedynie w kontekscie czysto skokowych form Dirichleta;
patrz [16, 14]. Autor rozprawy zaproponowal ogélng konstrukcje p-formy uzywajac form
aproksymujacych forme Dirichleta.

Jednym z gltéwnych wynikow niniejszej rozprawy jest wzér Beurlinga—Deny dla form
Sobolewa—Bregmana. Najwazniejsza zaleta tego wyniku jest to, iz wzor ten dziata w pelnej
ogblnosci — jest spetniony dla kazdej regularnej formy Dirichleta, bez zadnych dodatkowych
zatozen. Przy uzyciu tego wyniku, zostata udowodniona nastepujaca ogdlna tozsamosé
Hardy’ego—Steina dla dowolnej regularnej formy Dirichleta:

/\f(x)|pm(dx) — lim [|[Ppf|f = ilp—-1) 7m66[(Pf)<p/2>] dt
“ T—+o00 Ty — D ) t

b [ J] s, i) st p [ [R5 M, T e m)

0 ExFE\diag
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Tutaj, funkcja F,(a, b) = |b|P — |a|P — pa’?~Y (b — a) to tak zwana dywergencja Bregmana,
natomiast a’ = |a|” sgn(a) oznacza francuska potege. Przez operatory P, rozumiemy
polgrupe zwigzang z formg Dirichleta.

Kolejnym wynikiem rozprawy jest dowod spolaryzowanej tozsamosci Hardy’ego—Steina
dla czysto skokowych form Dirichleta oraz zbadanie wlasno$ci spolaryzowanego odpowied-
nika p-formy:.

Ostatni rozdzial niniejszej rozprawy zawiera zastosowanie podejscia z prac [5, 63] i przy
uzyciu uzyskanych wczesniej wynikéw, otrzymanie oszacowan p-tych norm dla funkcji
kwadratowych Littlewooda—Paleya. Aby zaadaptowac¢ podejécie z wymienionych wyzej prac
do bardziej ogdlnego przypadku zastosowano miary Revuza i ich relacje z funkcjonatami
addytywnymi. Dodatkowo, w niniejszej pracy przedstawiono przyktady operatoréw, dla
ktorych nie da sie uzyskaé oszacowania p-tych norm oraz wskazano nienaprawialny btad
z artykutu [63].
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Abstract

The Hardy—Stein identity captures the disintegration of the energy of a function from
the LP-space. By energy, we mean the p-norm of a function. Originally, the Hardy-Stein
identity was derived by Stein in his book [99, pp. 86-88] for the Laplace operator,
employing the chain rule for that operator. The study of a non-local instance of the
Hardy—Stein identity is quite new. We may refer to Banuelos, Bogdan, and Luks in [5]
for the identity for Lévy-type operators on a FEuclidean space. The Hardy—Stein identity
can be investigated using both analytical and probabilistic approaches. The authors of [5]
utilized the former. For the probabilistic approach, we may refer to Bafiuelos and Kim [6],
where [t6’s formula was employed.

The author employs the theory of regular Dirichlet forms to generalize the previous
results. A regular Dirichlet form is a closed, non-negative, symmetric, Markovian bilinear
form &(u,v), with domain D(£) dense in L-space, which possesses a core. The class of
regular Dirichlet forms is in a one-to-one correspondence with a specific class of symmetric
Markov processes known as symmetric Hunt processes.

One of the main results from the theory of Dirichlet forms is the Beurling—Deny formula,
which provides the unique decomposition of a regular Dirichlet form & into three parts:
the strongly local part £¢, the jumping part with the jumping measure J, and the killing
part with the killing measure k. These parts respectively describe the diffusive, jumping,
and the killing behavior of the Hunt process associated with £. This formula reads

£u,v) = £u0) + 3 [[ (uly) — u(@)wly) — () J(dr, dy) + [ ulx)o(z) kda)

ExFE\diag

for all continuous (in general quasi-continuous) functions u and v from the domain D(E).

In the present dissertation, the Sobolev—Bregman form (or shortly p-form) is employed
as an extension of the Dirichlet form to LP for 1 < p < co. This notion has appeared in
the literature defined only for pure-jump Dirichlet forms; see [16, 14]. The author proposes
a general definition of the p-form using the approximation form of the Dirichlet form.

One of the main results of the dissertation is the Beurling-Deny formula for the
Sobolev—Bregman form. The main advantage of this result is its validity for any regular
Dirichlet form without requiring additional assumptions. Utilizing this result, the following
general Hardy—Stein identity for all regular Dirichlet forms is proved:

. »  4p—1) +Oo c (p/2)
JIF@ P midn) =t |[Pefly = =22 [ e ar
E 0

- 7)0// EFy(Pf(x), Pof(y)) J(dz, dy)dt + p 70/ |P, f(x)]P k(dz)dt, f € LP(m).

0 ExE\diag

Here, the function F,(a,b) = |b|” — |a|P — pa®®~V(b— a) is the so-called Bregman divergence,
where a'” = |a|"sgn(a) is the French power. The family (P;)io of operators is the
semigroup associated with the Dirichlet form.

Another result of the dissertation is the proof of the polarized analog of the Hardy—Stein
identity for pure-jump Dirichlet forms. To achieve this, the author study the polarized
version of p-form.

In the last chapter of the dissertation, the author follows [5, 63] and utilizes the obtained
results to derive LP-bounds of non-local Littlewood—Paley square functions. To adapt the
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approach from the mentioned papers to a more general setting, the Revuz correspondence
is utilized. Additionally, the dissertation introduces new examples where Littlewood—Paley
estimates do not hold and identifies an irreparable error in the paper [63].



Chapter 1

Introduction

Non-local operators have attracted considerable attention and have been the subject of
extensive research in recent years. Throughout this work, the operator will be understood
as a certain mapping A acting on an appropriate space of real-valued functions. We
consider functions on a topological space E, often the Euclidean space RY. The name
non-local refers to the following property of such operators: the value of Au at a point x
depends on the values of the function u at points that are located far from the point z.
Typical examples of such operators are integral operators. This is in contrast to local
operators, where the value of Au(x) depends only on the values of w in an arbitrarily small
neighborhood of z. Local operators are mainly exemplified by differential operators. The
classical example is the Laplace operator A. On the other hand, the commonly researched
example of a non-local operator is the fractional Laplacian A®?2. It may be understood as
the operator —(—A)®/2 defined by the spectral theory, where A is the classical Laplace
operator; various equivalent definitions of this operator have been presented by Kwasnicki
in [61]. The fractional Laplacian belongs to the broader class of so-called Lévy-type
operators.

If an operator —A is non-negative and self-adjoint on L?-space, it generates a semigroup
of operators (P;);>o. The connection between this semigroup and such a generator can be
described by P, = e*4 in the sense of spectral theory.

If the operators P, are Markovian, then they are transition operators of a Markov
process (X¢)i>o with the state space E. This relationship may be understood by the
following equality: P,f(x) = E,f(X;), where IE, is the conditional expectation under the
condition that the process starts at a point x. For instance, the classical Laplace operator
A is connected with the Brownian motion (B;);>o on R%. As another example, we may
mention the connection between the fractional Laplacian A%/? and the rotationally invariant
a-stable Lévy process (X;);>0. Generally, local operators are associated with processes
having continuous paths, whereas non-local operators correspond to jump processes. The
intensity of jumps of a Markov process can be described by a certain measure J called
Jjumping measure.

The author’s research focused exclusively on symmetric Markov processes, which are
processes in which the probability of transition from a point x to a point y is equal to the
probability of transition from y to x. In particular, the jumping measure is symmetric
in this case: J(dz,dy) = J(dy,dx). From the analytical perspective, this symmetry
is reflected in the operators P, being self-adjoint on the L?-space: (P,f,g) = (f, Pig),
f,g € L*(E,m). Here, {f,g) = [r fgdm denotes the inner product of the Hilbert space
L?*(E,m). For convenience, we will write later LP(m) = LP(E,m).



2 Introduction

1.1 Hardy—Stein identity

The main focus of this doctoral dissertation is the Hardy-Stein identity for non-local
operators. The typical instance of the identity associated with the purely non-local case
reads

/|f )P m(dz) // Fy(Puf(x), Pf(y)) J(dz, dy)dt (1.1)

0 ExFE\diag

for any function f in the Banach space LP(m), 1 < p < co. Here, the function
Fy(a,b) = b = [aP — pa® I (b — a)

is the so-called Bregman divergence, where a'” = |a|” sgn(a) is the French power. The
identity in the form of (1.1) was first proposed by Bafiuelos, Bogdan, and Luks in [5] for a
certain class of Lévy-type operators (on £ = R?), where the measure .J in this context is
a translation-invariant Lévy measure v: J(dz,dy) = v(dy — x)dz. The above instance of
the Hardy—Stein identity was the starting point of the author’s investigation.

In light of the relationship between analysis and probability mentioned above, the
Hardy—Stein identity can be investigated using both analytical and probabilistic approaches.
The earlier work in [5] utilized the former, while Banuelos and Kim in [6] later extended
these results to non-symmetric Lévy processes, employing [t6’s formula.

Originally, the Hardy—Stein identity was derived by Stein in his book [99, pp. 86-8§]
for the Laplace operator A. The approach there relies essentially on the chain rule:
Au? = p(p — 1)uP~2|Vul|* + puP~t Au. This method can be adapted to a broader class of
local operators, for which the chain rule is available. This strategy was discussed by Bakry
in Section 1.3 of [3]. It is noteworthy that the chain rule is limited to operators associated
with Markov processes having continuous trajectories. Therefore, this technique cannot be
applied to non-local operators.

The Hardy—Stein identity has applications in Littlewood—Paley theory which is de-
scribed in Section 1.4 and more broadly in Chapter 8.

The aim of the author’s investigation was to generalize the above non-local Hardy—Stein
identity to a broader class of operators. The result of this work is the following.

Theorem 1.1. Let 1 < p < oco. Under some standard assumptions about the semigroup
(Py)i>0, the following identity holds:

[1r@pm(de) = tim_(1PrfI (1.2)
_ 4( /50 (Bf)®/2)] dt

0 E><E'\d1ag
+p//|Pt )P k(dz)dt, f e LP(m).

Here, ||-||, is the norm of the space LF(m). In the above identity k is the killing measure
and E°¢ is the strongly local part of the Beurling—Deny formula (see (1.7) below).
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The strongly local part £¢ and the killing measure k£ describe, respectively, the diffusive
and killing behavior of the Markov process associated with the semigroup (P;);>o. We stress
that in typical cases the term limy_, o || Pr ||} vanishes. The statement in Theorem 1.1
is rigorously described in Corollary 7.4.

1.2 Sobolev-—Bregman form

The strategy employed by the author was to study the inner integral of the right-hand
side of (1.1), that is,

//F J(dz,dy) = //H (y)) J(dz,dy), u € LP(m),

E x E\diag E x E\diag

(1.3)

where the symmetrized Bregman divergence is defined by
1 p _ _
Hy(a,b) = o (Fy(a,b) + Fp(b,a)) = 5(b — a) (b1 — a1

and is more commonly used in this context in the recent literature. The second inequality
in (1.3) follows from the symmetry of the measure J. The form &, is the so-called
Sobolev-Bregman form or shortly p-form. Although this notion has appeared earlier,
the name Sobolev—Bregman form was introduced only recently in Bogdan, Jakubowski,
Lenczewska, and Pietruska-Patuba [16] and Bogdan, Grzywny, Pietruska-Patuba, and
Rutkowski [14]. Let A, be the generator of the semigroup (F;);>o on LP(m). It turns
out that the p-form in the purely non-local case can be written in terms of A, as follows:
Eplu) = (—Ayu,uP~1). In particular, &,[u] is finite whenever u belongs to the domain
D(A,) of the generator A,, which may be written as D(A,) C D(E,). Since the generator
A, is defined by the following limit: A,u = lim,_o+ §(Pu — u) in LP(m), one can propose
the alternative definition of p-form:

Elu] = lim ED(u,u'?™1), u e D(E,), (1.4)

t—0t

with domain

D(&,) = {u € LP(m) : finite tliréa ED (u, uP~1) exists} :
where £ (u,v) = L(u — Pu,v), t > 0 is the so-called approzimate form. It was shown
in Lemma 7 in [16], that D(&,) coincides with the class of functions with the integral on
the right-hand side of (1.3) finite, at least for the fractional Laplacian. Nevertheless, in
contrast to (1.3), the definition (1.4) is more appropriate in the general context, while
(1.3) is relevant only for Markov processes with a pure-jump behavior. For instance, in
the case of the Laplace operator A the p-form has the following form:

Elul = (p=1) [ Jul*|Vul* da, (15)

at least for u in the Sobolev space W*P(R?); see Metafune and Spina [76] and Lemma E.1
in Bogdan, Gutowski, and Pietruska-Patuba [15].

With the general definition of the p-form at hand, we can derive a more abstract version
of the Hardy—Stein identity.
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Theorem 1.2. Let 1 < p < +o00. Under some standard assumptions about the semigroup
(P,)i>0, the following identity holds:

+oo
[1r@prm) = tim |Pefll=p [ &IPS fer(m).  (16)
E 0

The precise statement of the above identity is described in Theorem 3.2.

As can be seen, here we include the case where the semigroup (F;)¢>o does not satisfy
the strong stability condition: limr—, o [[Prfll, = 0, f € LP(m). Identity (1.6) may be
written also in the differential form:

d
U |PSIS = —pEp[Pef], [ € LP(m), t > 0.

For this, see Proposition 3.4. This last relation has been known since the work of Varopoulos
[108]; see equation (1.1). In light of the above observations, the derivation of the explicit
form of the Hardy—Stein identity can be reduced to finding an explicit formula for the
Sobolev-Bregman form &,.

The notion of the Sobolev—Bregman form is an extension of the extensively studied
concept of a (regular) Dirichlet form. In brief, a (regular) Dirichlet form is a closed,
non-negative, symmetric bilinear form &(u,v), with domain D(€) C L?*(m) satisfying
certain additional conditions. In terms of the generator, the Dirichlet form can be
characterized by £(u,v) = (v/—Ayu,/—Asv), where the domain is given by D(£) =
D(v/—Asz); here, \/—As is defined via spectral theory. The quadratic form E[u] = £(u,u)
is the special case of the p-form when p = 2, namely &[u| = £(u, u).

The theory of regular Dirichlet forms is widely explored in the literature. The author
primarily follows the book by Fukushima, Oshima, and Takeda [45], however, other
references include Ma, Rockner [72], Wang [110], and Fabes et al. [37]. The class of regular
Dirichlet forms is in the one-to-one correspondence with a specific class of symmetric
Markov processes known as symmetric Hunt processes. For a comprehensive description
of this correspondence, we refer to Chapter 7 of [45]. For this reason, the results of the
present dissertation are relevant to symmetric Hunt processes. Summarizing all the above
remarks, generators A, semigroups (F;);>o, symmetric Hunt processes (X;)i>o, regular
Dirichlet forms £ (and, as we will see later, Sobolev—Bregman forms) are all mutually
connected.

The central result from this theory, crucial for our consideration, is the Beurling-Deny
formula, which provides the following unique decomposition of a regular Dirichlet form &
into three parts:

E(u,v) = E(u,v)
+ 5 [ () — u(@) () — o) T, dy) (1.7)

ExFE\diag

+ / u(@)o(z) k(de),

for all continuous (in general quasi-continuous) functions v and v in the domain D(E).
The above three parts are: the strongly local part, the jumping part, and the killing part.
These parts respectively describe the diffusive, jumping, and killing behavior of the Hunt
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process associated with £. The latter two are completely characterized by the so-called
Jumping measure J and the killing measure k.

One of the main results of the present work is the Sobolev-Bregman analogue of the
Beurling—Deny formula.

Theorem 1.3. The following characterization of the domain of the Sobolev—Bregman form
holds:

D(E,) = {u e LP(m) : u'?/? € D(E)}. (1.8)
In fact, the following estimate holds for any u € D(E,):

Alp—1)
Tf:[ uP?] < £ [u] < 2E[u/?). (1.9)
Moreover, the p-form &, is given by the following formula for continuous (in general
quasi-continuous) u € D(E,):

4 = )SC[ v/ (1.10)

Eplul =
L1 //F ) J(de, dy) +/|u )P k(da).

E x E\diag

Here, the measures J and k are the jumping measure and the killing measure in the classical
Beurling—Deny formula for the Dirichlet form (€, D(E)).

The above result is presented rigorously in Theorem 7.1. Additionally, less general but
chronologically earlier versions of Theorem 7.1 are stated in Theorems 4.6 and 6.2. In fact,
the Hardy—Stein identity given in (1.2) is a consequence of (1.6) and (1.10). Observe that
in view of (1.10), quantity (1.3) is a special case of the p-form for the so-called pure-jump
case (i.e., £ = 0) with no killing (i.e., k = 0).

The estimate given in (1.9) for £ and &, defined in terms of the generator:

p/2 (\/—Ay ulP? [ — A, up/2 Eplul = <—Apu,u<p_1>>,

with u € D(A,) C (D(v/—A43))?/P) was broadly investigated in much earlier works. The
lower bound can be found in the book of Stroock [106, Lemma 9.9], and in [108, Lemma
on p. 246]. The two-sided estimate was given in Liskevich and Seménov [67, Theorem 1],
[68, Theorem 1], Liskevich and Perel’'muter [65, Theorem 3.3], and Liskevich, Perel’'muter,
and Seménov [66, Theorem 3.1]. We also refer to Proposition 8.1 in Kinzebulatov and
Seménov [59] for the lower bound. In the context of the fractional Laplacian, the lower
bound can also be found in Section 7.6 of Cialdea and Maz’ya [35].

1.3 Polarized Hardy—Stein identity

A separate part of the author’s investigation focused on deriving the polarized analog of
the purely non-local Hardy—Stein identity (1.1) and the polarized version of the p-form
in this context. One of the results of the present dissertation is the following polarized
Hardy—Stein identity presented in [15].
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Theorem 1.4. Let 2 < p < oo and f,g € LP(m). Denote ® = (f,g) and P, :=
(P.f, Pg). Let (£,D(E)) be a pure-jump Dirichlet form (i.e., £¢ = 0) with no killing (i.e.,
k =0). Under some mild assumptions,

ERCS)
[1@gr 0@y mar) = [ [[ Z(PoG), Pow) Jdr dgar. (111)
E 0 ExFE\diag
Here, J, is a polarized version of the Bregman divergence F),
Tp(w, z) = leép—l) — wlwép_1>

B wép_n(?& —wp) — (p— Dwi|wa|P (2 — wy).

A complete statement of the above result is given in Theorem 5.6.
Additionally, it was proven in [15] that the polarized Sobolev—Bregman form defined
by

&) = [ T@ (), B(w) J(da,dy).
Ex E\diag

where @ := (u,v), is well-defined for 2 < p < oo and u, v in the domain of the generator
A,. In such a situation, the following identity holds.

Theorem 1.5. Let 2 < p < 0o and u,v € D(A,). Under the assumptions of Theorem 1.4,
1 1

Ey(u,v) = —=(Ayu, vV — (A, (p — Dulv[P~2). (1.12)
p b

The above result is stated rigorously in Theorem 5.10.

1.4 Applications in Littlewood—Paley theory

Revisiting the non-local case, we want to note that Banuelos, Bogdan, and Luks in
[5] applied the Hardy-Stein identity to derive LP-bounds for the following square (or
Littlewood—Paley) functions of f € LP(m):

oo 1/2
Gl) = (; [/ <af<y>af<x>>2j<x,dy>dt) (113)

0 E\{z}

and

+00 1/2
Glr) = ( [/ (Ptf(y)PJ(SU)VX(HJ‘(J?);Ptf(y))J(w,dy)dt) Ry
0 E\{z}

where x(s,t) = Lijs>p) +% Lysj=¢y and J(x,dy) is the kernel of the jumping measure
J: J(dz,dy) = J(x,dy)m(dz). More precisely, they studied the existence of constants
¢p, Cp > 0 such that

e 1, < MGH, < Gollf1l, (1.15)
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holds for all f € LP(m). The estimates given in (1.15) are called Littlewood—Paley estimates.

Square functions were originally introduced by Littlewood and Paley [69], although
the concept can be traced back to the works of Kaczmarz [55] and Zygmund [114];
see also Zygmund [113]. These works concerned the application of a certain square
function to study the pointwise convergence of Fourier series. Later, Littlewood and
Paley presented various results connecting square functions with Fourier series in a series
of articles [69, 70, 71, 88, 89]. In later years further works appeared, addressing both
earlier and entirely new square functions. These include, in particular, the work of
Marcinkiewicz [73] introducing the so-called Marcinkiewicz square function, Marcinkiewicz
and Zygmund [75] studying the area integral of Lusin, Zygmund [115, 116] about power
series, Marcinkiewicz [74] treating Fourier multipliers, Zygmund [117], where the LP-
boundedness of Marcinkiewicz square function was shown, and Zygmund [118], where
the proof of Littlewood’s and Paley’s results from [70] was simplified. Further works of
Zygmund and his students set new directions for the development of square functions. At
that point, the theory was generalized to the multidimensional case. For this, we refer to
Calderén [26], Stein [95], and Benedek, Calderén, and Panzone [9]; see also Calderén [27].
Moreover, significant progress was achieved in the study of the Marcinkiewicz square
function. For this, we may refer to Weiss and Zygmund [112] and to [95]. What is
notable, the Marcinkiewicz square function found an application to the study of derivatives
(even fractional) in the sense of LP; see Stein and Zygmund [104, 105]. We also would
like to mention the works of Calderén and Zygmund [28] and Zygmund [119, 120]. The
later period of research involving square functions brought to life a rich development of
the theory of the Hardy spaces. These include the work of Burkholder [23], extending
Paley’s theorem for Walsh-Paley series to general martingales, and its further extensions:
Burkholder and Gundy [24] and Burkholder, Gundy, and Silverstein [25]. We should also
mention Stein [96, 97, 98], Fefferman and Stein [40], and Gundy and Stein [49], where,
in particular, the characterization of the Hardy spaces was described through Brownian
motion. Among other applications of the classical Littlewood—Paley theory, we may also
mention Stein [101], Stein and Wainger [103], Nagel, Stein, and Wainger [87], Weiss and
Wainger [111, pp. 429-434], Fabes, Jerison, and Kenig [38], and Jones and Kenig [46, pp. 24-
90]. Many of the concepts mentioned above were included in the books of Stein [99, 100].
In particular, in [100], square functions played a crucial role in establishing the maximal
inequality for semigroups; see Lemma 2.1 below and Chapter 8 for an application of
this result in the present dissertation. For a more detailed account of the history of the
development of classical Littlewood—Paley theory, outlined in this paragraph, we refer the
reader to the brilliant essay of Stein [102].

At this point, it is worth noting that, due to the very broad scope of applications of
square functions, the literature features a great variety of square functions, some sharing
close similarities, whereas others are more loosely connected. Nevertheless, this dissertation
addresses the topic of the family of square functions associated with stochastic processes.
This idea was initiated by Meyer in his series of articles [79, 80, 78, 81, 82]; see also further
corrections [83, 84]. Briefly speaking, the focus is on those square functions that can be
expressed through the carré du champ operator I" introduced by Meyer in [78]. Since, in
the case of Brownian motion, we have I'[u] = |Vu|®, the square functions studied by Stein
in [99] can be interpreted as square functions corresponding to the Brownian motion and,
consequently, to the classical Laplace operator A. This area was later further explored
by Meyer in [85, 86]. Another probabilistic approach to the Littlewood—Paley functions
from [100] was proposed by Varopoulos [109]. Additionally, we highlight the work of
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Banuelos [1], which introduced the Brownian analogue of the Lusin area integral. See also
the monograph of Bafniuelos and Moore [2]. Nevertheless, closely related square functions
for Brownian motion were introduced slightly earlier by Bennett in [10]. Later, Bouleau
and Lamberton generalized the aforementioned probabilistic methods from Brownian
motion to the a-stable processes in [21]. A continuation of a study of the Littlewood-Paley
theory in the a-stable case can be found in more recent works. We refer here to Kim and
Kim [58] and to Karli [56].

The application of the classical Hardy—Stein identity to prove the LP-boundedness
of square functions was provided by Stein in [99, pp. 86-88]. Nevertheless, the main
scope of the present dissertation is the LP-boundedness in the non-local case. For the
first implementation of the Hardy—Stein identity in obtaining non-local Littlewood—Paley
estimates, we refer again to [5]. The identity (1.2) generalizes the non-local version of
the Hardy—Stein identity proposed in [5] not only to a broader class of Markov processes,
but also to a class of topological spaces E, significantly broader than Euclidean spaces
R?. For that reason, in this work, we apply the approach from [5] to generalize the
Littlewood—Paley estimates for G and G.

Another tool applied by Baniuelos, Bogdan, and Luks in [5] as well as by Li and Wang in
[63] to obtain the Littlewood—Paley estimates is the Burkholder—Davies-Gundy inequality.
In this work, we propose a nontrivial adaptation of this method for our purpose. To
achieve this, we employ the notion of Revuz correspondence.

Moreover, we present some counterexamples to the LP-boundedness of square functions
G and G, and propose alternative definitions of the square function as an attempt to
overcome this issue.

For a precise list of Littlewood—Paley estimates and counterexamples, we refer to the
introduction to Chapter 8.

1.5 Structure of the Dissertation

The main notions used in this work, such as semigroups of contractions, Dirichlet forms,
Sobolev—Bregman forms or Hunt processes, are introduced in Chapter 2. The abstract
version of the Hardy—Stein identity (1.6) is proved in Chapter 3. Chapters 4, 6, and 7 cover
the results on the p-form analog of the Beurling-Deny formula. The polarized Hardy—Stein
formula is given in Chapter 5. The Littlewood—Paley estimates are investigated in
Chapter 8.

Most notation is introduced in Chapter 2. The concepts utilized only in Chapters 5
and 8 are described in the introductions to the corresponding chapters.



Chapter 2

Definitions and discussion

In this work we use the following notation. The symbol x := y means that = is defined to
be equal to y.

2.1 Topological assumptions

We start with a description of the topological space we will work on. It is a standard
structure for the theory of Dirichlet forms, for example, in Fukushima, Oshima, and
Takeda; see [45, (1.1.7.)]. The basic notions and properties of the Dirichlet form theory
are described in Section 2.4.

Let E be a locally compact separable metric space, and let B(E) be the o-algebra of all
Borel sets in E. Consider a Radon measure! m on E, that is, a measure on the o-algebra,
of Borel sets B(E) which is finite on all compact sets, outer regular on all Borel sets, and
inner regular on all open sets. Moreover, we assume that m is of full support, that is,
suppm = E. In particular, it follows that m is strictly positive on non-empty open sets.

For 1 < p < oo, we consider the Banach space LP(E,B(E), m) of real-valued Borel
functions with finite p-norm. For simplicity, we shall write L”(m). Denote by ||-[|, the
p-norm of LP(m). Let ¢ be the conjugate exponent of p, that is, 1/p+1/¢ =1 with ¢ =1
for p = 0o and ¢ = oo for p = 1. For functions f € LP(m) and g € L%(m) we use the
canonical pairing notation

(f.9) = [ F@)g(a) m(da).

In Chapter 5 we also use the vectorized version of the above notation. Fix a non-negative
integer n. Let f = (fi,..., fn), where fi1,..., f, € LP(m) and g = (g1,-..,Gn), Where
g1y, gn € LI(m). Then we shall write

n

(.90 = [ J@)- gl@)ym(da) = 3 [ fi(@)g;(@) m(da) (2.1)

Jj=1

Here, - is the dot product on R™.

1See Folland [44].
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2.2 Strongly continuous semigroup of contractions

In this section, we introduce a typical notion of the family of linear operators on L?(m)
connected with Dirichlet forms. In this procedure, we follow Fukushima, Oshima, and
Takeda [45]; see Chapter 1. Regarding LP-extension, we refer to the monograph by
Jacob [53]. The connection with Dirichlet forms is presented in Section 2.4, below.

We consider the family (P;)s¢ of linear operators on L?*(m) with domain L?(m)
satisfying the following conditions:

P,.L2.1) Each P; is symmetric: (P,f,qg) = {(f, Pg), f,g € L*(m), t > 0.

P.L (P)i>0 is a semigroup: P;P, = Pyiy, s,t > 0.

(
(P.L?.2)

(P;.L*.3) Contraction property: |Piflly <||flly f € L*(m), t > 0.
(P,.L?.4) Strong continuity: Pif — f in L*(m) as t — 07, f € L*(m).
(P.L*.5)

P,.L2.5) Sub-Markov property: 0 < Pif <1 m-a.e. whenever f € L*(m), 0 < f <1 m-a.e.

Each operator P, can be uniquely extended to an operator on L*>°(m) and also to an
operator on L'(m). These operators are contractions: ||Pif||, < [|f|,, for f € LP(m),
with sub-Markov property: 0 < P.f <1 m-a.e., for f € LP(m), 0 < f <1 m-a.e., when
p € {00, 1}. For these constructions, we refer to [45, p. 56| and [45, p. 37], respectively.
Further, the above family of operators (P);>o on L'(m) constitutes a strongly continuous
semigroup: Pif — fin L'(m) ast — 0, for f € L'(m); see [45, p. 201]. The above
observations imply that the semigroup (P;);>¢ defined as above can be uniquely extended
to a family on LP(m) for 1 < p < oo, satisfying the following conditions:

(P,.LP.1) Each P, is symmetric on L*(m):
<Ptfag>:<fvptg>7 f,geLp(m)ﬂLQ(m),t>O

P,.L?.2) (P)i>o is a semigroup: PP, = Psyy, s,t > 0.

P,.LP.3) Contraction property: ||Pf|l, < || fll,, f € LP(m), t > 0.

( )

( )

(P,.LP.4) Strong continuity: P,f — f in LP(m) ast — 0T, f € LP(m).

(P,.LP.5) Sub-Markov property: 0 < P,f <1 m-a.e. whenever f € LP(m), 0 < f <1 m-a.e.

It is noteworthy that the semigroup (F;):>o may not be strongly continuous on L>(m)
in general. We refer to Section 1 of Farkas, Jacob, and Schilling [39] where a type of
Riesz—Thorin interpolation theorem was applied. See also Section 2.6 in [53, pp. 133-138].
These references work (for simplicity) in the context £ = R¢, but the same argument
holds for a general F.

Strong continuity and sub-Markov property imply together that every P, is also positivity
preserving (another name: conservation of positivity), i.e., P,f > 0 m-a.e. whenever
f € LP(m), f > 0 m-a.e. This implication is almost straightforward; nevertheless, for
confidence, we may refer, e.g., to Lemma 4.6.2 in the monograph by Jacob [52].

Every operator P, possess the kernel P,(x,dy), namely,

Pf = [ 1) Pla.dy), € L(m)
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We also denote P,(dx,dy) := P;(x,dy)m(dz). Due to the symmetry property (P;.LF.1),
we have P,(dz,dy) = P(dy, dx).
In addition, the symmetry also implies that for f € L'(m), we may write

| Pf(@)miax) = [ ( [ fw) Pt<x,dy>) m(de) = [[ f) Plde,dy)  (22)

- [1w) ( / Pt(y,dx)) midy) = [ f(x)PA (@) m(da).

Under assumptions (P;.LP.1)—(P;.L?.4) of the semigroup (P;);>0, we obtain the following
maximal inequality of Stein. We refer to [100, p. 73]. This inequality will be very useful
in Chapter 8.

Lemma 2.1 (Stein’s maximal inequality). Let 1 < p < oo. For arbitrary f € LP(m), if
we denote f*(x) := sup;sq | P f(x)|, then

o L, i ep <o
< Pt AT 2.3
. Hp_{HfHoo iy x. &9

We define the infinitesimal generator of the semigroup (P;):>o on LP(m):

D(A,) := {u € LP(m) : lim }(Ptu — u) exists in LP(m) } :
t—0+ ¢
1 (2.4)
Apu = tl_lg{L ;(Ptu —u) in LP(m).

The contraction property and the symmetry of the semigroup (conditions (FP,.LP.1)
and (F;.LP.3)) imply that (P;);>0 is analytic on LP(m) for 1 < p < oo, i.e., it extends
to the family of operators (P )itires, With ¢ 4 ir in some sector S, 2 (0, +00) on the
complex plane for which LP-valued-function S, > t + ir — P, f € LP(m) is analytic
for all f € LP(m). This is well-known result provided by Stein in [100, Theorem 1 in
Chapter II]. For further results for a wider domain of analyticity than Stein’s .S, we refer
to Liskevich and Perel’'muter [65].

In our study, we will consider only ¢ in real semi-axis [0, 400). The above results imply
that for 1 < p < oo, t > 0, and any f € LP(m) function P, f belongs to D(A,). This
observation will be crucial in the proof of the Hardy-Stein identity.

2.3 Derivatives on L?

Inspired by Bogdan, Jakubowski, Lenczewska and Pietruska-Patuba [16], we will employ
the calculus of LP-derivatives. Nevertheless, this approach may be found much earlier. We
may refer to the proof of Lemma on page 246 in Varopoulos [108].
The following notions will be very useful to derive the abstract version of the Hardy—-Stein
identity in Chapter 3 and in the multidimensional adaptation of this approach in Chapter 5.
Let 1 < p < 0o and fix some interval I C R . For a mapping I > t — u(t) € LP(m) we
denote

Apu(t) == u(t +h) —u(t) ift,t+hel.
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We say that u is continuous on I with values in (LP(m))"™ if Apu(t) — 0 in (LP(m))"
as h — 0 for every ¢t € I. We say that u is differentiable on I with values in (LP(m))" if
W' (t) == limy,_0 3 Apu(t) exists in (LP(m))" for every t € I. We say that u is continuously
differentiable (or shortly C') on I with values in (LP(m))" if u is differentiable and the
mapping [ 3t — u/(t) € (LP(m))" is continuous.

In further considerations, we will pay special attention to the mapping u(t) := P;f,
t > 0, where f is some fixed function in LP(m). The differentiability of this mapping is
known, at least for 1 < p < co. Indeed, since semigroup (P;):>o is analytic on LP(m) for
1 < p < o0, the LP-derivative of u(t) is equal to A,u(t) for ¢t > 0, and also u/(t) = P, A, f
for t > 0, when we additionally assume that f € D(A,). In fact, u is C' with values in
LP(m) on (0,400) or [0,+00) respectively.

Let us define the French power

a" = |a|" sgna,

for real a and ~, whenever the above expression makes sense. We highlight the following
connection between functions: |a|” and a%

(Ja|") =~va"~Y, if either a € R, v > 1 or a € R\ {0}, (2.5)
() = yla|"™", ifeithera € R, v >1oracR\{0}. (2.6)

In further chapters, we will utilize the following LP-counterpart of (2.5) and (2.6)
applied to P, f.

Corollary 2.2. Let f € LP(m) and u(t) := P,f. Let 1 <~ < p.
(i) The mapping |u|” is C* on (0, +00) with values in LP/?(m) and

(Ju(®)]") = yut)" D' (t) = yu() TV APS, t20. (2.7)

(i) The mapping u is C* on (0, +00) with values in LP/Y(m) and

(u(®)) =7 fu)7 () = Alu) T ARS, 20, (2.8)

In addition, if f € D(A,), then |u|” and u"Y) are C* on [0, +00) with values in LP/Y(m).

The above statement is the corollary of Prop A.2 from Appendix A that derives
LP-derivatives for an arbitrary C! mapping in the multidimensional case. The multidi-
mensional version of this statement will be needed only in Chapter 5, therefore here we
restrict considerations to the one-dimensional case. This statement appeared previously in
Lemmas 15, 16 from [16] and in the joint work written by the author with Bogdan and
Pietruska-Patuba [15, Corollary 2.3].

2.4 Regular Dirichlet forms

In this section, we introduce the notion of Dirichlet form, define a regular Dirichlet form,
and present the connection between this notion and the semigroup introduced in Section 2.2.
In this framework, we draw upon [45]; see Chapter 1. Some other concepts essential to
the results of Chapter 8 are introduced there and are based on Bouleau, Hirsch [20]. For
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other sources dealing with the theory of Dirichlet forms, we may refer to Ma, Rockner
[72], Wang [110], and Fabes et al. [37].

The class of continuous functions defined on a set A will be denoted by C(A). By
C.(A) we will denote the class of functions in C'(A) with compact support.

We consider a bilinear form £: D(€) x D(£) — R with domain D(£) C L*(m). Denote

E(u,v) == E(u,v) + afu,v), a>0,uveDE). (2.9)
Let Eu] := E(u, u) and Ey[u] := Eo)(u, u). We say that v € L*(m) is a normal contraction
of u € L*(m) if some Borel version v of v

[0(y) = v(@)| < luly) —az)|, |o(2)| < la(x)], xy€kE,

for some Borel version u of u.
We assume that & satisfies the following conditions:

(£.1) D(E) is dense in L*(m)
(€.2) Symmetry: E(u,v) = E(v,u), u,v € D(E).
(€.3) & is non-negative: Elu] > 0, u € D(E).

(£.4) & is closed: if (up)nen is a sequence of elements of D(E) such that q)[u, — um] — 0
as m,n — 400, then there exists u € D(E) such that £q)[u, —u] = 0 as n — +o0.

(£.5) € is Markovian: For each € > 0 there exists a real function ¢, such that:
(i) (t) =t for t € [0,1],
(i) —e(t) < pe(t) <14ceforteR,
(iii) 0 < @.(t) —pe(s) <t —sfor s <t,
(iv) ¢:(u) € D(E) and E[p-(u)] < EJu] whenever u € D(E).

Condition (£.5) is equivalent to the following one:

(E.5") Ewvery normal contraction operates on £: when u € D(E), then for every normal
contraction v of u we have v € D(£) and E[v] < E[ul.

Note that the last one implies that for any Lipschitz function ¢ with Lipschitz constant L
such that ¢(0) = 0 the following implication holds:

u € D(E) = p(u) € DE), L*E[p(u)] < Eul. (2.10)

A pair (€, D(E)) satistying conditions (£.1)—(£.5) is called a Dirichlet form. In such a
case, D(£) equipped with the inner product &£y is a Hilbert space for each av > 0. We say
that a Dirichlet form (€, D(£)) is regular, when it additionally satisfies:

(£.6) (£,D(E)) posses a core, i.e., a subset C of D(E) N C.(F) such that C is dense in both
spaces: (D(£),&q)) and (Ce(E), [|-]l.0)-
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The principles provided above can be found in Section 1.1 of [45].

One may use the semigroup to construct the approximate form of £. Indeed, let (P;);>0
be the semigroup associated with a Dirichlet form (£, D(€)). For any u,v € L?(m) (and in
general, for uw € LP(m), v € L(m) in later chapters) we define the following approximate
form of (£, D(E)) by:

1
ED(u,v) := g(u — P, v), t > 0. (2.11)

We also use the notation £®[u] := £®(u,u). By the approximation we understand the
following characterization of (£,D(£)):

D) = {u € L*(m) : finite lim £®[u] exists } ,

t—0+

E(u,v) = lim EW(u,v), wu,ve D).

t—0t

(2.12)

Moreover, for u € L?(m) the function ¢ — £®[u] is non-increasing.
Directly from (2.4) and (2.11) we derive that D(Ay) C D(€) and

E(u,v) = —(Aqu, v), u € D(As),v € D(E). (2.13)

The Dirichlet form may be also characterize by the generator, as follows

D(S) = (\/ —A2)
(\/—Asu,\/—Asu), u,v € D(E),

which follows from the spectral theorem. In fact, there is one-to-one correspondence
between the class of semigroups (P;);>o on L?(m) described in Section 2.2 and the class of
Dirichlet forms. This correspondence is given by (2.12). For more details, see Section 1.3.
of [45].

It is known that the semigroup (F;);>o is strongly continuous on D(E) with norm \/ﬁ ,
ie.,

(2.14)

E[Pu—u] =0, ast—0". (2.15)

We refer to Lemma 1.3.3 in [45].
Let u,v € L?(m). The approximate form may be rewritten as follows

2t // Pt(dx dy) 1/114(5(3)2(1 — Hl({[j))m(dx>’ (2.16)

and, by polarization

E0(u,v) = 5 // ))(0(y) — v(x)) Pi(dz, dy) (2.17)

ExXE

t/ 7)(1 ~ PL(x)) m(da)

Here, we used the symmetry of the operator P, on L*(m). Compare (2.17) with (1.4.8.)
in [45].
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For arbitrary v € D(E) N L>(m) there exists uniquely a positive Radon measure i
for which

[ 7y = E@hu) ~ SEGA D), f € DENCE),
E

It turns out that the measure ju,) can be uniquely extended to any v € D(E). We call iy
the energy measure (or carré du champ measure) of u € D(E). In particular,

Elu] = p(E), u € D(E).

For more details, we refer to [45]; see equation (3.2.14) and the rest of the discussion on
that page.

Denote by O the family of all open subsets of E. For A C E denote by O4 the family
of all open supersets of A. For U € O, we define Ly := {u € D(E) :u > 1 m-a.e. on U }.
The capacity of the Dirichlet form (€, D(E)) is defined as follows: for A € O

inf,cp 5(1)[16] if Ly # 0,
Cap(A) := v 2.18
Pl {+m if Lo =0, (215)
and for any AC E
Cap(A) := Uien(g Cap(U). (2.19)
A

We say that some statement depending on z € A holds quasi-everywhere (or shortly
g.e.) if there is a set N C A of zero capacity such that this statement is true for any
reA\N.

We adjoin an extra point A to (E,B(E)): we set En := EU{A} and B(Ea) =
B(E)YU{BUA: B e B(E)}. We treat (Ea, B(Ea)) as the one-point compactification of
(E,B(F)). When (E, B(E)) is already compact, then A is an isolated point of (Ea, B(EA)).
We will always treat each function u on E as an extension on Fa setting u(A) = 0 without
mentioning. In particular, every set of zero capacity is of the zero measure m in view of
the inequality m(A) < Cap(A).

Let u be a function defined q.e. on Ex with values in [—o00, +00]. We say that u is
quasi-continuous if for every € > 0 there exists an open set U C Ea such that Cap(U) < ¢
and wu is continuous and finite on EA \ U. In particular, every continuous function is
quasi-continuous. Here, by the quasi-continuity we mean the notion called quasi-continuity
in the restricted sense described in Section 2.1 of [45].

One of the main theorems in the theory of regular Dirichlet forms is the Beurling—Deny
formula. Assume that (£, D(£)) is a regular Dirichlet form. It is known that every function
u in the domain of D(E) has its quasi-continuous modification u on some set of zero
measure m. We refer to Theorem 2.1.7 in [45].

The Beurling—Deny formula provides the following unique decomposition of regular
Dirichlet form (€, D(E)):

E(u,v) = E%u,v)
+ 5 [ @) — (@) (o) — () S, dy) (2.20)

Ex E\diag

+ / i(2)5(x) k(dz),
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where @, v denote quasi-continuous versions of arbitrary u,v € D(E) and £°¢ is symmetric
form on D(E) x D(E) which satisfies strongly local condition:

E°(u,v) =0 if v is constant on a neighborhood of supp u.

We will also use the notation £°u] := £°(u,u). Measure J is a Radon measure on
E x E\ diag = {(z,y) € Ex E : x # y}, called jumping measure and k is a Radon
measure on E, called killing measure. In particular, when £¢ = 0, we say that (£, D(E)) is
a pure-jumyp Dirichlet form.

We emphasize that we cannot identify functions u that are equal m-almost everywhere,
because k and J can assign positive measure to sets that are of zero measure under m or
m& m.

In particular, when u = v € D(£),

£[u] // )2 J(de, dy) + / )2 k(d), (2.21)

E X E\dlag

and for every u € D(E) both integrals on the right-hand side of (2.21) are finite. We
say that a Dirichlet form (£, D(&)) is maximally defined when the converse statement is
true: for any quasi-continuous function u € L?(m), if both integrals on the right-hand
side of (2.21) are finite, then u € D(E). We stress that many commonly used pure-jump
Dirichlet forms are maximally defined (see Schilling, Uemura [92]), and we are unaware
of any example of a regular pure-jump Dirichlet form which is not maximally defined in
view of the notion of an (active) reflected Dirichlet form and Silverstein extension. We
refer to Chen [30] and Kuwae [60]. However, we also observe that the above definition is
essentially applicable only to pure-jump Dirichlet forms: if the strongly local term £¢ is
not vanishing, it is expected that £ is not maximally defined in the above sense.

Similarly to previous considerations, for an arbitrary u € D(E) N L*(m) there exists
uniquely a positive Radon measure I for which

[ 10y =€t = GECA D). T EDENCUB)

and the measure pf,; can be uniquely extended to any u € D(E). We call Wiy the local part
of energy measure (or local part of carré du champ measure) of u € D(E). In particular,

E°lu) = uty(E), u e D(E). (2.22)

For more details, we refer to [45]; see equation (3.2.19) and the rest of the discussion on
that page.
Furthermore, the local part satisfies so-called LeJan’s formulae:

E(p(u), ¢(u)) = /w’(U(x))w'(U(x))ufu](dx), u € D(E), (2.23)

where ¢ and 1) are any Lipschitz functions equal 0 at point 0. The references of the above
statement in that version require more thorough attention. Compare with (2.10). The
multidimensional version statement for ¢, 1 of class C' and bounded u can be found in
Theorem 3.2.2 in [45]. Moreover, footnote 8 therein claims that the statement from this
work is also true, and refers to Corollaire 4.4 in Bouleau and Hirsch [19]. Therein, the
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same result is provided under different assumptions, but the proof can be adapted to the
present context. We note that everything required in this work is actually covered by the
more general Théoreme 3.1 in [19], which applies directly to the form £¢.

It is known that for any u,v € D(E)

lim 1 u(z)v(z)(1 — P1(x)) m(dz) = /ﬂ(x)’z?(x) k(dz). (2.24)

t—0+ ¢
E

See Lemmas 4.5.2 and 4.5.3 in [45] and also equation (1.4) in [31].
Combining (2.12) and (2.17) with (2.24) we know also that for any u,v € D(E)

limy ;t J[ ) = u(@)(0(y) ~ o)) P, dy) = (2.25)

ExE
1 - - . .
&(u,v) + 5 [ (ly) = @) () - 5(a)) J(dz, dy).
ExFE\diag
Moreover,
1
EPt(da:, dy) — J(dz,dy) vaguely on E x E\ diag when ¢ — 0. (2.26)

A similar result for the resolvent instead of the semigroup (P;):;>o was demonstrated in
[45]; see equation (3.2.7). The proof is similar, thus we omit it here.

2.5 Sobolev-Bregman forms

It may be non-trivial to point out the first occurrence of the notion of the Sobolev-Bregman
form &,. Our guess is Bakry [4, p. 37|, where an unnamed notion &,[u] = (—Ayu, uP~t)
(for u > 0) was introduced; compare this with (2.28) below. The name Sobolev-Bregman
was introduced only recently in Bogdan, Jakubowski, Lenczewska, and Pietruska-Patuba
[16] and Bogdan, Grzywny, Pietruska-Paluba, and Rutkowski [14]. For recent applications
of p-form, we refer to [13, 14, 16, 57, 17]. In [13] Bogdan, Grzywny, Pietruska-Patuba,
and Rutkowski applied this notion in the theory of non-linear non-local PDEs. The same
authors in [14] utilized the Sobolev—Bregman form to derive non-linear non-local Douglas
identity. Sobolev—Bregman form was also used to derive the optimal constant of Hardy
inequalities for the fractional Laplacian in [16]. This topic was further investigated by
Kijaczko and Lenczewska in [57]. For application of Bregman divergence related to a
convex function ¢ in the study of a variation of semimartingales, we refer to Bogdan,
Kutek, and Pietruska-Patuba [17].

The Sobolev-Bregman form in the form &,[u] = (—A,u, u?~") was used, e.g., to study
perturbations of semigroups on LP-spaces; see Theorem 3.2 in Liskevich, Perel’'muter
and Seménov [66] and also Liskevich and Seménov [68]. We also refer to the notion of
LP-Dirichlet-operator from Farkas, Jacob, and Schilling [39] and from Definition 4.6.7 in
Jacob [52].

Whenever we deal with the notion of the Sobolev—Bregman form, we shall assume that
1<p<oo.
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Analogously to the characterization (2.12) of Dirichlet form, we define the non-linear
form on LP(m) by

D(&,) = {u € LP(m) : finite lim £ (u, u?~V) exists } )

t—0t+

Elu] := lim ED(u,u® V), uweD(E,).

t—0t

(2.27)

The form &, will be called Sobolev—Bregman form or just p-form.

Note that for p = 2 the notion of p-form &;[u] reduce to the quadratic Dirichlet form
E[u]. We emphasize that, in contrast to Dirichlet forms, we do not know the monotonicity
of the function t s £® (u, uP=1) for p # 2.

Note that we have the following counterpart of (2.13): the inclusion D(A,) C D(&,)
holds and

Elu] = —(Apu, u®P=1), u € D(A,). (2.28)

Recall that p > 1. We define Bregman divergence: a function F,: R x R — R, defined
by

F,(a,b) := b — |afP — pa®~ V(b — a). (2.29)

We use also the symmetrized Bregman divergence
1
H,(a,b) = 5 (Fy(a,b) + Fy(b,a)) = g(b —a) (b1 — a1 (2.30)

Note that Fj(a,b) is the second-order Taylor remainder of the convex function R 3 a —
la/” € R, hence F), and H, are non-negative. In particular,

Fy(a,b) = Hy(a,b) = (b—a)’.
The following estimate will be useful later.

Lemma 2.3. Let 1 < p < co. There are constants ¢, >0, C}, > 1, and 1 < C,, <2 such
that

20 =1) (w2 w2\ PCp (12 (p2))?
T(bp — ) ng(a,b)§7(bP —a?) (2.31)
and
¢ (b(p/2> _ a(p/2>)2 < Fy(a,b) < C) (b(p/2> _ a(p/2>>2 (2.32)

for any a,b € R. Here, the constant C, coincides with the optimal constant a(p) from [67,
Lemma 1]. In particular, the following symmetry with exponent ¢ = p/(p — 1) conjugated
to p holds: Cy = C,.

The second estimate — of the symmetrized Bregman divergence — is well-known. The
proof was provided first by Liskevich and Seménov with the optimal upper constant a(p)
(here C),) in [67]; see Lemma 1. We may also refer to [66], Lemma 2.1. Nevertheless, the
proof in the case of a,b > 0, known as Stroock’s inequality, can be found in previous works.
We refer to the proof of Lemma 9.9 in Stroock [106] and also to Lemma on page 246
in [108], to page 269 in Carlen, Kusuoka, and Stroock [29], to inequality (2.2.9) in Davies
[36], or to page 39 in [4]. Two-sided bound of non-symmetrized Bregman divergence with
unexplicit constants was proven by the author in [50]; see Lemma 2.1. We refer also to
the related approach in Lemma 2.3 in [14].

Another estimate for Bregman divergence will be useful in dealing with Littlewood-Paley
square functions in Chapter 8.
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Lemma 2.4. Let 1 < p < oo. There are constants c,, C, > 0 such that

¢y |b—al* (|a] V [b])P~* < F,(a,b) < G, b — af* (|a] v [B)*? (2.33)
and therefore

¢y b —al* (la] V' [])*~* < Hy(a,) < Cy b~ al* (a] v [b])~ (2.34)
for any a,b € R.

The above estimate appeared (in a vectorized version) in Pinchover, Tertikas, and
Tintarev [90]; see (2.19). Nevertheless, one-sided bounds may be found earlier in Shafrir
[93, Lemma 7.4] or, for 2 < p < oo, in Barbatis, Filippas, and Tertikas [7, Lemma 3.1].
The one-dimensional case was proven by Bogdan, Dyda, and Luks in [12]; see Lemma 6.
We also refer to Lemma 2.3 in [14]. For optimal constants in certain ranges of p, we refer

o [16] and [93, Lemma 7.4]. See also Lemma A.3.
Analogously to (2.16), we may rewrite the form approximating p-form and obtain

gw (u u'P- 1 = pt //F y)) P;(dz, dy) (2.35)

Indeed, employing (2.2), we may write

1
e® (u,u<”_1)) _ (u — Pu, uP 1>>

- //u =D () (uly) — u(x)) Py(dz,dy)

1 v
+ gf\u(a:ﬂ (1= P1(x)) m(dx)
_ PltE[é Fy(u(z), u(y)) P(dz, dy)
1 .
+ tE/ ju()” (1 = Pi1(x)) m(d).

Observe that since (P;);>o is Markovian, P;1 < 1, second integral on the right-hand
side is non-negative. Also £, > 0, thus first integral is non-negative as well. Therefore, for
u € LP(m) we have £ (u,u?~1) > 0 and so &,[u] > 0 whenever u € D(E,).
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Because of the symmetry of Pi(dz,dy) we may also write the approximate form in
terms of symmetrized Bregman divergence

EW (u u'P~ 1 = = // )) Pi(dzx, dy) (2.36)
+;/muwuf4u@»mmw

= L [l = u@)@ ) - w2 P, dy)

This will be more suitable in Chapter 7.
Combining (2.17), (2.36), and the estimate (2.31) from Lemma 2.3, we derive the
following estimate between approximating forms:

4(p—1) @ [ .(p/2) uup 1) @ [, (/2
= =S EW [yl ) < g0 ( ) < CED [ur] (2.37)

which holds for any u € LP(m). Here, we used the fact that the constant C, from
Lemma 2.3 satisfies C), > 1.

This observation may be found in the previous works. We refer to [66]; see equation
(3.2) in the proof of Theorem 3.1, where the general sub-Markovian semigroups were
considered.

2.6 Hunt processes

Below we give a very short introduction to the theory of Hunt processes. For more details
on Hunt processes and their connection with Dirichlet forms, we refer to the book of
Fukushima, Oshima, and Takeda [45], especially to Appendix A.2. We may also refer to
Chapter 5 in the monograph by Jacob [54].

Fix x € E. Let (Q, F,P,) be a probability space. We consider a stochastic process
(Q, F, (X1)i>0, P,) with a state space (F,B(E)). In particular, X;: (Q,F) — (E,B(E))
is a measurable mapping for each ¢ > 0. In this section, when we write ¢ > 0, we allow
t = 00.

Recall that we denote by En = EU{A} and B(EA) =B(E)U{BUA:Be€ B(E)}
the one-point compactification of (£, B(F)). When (F, B(FE)) is already compact, then A
is an isolated point of (Ea, B(EA)).

For a probabilistic measure p on (Ea, B(Ea)) we denote Py (A) = [p P.(A) pu(dz)
whenever x — P,(A) is measurable. Let ((w) :=inf{¢ > 0: X;(w) = A} be the lifetime of
(X4)i>0. We say that the quadruple (2, F, (X4)i>0, (Ps)zer, ) is @ Hunt process if there exist
an admissible filtration (F;):>¢ and a family of mappings (6;);>0 such that the following
conditions are satisfied:

(X.1) For each z € Ea, the quadruple (2, F, (X¢)i>0, P:) is a stochastic process with a
state space (F,B(E)) and Xy (w) = A for all w € 2.

(X.2) For each t > 0 and B € B(E), the mapping F 3 x — P,(X; € B) is measurable.
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(X.3) (9, F, (Xt)i>0, (Py)zer, ) possesses the strong Markov property with respect to (Fy)i>o,
i.e., (Fi)e>o is right continuous and

P.(X,+s € B|F,) =Px, (X € B), P,-as.
for any probabilistic measure p on E, B € B(EA), s > 0, and (F;)-stopping time o.
A) Pa(Xy=A)=1forallt>0.
P.(Xo=xz)=1forallz € E.

(X.4)
(X.5)
(X.6) X;(w) = A for all pairs (t,w) such that ¢t > {(w).
(X.7)
(X.8)

has the left limit on (0, +00).

(X.9) (Q,F, (X)t>0, (Py)rer,) s quasi-left-continuous, i.e., for any sequence of
(F)-stopping times (o,,) increasing to (JF;)-stopping time o and probabilistic measure
pon Ea

P, ( lim X, = X,,0 < oo> —P, (0 < o).

n—-+00

The point A is called the cemetery state. The time ( is called the life time. The mapping 6;
is called the translation operator. For simplicity the Hunt process (2, F, (X¢)i>0, (Ps)zer,)
will be denoted shortly as (X;)>o.

For (X});>0 we define

o{Xs:s<t} fort< oo,
o{Xs:s<o0} fort=oc.

We call (F?)i>o the minimum admissible filtration. Let p be a probabilistic measure on
(Ea, B(EA)). We denote by F{' (resp. F!) the completion of F (resp. of F2) with respect
to P, : FY, — [0,1]. The filtration defined by F; := (N, F{" is called the minimum completed
admissible filtration. Here, the intersection is taken over all probabilistic measures p on
(Ea,B(EA)). Usually, it is convenient to consider the Hunt process (X¢):>o with respect
to the minimum completed admissible filtration; see Theorem A.2.1 in [45].

We say that (Q, F, (Xt)i>0, (Ps)zer, ) has Markov property, if for any = € E, t,s > 0,
and B € B(FE)

P,(X,.s € B|F,) = Px,(X, € B), P,as.

Clearly, the strong Markov property is a stronger condition than the Markov property.
Markov property imply the following identity:

E,[® 0 6,|F] = Ex,®, P,-as., t>0, (2.38)

for any ®: 2 — R measurable with respect to F..
Let (X;)i>o be the Hunt process. Then, (X;);>o generates the semigroup P, f(z) :=
E, f(X;) which satisfies the conditions outlined in Section 2.2, except for the symmetry
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assumption (P;.L%.1). We say that (X;);>o is symmetric if (P;);>o satisfies (P;.L%.1). Under
(P,.L2.1), there exists a regular Dirichlet form (£, D(€)) associated with (P;);>o. We say
that (£,D(€)) is the Dirichlet form associated with the symmetric Hunt process (X¢):>o.

The converse statement is also true in some sense. Let (€, D(E)) be a regular Dirichlet
form and let (P,);>o be the semigroup associated with (£, D(E)). Then, there exists a
symmetric Hunt process (X;);>o with state space £ and with a semigroup (F;)¢>o such
that for every f € L?(m) and t > 0 function P, f is a quasi-continuous version of P.f. The
above Hunt process is unique with respect to some equivalence relation. For more details,
we refer to Section 4.2, Section 7.2, and Appendix A of [45], especially to Theorem 4.2.3
and Theorem 7.2.1. Later we will not distinguish between P, and P,, hence we will always
write P;.

Let (X¢)i>o be the (non-symmetric) Hunt process and let (P,);>o be the semigroup
associated with (X;);>o. For each ¢ > 0, an operator P, has its adjoint operator ]315 on
L*(m), i.e.,

<Ptfag> = <f7 ptg>7
for all f,g € L?*(m). Clearly, P, = P, for symmetric (X;);>o. We denote

+oo +00
Rofi= [ ePfdt,  Ruf = [ eRfar
0 0

where the above integrals are Bochner integrals. The families of operators (R, )0 and
(Ra)aso are called the resolvent (resp. coresolvent) of (X;)i=o. In particular, when
f € CUAE), aR,f — f and aR,f — f in L*(m) as o — +00.

We say that a non-negative Borel function f is a-excessive (resp. a-coexcessive) with
respect to the semigroup (P;)iso (resp. (P)io), if for all t > 0, e"** Pu < u m-a.e. (resp.
e Pu<u m-a.e.). Let f be a non-negative Borel function. The simple example of an
a-excessive (resp. a-coexcessive) function is aR,f (resp. aR,f ). We say that a Borel
measure m is excessive if it is o-finite and [ P, 15 dm < m(B), B € B(E).

Assume that the Hunt process (X});>¢ is symmetric. Then, the following identity holds:

/ E,o(x, X;) m(dz) = / E,o(X,, o) m(dz), &> 0. (2.39)

Here, p: E x E — R is an arbitrary measurable function such that the above integrals
are finite.

The symmetric Hunt process (X;)¢>o is self-dual with respect to the reference measure
m, which implies that for 7" > 0

/Ex@((X(T—t)— 1t € [0,T]) Lip<gy m(dz) = /E:L’CI)((Xt 1t €10,71)) Lir<gy m(dz).

(2.40)

In particular, if (X})¢>o is symmetric, then for non-negative Borel function ¢: [0, 00) x E —

R

’

/ E, ( /T o(T — 1, X;) dt) Liree m(dz) = / E, ( /T o(t, Xr_y) dt) Liree m(dz)

- / E, ( / gp(t,Xt)dt) Lir<qy m(dz). (2.41)



Chapter 3

Hardy—Stein identity — general form

In this short chapter we prove the abstract version of the Hardy—Stein formula introduced
in (1.2) which elucidates the role of the Sobolev—Bregman form in the Hardy-Stein-type
identities. This result was provided by Bogdan, Pietruska-Patuba, and the author of this
dissertation in [15] in the case of pure-jump Lévy processes; see the proof of Theorem 3.1.
A similar approach may be found in Varopoulos [108]; see the proof of Lemma (iii) on
page 246. In the present chapter we employ the strategy from therein. This result was
proposed later in the full generality by the author. We refer to Theorem 3.1 in [50].

A partial result of the mentioned identity is the equality between the time derivative
of a p-th power of a p-norm of P,f on one side and the Sobolev—Bregman form of P, f
times —p on the other side; see Proposition 3.4 below. This relation illustrates how p-form
captures the evolution of the LP-norm of a function P,f. This connection was utilized
to investigate the contractivity of the Feynman—Kac semigroup generated by perturbed
fractional Laplacian in Bogdan, Jakubowski, Lenczewska, and Pietruska-Patuba [16]; see
equation (61). A similar result, with p-form defined in terms of the generator of the
semigroup (compare with (2.28)), was known much earlier. We refer to the proof of
Lemma on page 246 in [108]; see equation (1.1) therein. See also Lemma 2.2.2 in Davies
[36] for the context of the logarithmic Sobolev inequalities.

The main identity of this chapter simplifies under the following condition.

Assumption 3.1 (Strong Stability).
(8S) By | Prfll, =0 for every f € LP(m).

The above assumption will be necessary in some of the Littlewood—Paley estimates
derived in Chapter 8. It will also be crucial in the study of the polarized Hardy—Stein
identity in Chapter 5. For a more explicit form of the Hardy—Stein identity without the
strong stability assumption, we refer to the discussion in Appendix A of [50].

Now, we present the main result of this chapter.

Theorem 3.2 (Hardy—Stein identity). Let 1 < p < co. For any f € LP(m) the following
identity holds:

+o00o
[1r@rmiae) — im [PrfIl=p [ &Rt (3.1)
E 0
Remark 3.3. Under Assumption 3.1, the identity (3.2) reads

[1s@ P maz) =p [ &[Rs1dt (3.2

23
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Before we prove this theorem, we need the following fact. It is in some sense the
differential form of the Hardy—Stein identity.

Proposition 3.4. Let 1 <p < oo and f € LP(m). Then, fort >0

d P _
dt “Ptpr = —p&Fif]. (3.3)

Moreover, the above quantity is a continuous function with respect to t > 0. Additionally,
when f € D(A,), then also

d » _
at ||Ptf||p — PE[f] (3-4)

and [0, +00) 3 t — —p&,|P.f] € (—00,0] is continuous.

Proof. Let u(t) := P.f, t > 0. By Corollary 2.2(i) the mapping |u(t)|” is C' on (0, +o0)
with values in L'(m). If additionally f € D(A,), then |u(t)|” is also C* on [0, +00). In
either case

([u(®))" = pu(t)®~" Ayu(t).
Moreover, since the mapping L'(m) 3 g — [ gdm is a continuous functional, we may
write

[P am = [QuPy dm = [ pu(e)e= Ayu(e) dm

= p{Apu(t), (u(t))"1) = —p&,[u(t)).
In the last equality we use (2.28). The continuity of ¢ — [5(Ju(t)|")" dm follows from the
continuity of ¢ — (Ju(t)[")’ € L'(m) and L'(m) > g — [z gdm. The proof is complete. [

Proof of Theorem 3.2. Let us first assume that f € D(A,). Fix T' > 0. Integrating both
sides of (3.3) from 0 to T we get

T
1A = 1 PefIE = p [ &P dt.
0

Here, we used the fact that &,[ P, f] is a continuous function with respect to t € [0, T, by
Proposition 3.4. Since &,[P;f] > 0, we may pass to the limit as 7" goes to infinity and
obtain

£, =

+oo
A [Pl =p [ &Pt (35)
0
In particular, the above limit exists. Indeed, since (P;):>o enjoys the contraction property,
|Prf|], is non-increasing as a function of 7.
To show the statement for an arbitrary f € LP(m), we apply (3.5) for P;f for some
s > 0 and get

“+oo
IR = tim (IPefI =p [ &IPSt

We may do that because Psf € D(A,) by the analyticity of (F;)i>0 when 1 < p < oc.
Since (P)i>o is also strongly continuous, ||Psf|? — [[f|) as s — 07. We know that
Ey[P:f] > 0, thus applying the monotone convergence theorem, the right-hand side of the
above equation converges to the right-hand side of the desired equation (3.1). O]



Chapter 4

Sobolev—Bregman form with
domination property

In this chapter, we derive an explicit formula for the Sobolev—Bregman form, and so an
explicit Hardy—Stein identity, under additional assumptions about jumping and killing
measures and their relation to the measure %Pt(dx, dy). To be precise, we assume the
following conditions.

Assumption 4.1 (Domination of the jumping measure).

(PT) There exists the transition density p; of the semigroup (P;)i>o, i.e., for every t > 0
there exists a measurable function py: E'x E — [0,4+00) such that

Pi(z,dy) = p(x,y)m(dy),  z€FE.
(J) The jumping measure J is absolute continuous, i.e., there exists a measurable function

J: E x E\ diag — [0,400) such that

J(dz,dy) = J(z,y)m(dz)m(dy), (x,y) € E x E\ diag.

(J1) There exists a constant ¢ > 0 such that
1
gpt(a‘,7y) SC‘](I7y)7 t>07 (xvy) GEXE\dlag

(J2)
1
gpt(x,y) — J(z,y), when t — 07 for almost all (x,y) € E x E '\ diag.

Assumption 4.2 (Domination of killing measure).

(K) The killing measure k is absolute continuous, i.e., there exists a measurable function
k: E — [0,400) such that

k(dz) = k(z)m(dz), r € L.

(K1) There ezists a constant ¢ > 0 such that

1
E(l — P 1(x)) < ck(z), t>0, ve€FE.

25
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(K2)
1
;(1 — P(x)) — k(x), when t — 0% for almost all x € E.

Recall that J and k are the unique Radon measures from the Beurling-Deny formula.
For the details; see Section 2.4. In particular, under the above assumptions about J, the
strongly local part £¢ vanishes, i.e., (£, D(£)) is a pure-jump Dirichlet form. Moreover, in
this configuration the Dirichlet form is maximally defined. The above statement will be
shown later in Propositions 4.4 and 4.5, respectively.

Assumption 4.1 is a stronger statement than (2.26). It allows us to apply the dominated
convergence theorem and Fatou’s lemma to show the convergence of approximate form
E® (u,uP~1). In fact, under these assumptions the following lemma in available to us.
This approach was employed in Lemma 6 in [16] and later in Lemma 2.11 in [15]. See also
Remark 7 in [12].

Lemma 4.3. Let f, f,, be non-negative measurable functions on some measure space
(X, %, 1). If there exists a constant ¢ > 0 such that f, < cf for almost alln € N, and
[ =lim,, fn almost everywhere, then lim, o [y fndp = [x fdu.

This simple auxiliary fact was observed in [16]. For completeness, we present a proof
below.

Proof. When the integral [ f dgu is finite, then the statement follows from the dominance
convergence theorem.
Otherwise, we may use Fatou’s lemma and write

—I—oo:/fdugl?ilrilglof/fndu.
X X

Hence lim,,, 1 [x fn dp = +o00. m
Proposition 4.4. Under Assumption 4.1 the Dirichlet form (£, D(E)) is pure-jump.

Proof. Tt is enough to show £¢(u,v) = 0 for u = v. For general u, v, one may then use
polarization. According to Lemma 4.3, by (J1) and (J2), we obtain

L, zltEQ(“(y) — u(@))? pi(x, y)m(dz)m(dy) = (4.1)
L[ (0l0) = st oy,
ExE\diag

for all u € L*(m). Moreover, when u € D(E), the above limit is finite and equal to the
right-hand side of (2.25). Comparing (4.1) with (2.25), we conclude that £¢ = 0. O

Proposition 4.5. Under Assumptions 4.1 and 4.2 the Dirichlet form (£, D(E)) is mazi-
mally defined.

Proof. By (J1) and (J2), we have (4.1). Similarly, according to Lemma 4.3, we have

lim ! u(z)2(1 — P1(x)), m(dz) = /u(x)2 k(x)m(dx), (4.2)

t—0t ¢
E
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for all u € L*(m), whenever (K1) and (K2) hold.

Assume that the right-hand sides of (4.1) and (4.2) are finite for some u in L?(m). Then
lim;_,o+ £®[u] is finite as a sum of the left-hand sides of (4.1) and (4.2). By characterization
(2.12), u € D(E).

O

The main result of this chapter is the following.

Theorem 4.6. Under Assumptions 4.1 and 4.2 there is the following characterization of
the domain of the Sobolev—Bregman form:

D(E,) = {u € LP(m) : u?? € D(E)}. (4.3)
In fact, the following estimate holds for any u € D(E,):

4(p—1

(pz>5[ ) < £ [u] < C,ET). (4.4)

Here, C, > 1 is the constant from Lemma 2.3. Moreover, p-form &, has the following
formula for any v € D(E,):

&lul =+ [[ Blu@),uw) e pm(@midy) + [ @) Kapm(dz). (45
ExE\diag E

Here, F, is the Bregman divergence given by (2.29). The domain D(E,) consists of exactly
these functions w € LP(m), for which the right-hand side of (4.5) is finite.

Remark 4.7. The decomposition (4.5) is implied by the following convergences of the
corresponding parts of approvimate form £ (u,u'P=) for an arbitrary v € LP(m):

tim, [ F(u(z), uy)) pi(e. ) (dx)m(dy) (4.6)

= [ Butuda),ulo) I pym{dymy)

E X E\dlag

and
p _ p
thm0+ ; /]u )P (1= P1(x)) m(dx) /|u )P k(z)m(dz). (4.7)

Remark 4.8. Since the jumping density J is symmetric, we may replace F,, in the formula
(4.5) by the symmetrized Bregman divergence H, given by (2.30) and write

&1u] = 5 [ (wly) — ()@ ) — = (2)) I, y)m(dwym(dy)

ExE\diag

+ [ Tu@)? k(@)m(dz).

Proof of Theorem 4.6. Under (J1), (J2), (K1), (K2), we may show formulas (4.6) and (4.7)
in the same way as (4.1) and (4.2), by Lemma 4.3. In particular, for any v € LP(m) limits
limy_ o+ €@ (u, u?1) and lim,_,o+ EO[ulP/?] always exist, possibly infinite. Therefore,
(4.3) and (4.4) are clear from (2.37).

Decomposition (4.5) follows immediately from (4.6) and (4.7). O
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Combining the above result with Theorem 3.2, the following immediately conclusion
holds.

Corollary 4.9 (Hardy-Stein identity). Let 1 < p < co. Under Assumptions 4.1 and 4.2,
for any f € LP(m), the following identity holds:

[1f@Fm(de) ~ tim |[PrfIl (48)
E

ZTﬂ&mmwmmmwmwmww

0 ExFE\diag
+oo

+p / / ()P & (2)m(de)dt.
0 F

When we assume in addition the strong stability from Assumption 3.1, then we may rewrite
the above formula to the following form:

[1t@rme) = [ [[ B(PS@), PA) I yimdom(dgde (49)

0 ExFE\diag

+p 70/ |u(z)|P k(z)m(dz)dt.



Chapter 5

Polarized Hardy—Stein identity and
Sobolev—Bregman form

The aim of this chapter is to derive the polarized version of the Hardy-Stein identity
for 2 < p < co. By this, we mean the identity with the integral [5|f[" dm on the
right-hand side replaced by [ fg»~" dm. This main result is presented in Theorem 5.6.
The approach makes extensive use of the convexity of certain functions on R? that are
studied in Appendix B. The proof can be carried out much more easily in the case of
3 < p < oo. We refer to Appendix D in Bogdan, Gutowski, and Pietruska-Patuba [15].
Because of difficulties connected with the local and the killing parts of regular Dirichlet
form, we focus only on pure-jump forms. We propose also a polarized version of the
Sobolev—Bregman form in this configuration in Section 5.4. We believe that this notion can
be employed in the study of variational problems of the p-form &,[-]. As a partial result,
in Section 5.2, we introduce a multidimensional version of non-polarized Hardy—Stein
identity.

This chapter is based on the joint work [15] with Bogdan and Pietruska-Patuba. In
this work, the results were presented for the symmetric Lévy processes that satisfy the
assumptions of this chapter. To maintain compatibility with other chapters, the author
presents these results here in a more general setting, with essentially the same proofs.

5.1 Preliminaries
We introduce the vector counterpart of the French power:
2 = |2 2

Y

where z € R" and v € R are such that the above expression makes sense. Here, || is the
Euclidean norm in R".
Note that

Vz|" =4207Y, if either z € R", v > 1 or z€ R"\ {0}, v € R. (5.1)

Fix 1 < p < 0o. We define the vector version of the Bregman divergence introduced in
Section 2.5. Let F,: R" x R" — R be given by

Fylw, 2) 1= |2f? = [wl? = pu - (= = w), (5.2)

29
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and define its symmetrization by
1 p - _
Hy(w, 2) = 5 (Fp(w, 2) + Fp(z,w)) = 5(2 —w) - (z<p Dl 1>) . (5.3)

Recall that by z - w we denote the dot product of z and w on R". Note that F), is the
second-order Taylor remainder of the convex function R" 3 z — |2|? € R, hence F, and
‘H, are non-negative. For instance,

Folw, z) = |z —wl|?. (5.4)

The function F), satisfies the following property. If () is an n x n orthogonal matrix,
then

Fp(Qu, Qz) = Fp(w, 2). (5.5)

We will also need the French power counterpart of the above notions. Let v > 1.
Denote the Jacobi matrix for the function R® 3 z +— 2 € R™ at a point z by Jiy(2).
Then

Top(2) = o ((7 Y (H ° ) n f) 240 (56)

2|

and Ji,y(0) = 0. Here, I is the identity matrix. In particular, when n = 1, then
-1
Ty () = 712P 7
Now we may introduce the second-order Taylor remainder of R* 3 z — z{" € R™
function F,y: R" x R" — R" given by

Fip(w, 2) i= 20 — w0 — Joy (w)(2 — w), w,z € R™ (5.7)

For a fixed positive integer n, we denote by (LP(m))"™ the Banach space of elements of
the form f = (fi,..., fn), where fi,..., f, € L”(m), equipped with the norm

1/p
£l = ( / !f(w)lpm<dx)) .

Recall that || is the Euclidean norm in R". More details about the calculus on the space
(LP(m))™ are presented in Appendix A.

Let f=(f1,--.,fa) € (LP(m))™. We use the following notation for operators acting
on (LP(m))™:

-Ptf = (-Ptfla"'7-Ptfn)7 t207 (58)
and, if additionally fi,..., f, € D(A,),

Af = (Apfu, - Anf). (5.9)

In particular, P,f, A,f € (L?(m))", for t > 0. We will also use the notation f € (D(4,))",
when fi,..., f, € D(4,).

Through this chapter we work under the following assumptions about the semigroup
(P)i>0. We impose Assumption 4.1. Thus, in this setting, the regular Dirichlet form
(€,D(E)) is pure-jump; see Proposition 4.4. Moreover, we assume the conservativeness
(another name: mass conservation), as follows:
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Assumption 5.1 (Conservativeness).
(CS) P1=1 forallt>0.

Note that this condition is stronger than Assumption 4.2, because in this case the
killing part of the regular Dirichlet form (€, D(E)) is identically equal to zero, hence the
killing measure k is also zero, according to (2.24). The converse statement is not true in
general, i.e., K = 0 may not imply the conservativeness if the corresponding Hunt process
escapes to infinity in finite time. Moreover, equality (2.2) takes the following form:

/Ptf( m(de) /f m(dz), f e L'(m). (5.10)

Most of the time, we assume also the strong stability of (P;);>o from Assumption 3.1.
This condition is helpful in dealing with the limit appearing on the left-hand side of the
Hardy—Stein identity.

5.2 Multidimensional Hardy—Stein identity

In this section we present the vectorized version of the identity (4.8). The main result of
this section is the following.

Theorem 5.2 (Multidimensional Hardy—Stein identity). Impose Assumptions 4.1 and 5.1.
Let 1 <p<ooand f=(f1,...,[n) € (LP(m))". Then,

/ |[f ()P m(dz) - lim | Prfl7, = / / Fo(Pof(x), Pof (y)) J (2, y)m(dz)m(dy)dt.

0 ExE\diag

(5.11)

Remark 5.3. Under additional Assumption 3.1, the identity (5.11) reads

/ | ()P m(dz) / ] FolPit @), Pt () I (@ yymideym(dy)at. — (5.12)

0 ExFE\diag

Let us briefly clarify this statement. Under the strong stability from Assumption 3.1,
Prf; converges to zero as T' — +o0, for every j =1,...,n. Thus, ||Prf|,;, = 0, by (A.1)
from Appendix A.

Remark 5.4. Since the jumping density J is symmetric, we may replace F, by its
symmetrized version H, given by (5.3) and write (5.11) as

[1r@pm(ae) ~ 1m | PrfI,
E

=2 [ [[(Pt) — Pip@) - (P @)™ = (B @) ") T, ym(cda)m(dy)er.

0 ExE\diag

For an arbitrary f € (LP(m))", let u(t) := P,f, t > 0. Since the semigroup (F;)¢>o is
analytic on LP(m) for 1 < p < oo, we get u/(t) = Ayu(t) for t > 0, and also v'(t) = PA, f
for ¢ > 0, when f € (D(A,))". Now, we may present the following multidimensional
extension of Corollary 2.2, an immediate consequence of Proposition A.2.
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Corollary 5.5. Let f € (LP(m))" and u(t) := P.f. Let 1 <~y <p.
(i) The mapping |u|" is C* on (0, +00) with values in LP/7(m) and

([u@®)) = 3u®)O 0 -/ (t) = yut) "™V - A, RS, 20, (5.13)
(i) The mapping u' is C* on (0, +00) with values in (LP/7(m))" and

()Y = (Jiy ou(t)) Apu(t) = (Jiyy ou(t)) APif, t>0.  (5.14)

Here, Ji,y(2) is the Jacobi matrix for the function R" 3 z — 20 € R™ at a point z given
by (5.6). In addition, if f € (D(A,))", then |u|” and u'" are C* on [0, +o00) with values
in LP/7(m) and (LP/7(m))", respectively.

Now, we are ready to present the proof of the main result of this section. The approach
is a combination of the methods used in the proof of the general form of the Hardy—Stein
identity in Theorems 3.2 and 4.6. The essential tool in this proof is Lemma 4.3 based on
the dominated convergence theorem and Fatou’s lemma.

Proof of Theorem 5.2. Assume first that f € (D(A,))" and denote u(t) := P,f. Fix T > 0.
Then, by Corollary 5.5(i) we know that the mapping |u(t)|” is C* on [0, T] with values in
L'(m) and

([u®)") = pu)" - Apu(t), te0,T].

Then, since the mapping L'(m) > g — [z gdm is a continuous functional, we have

C(lit/|u(t)|p dm = /(|u(t)|P)/dm = <Apu(t)’p(u(t))<p—l>>

- hligh f1L<PtU<t) - u(t),p(u(t))<p—1>>.

Note that here we use the notation defined in (2.1).
Similarly as in (2.35), we may rewrite the quantity under the limit to obtain

- (Puft) = u(t),p(u() ™) = 5[] pla()) @) - (ult) ) — u(0)(w) Pz, dy)

ExXE

S / Pu(lu(®)") () m(da) + 7 / u(t)(@)]” m(da)

3 ([ pu®@)® - @) ) — u(t)(2)) Pr(de, dy)
= 1 [ Ful)@). ) Pu(dr.dy).

ExXE

Here, we used (5.10). Under Assumption 4.1, we may use Lemma 4.3 to obtain

lim. ,?LE/ é Fyult)(a), u(t) () Pi(de, dy) = /\ / Foult)(@), u(t) (v) J (. yym{dz)m(dy).
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Here, we utilize the fact that the function F,, is non-negative. Summarizing,

dt/ WO dm = = [[ A, u0@) S mdmd). (515

ExE\diag

Note that this equality is the multidimensional version of (3.3).

As in the proof of Proposition 3.4, the quantity in (5.15) is a continuous function with
respect to ¢ € [0,7] as a composition of continuous mappings t — (|u(t)|”)" € L*(m) and
LY(m) > g+ [pgdm.

Therefore, we may use the fundamental theorem of calculus, integrate both sides of
(5.15) from 0 to 7" and obtain

/ @) mide) = 1Pefll, = [ [] FulBuf (@), Pt (9) J (@ yym(da)m(dy)dt.

0 Ex E\diag

Let T' — +4-o00. Note that the function F, is non-negative. Therefore, by the monotone
convergence theorem the integral over [0, 7] on the right-hand side converges to the integral
over [0,+00). In addition, since (F;);>o is the semigroup of contractions on LP(m), norms
| Pr ;]| are non-increasing, the limit of || Prf;||, exists as T — +oc for every j = 1,...,n.
Thus, the limit of || Prf||,, exists as well. We have proved (5.11) for f € (D(A4,))".

For an arbitrary f € (LP(m))", let s > 0 and apply (5.11) to Psf to obtain

J1BfP dm — lim || Pr]f, = / [ FolPef (@), P () J (., yym(de)m(dy)de.

E s ExFE\diag

We may do that because P f € (D(A,))", since the semigroup ()¢ is analytic on LP(m)
when 1 < p < co. When s — 0%, then [ |Psf|P dm converges to [ |f|P dm because of the
strong continuity of the semigroup (P;);>o and (A.1) from Appendix A. Of course, since
the integrand is non-negative, by the monotone convergence theorem, the right-hand side
converges to the desired right-hand side of (5.11). The proof is complete. O

5.3 Polarized Hardy—Stein identity

The polarized Hardy—Stein identity is the result of applying a similar approach as in
Chapter 4 and in the previous section of this chapter, but utilized for [; fg®»~" dm
instead for [ |f|” dm, where 2 < p < oo and f,¢g € LP(m). In other words, it is an
identity for [f,g] HgHg_2 instead of | f||7, where [f,g] = HgH;(p_2) [e fgP~1 dm is the
semi-inner product on LP(m). In this case, the proof is based on a study of the decay of
[z Pif(P,g)P=Y dm with respect to t. Compare this with Proposition 3.4.

To recover the polarized analog of the Bregman divergence F,, the integrand of the
right-hand side of the non-polarized Hardy—Stein identity, we introduce the following
function J,: R? x R? — R:

To(w, 2) == 228 Y — wpwd Y (5.16)

_ w§p7 >(Z1 —wy) — (p — Dwi|ws P2 (2z0 — wy),

where w = (w1, wy), 2 = (21, 22) are vectors in R?. This mapping is the second-order Taylor

(p—1)

remainder of the function R? 3 (21, 20) > 2125 € R. In contrast to the non-polarized
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case, unfortunately, this function is not convex, even on [0, +00)?, therefore the remainder
Jp is not non-negative.
We are ready to present the main result of this chapter.

Theorem 5.6 (Polarized Hardy—Stein identity). Suppose that Assumptions 3.1, 4.1,
and 5.1 are satisfied. Let 2 < p < co. For f,g € LP(m), denote ® := (f,g). Then,

[ 1@g @ mian) = [ [[ F(Po@), Rew) I, yymdrmdgds,  (57)

0 ExFE\diag

where J, is given by (5.16). In particular, the signed integral on the right-hand side is
absolutely convergent.

Note that, in particular, if w; = wy =: a and 2 = 25 =: b, then J,(w, z) = F,(a,b), so
(5.17) with f = g agrees with the non-polarized Hardy—Stein identity (4.9), at least for
p =2

Remark 5.7. For p =2, the identity (5.17) reads

[ f@g@ymidn) = [ [[(Pis) = PE@)(Pgy) = Pgl@) Iz, y)m(daym(dy)dt.

0 ExE\diag

(5.18)

Note that
To(w, 2) = 2129 — wywy — wa(z1 — wy) — wy (22 — we) = (21 — wy) (29 — wo).
In this case (5.17) is obtained by polarization from the non-polarized Hardy-Stein identity
(4.8). Therefore, further we only need to consider the case p > 2.
As we mentioned before, since R? 3 (z1, 2) +> zlzép 1 € R s not convex, the integrand
J, is not non-negative. Therefore, we cannot apply Lemma 4.3 based on the dominated

convergence theorem or Fatou’s lemma straightforwardly.
Indeed, to see the non-convexity, we calculate the gradient

(p—1)

-1)\ _ <2
V (2122 ) [(p . 1)21 |Z2‘p—2] )

and the Hessian matrix
- 0 (p—1)]2f
V2 (22877 = l B . 5.19
(2:77) (p=1D) 2l (= Dp-2a"" (5.19)
Therefore
det V2 (zlz§p71>> = —(p—1%n[""<0.
To overcome this difficulty, we will decompose the function R? 3 (21, z5) zlzép M eRr

into a difference of the following convex functions. We recall that for a € R we denote
ay :=aV0and a_ :=(—a) V0. Then, we introduce the functions:

Y (2) i= 21 ((22) )P + |27,
Y(’)(z) 21 ((22)_)p_1 + 2P, 2= (21, 2) € R%
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According to Lemma B.4, the above functions are convex on [0, +00) x R. We denote also

P — g (wa) )P = (w2) )P (21 — wi)

—~
N
N
~
+
~—

and note that there are just the second-order Taylor remainders of mappings R? > z —
21 ((22)4)" " and R? 3 2 — 2 ((22)_)" ", respectively. In particular, when we denote
z = (21, —22), then

T (w,2) = T (w, 2). (5.20)
Since 21 ((22) )P — 21((22)_)P' = 228"V it follows that
Jo=T =T =(7+F) - (77 +F). (5.21)

Here, F, is given by (5.2) with n = 2. Moreover, J™ + F, > 0 and J~) + F, > 0 on
([0, +00) x R)? because of the convexity of Y *) and Y ) on [0, 400) x R.
Before we prove Theorem 5.6, we show the preliminary result. Since jp(” +F, >0

and jp(*) + F, > 0 on ([0, +00) x R)* we may utilize the approach from the proof of
Theorem 5.2.

Proposition 5.8. Let 2 < p < oo, f,g € LP(m), f > 0 m-a.e., and ® = (f,g). Under
the assumptions of Theorem 5.6,

/ (g~ +12F) dm (5.22)
B / // (P (x), Bi®(y)) J(x,y)m(dz)m(dy)dt
0 E'><E\dlag
and
[ (gt 1) dm (5.23)

= [ [[ (57 + 5) (o), Pow)) J (@, ym(de)m(dy)at.

0 ExE\diag

Proof. 1t is enough to show (5.22), because the identity (5.23) follows from (5.22) by
substituting —g in place of g and by using (5.5) and (5.20). Assume first that f, g € D(A,).
Fix T" > 0. Denote u(t) := BP.f, v(t) := Py, and w(t) := P,®. By Corollary 2.2 with
v =p—1> 1 the mapping (v(t)4)?~" = ([o(®)|P"" +v(t)?1)/2is C* on [0, T] with values
in L?/®=Y(m) and

((v(®) ( (O + () )

P Apu(t) + (p = 1) Jo()" 2 Apo(h))
1)(@( )+)” “Apu(t), tel0,T].

N)\»—twm—t
/_\

)
’B
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Also u(t) is C* on [0,T] with values in LP(m) and u'(t) = A,u(t). Finally, by the
product rule from Proposition A.1, u(t)(v(t);)P~! is C* on [0, T] with values in L'(m) and

(w(®)(v(t)+)P™) = Apu(t) (v(t)+)"" + (0 — Dul®)(v(t)4)"*Apv(t), t € [0,T].

As in the proof of Theorem 5.11, the mapping |w(#)|” is also C' on [0, T] with values in
L'(m) and

([w@®)F) = puw()®1 - Ayw(t), te0,T].
Since the mapping L'(m) 3 r — [z rdm is a continuous functional, we have

!/

dt/ P fw(®)) dm = / Jw(t) )™ + fw(®)P) dm =

= (Apu(t), ((t))" ) + (Ap(D), (p— Du(t)(v(t)+)")
+ (Apw(t), p(w(t) =)

~ lim [;<Phu<t> — ), (00 + =P (0) = o(0) (p = () (e(2)))
+ L Py - w<t>,p<w<t>><p-1>>] . (5.24)

Moreover, the above quantity is a continuous function of ¢t € [0,7]. By Assumption 5.1
and (5.10)

2/@@)(@@ P4 (t) /Ph P fw(®)P) dm.

Subtracting the right-hand side and adding the left-hand side of the above equation to
(5.24), we obtain

[ @@ + @) dm

= lim [— ,i b/ P (u(®)(w(t) )"~ + [w(t)[") () m(da)

v E/ (ult) (@) (0(t) @) )7 + (@) (@)]) m(da)
n jLE/ / (0(8) (@) )P (ut) () — u(t)(x)) P(de, dy)
n zle / é (p — Du() (@) (0()(2) ) (0(t)(y) — v(t)(x)) Pa(dz, dy)
T }I / / p(w(t)(2)) 7 - (w(t)(y) — w(t)(y)) Pa(dz, dy)
= —1im 5 [[ (79 + ) (w(t) (@), w(t)(v)) Pa(dr, dy)
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As f > 0 m-a.e., we have also u(t) > 0 m-a.e. in view of the positivity preservation of P,.
Moreover, jp(” + F, >0 on ([0,400) x R)?. Thus, under Assumption 4.1, we can apply
Lemma 4.3 to derive

i / [ (7 + ) (wit)(@), w(t)(v) Pa(da, dy)
- // (759 + F,) (w(t) (@), w(t)(y)) J (x, y)m(da)m(dy).

Taking this into account, we may write

» [ (o wtey +1ucor) am (5.25)

// +) + ‘F (w(t)(z), w()(y)) J(z, y)m(dz)m(dy).

ExFE\diag

Utilizing the fundamental theorem of calculus, we integrate both sides of (5.25) from 0 to
T and obtain

/ (Flgey" + @) dm - /PTf (Prg)+)"™" dm — || Pro|F,

_/// ‘7(+)+}_ (P®(z), PP(y)) J(z,y)m(dz)m(dy)dt.

0 Ex E\diag

When T converges to infinity, the right-hand side converges to the integral over [0, +00),
because of the non-negativity of jp(ﬂ—kfp on ([0, +00) x R)*. As in the proof of Remark 5.3,
| Pr®||7, tends to zero by Assumption 3.1. By the same Assumption 3.1, Prf and Prg
converge to zero in LP(m), therefore [5 Prf((Prg)+)?~'dm — 0 by Hélder’s inequality.
The proof of (5.22) for f,g € D(A,) is complete.

To show the assertion for any f,g € LP(m), f > 0, we apply (5.22) to P,f and P,g for
some s > 0 and obtain

/ (Pf((Pug)y )P~ + |P2P) dm

B / // Pﬂ)(x), P®(y)) J(z,y)m(dz)m(dy)dt.

s Ex E\dlag

We are allowed to do that because P; f, Psg € D(A,), since the semigroup (F;);>¢ is analytic
on LP(m) for 1 < p < oo.

We claim that the left-hand side converges to the left-hand side of the desired equation
(5.22). It is sufficient to use appropriate lemmas from Appendix A. Indeed, by the strong
continuity of the semigroup (P;)i>o0, Psf — f, Psg — ¢ in LP(m) as s — 07. Thus, also
((Pog) )P~ = (g4 )" in LP/®~Y(m) by Lemma A 4. Finally, P, f((P.g)4 )P~ — f(g4)7!
in L'(m) by Lemma A.5. Similarly, |P,®? — |®|” in L'(m) according to Lemma A.4.
Therefore, our claim follows from the continuity of the integral on L'(m).

Finally, since J{*) + F, is non-negative on ([0, +00) X R)?, due to the monotone
convergence theorem, the integral over [s,+00) on the right-hand side tends to the integral
over [0, +00). The proof is complete. ]
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Now, when Proposition 5.8 is proved, we may derive the main result of this section.

Proof of Theorem 5.6. According to Remark 5.7, we only need to consider 2 < p < oo.
Assume first f > 0. Utilizing Proposition 5.8 and (5.21),

/fgpldm / (9:)7 " + @) dm/ P @) dm

h / // P@(x), F2(y)) J(z, y)m(dz)m(dy)dt

0 Ex E\dlag

= [ J[ (59 + F) (Po(@), Po) (. y)m(dz)m(dy)dt

0 ExFE\diag
+oo
= [ [[ g(Ra). Bow) I, yym(deym(dy)d.
0 ExE\diag

Note that, in particular, all integrals are absolutely convergent.
To relax the assumption f > 0, we consider an arbitrary f € LP(m) and take the
decomposition f = f, — f_. At this moment we know that the identity holds for
):=(fy,9) and @) := (f_, g). Of course, ® = ®*) — &(=). By the linearity of the
function J,(w, z) in w; and z;, we obtain

/fgpldm /fg”ldm /fgf"1

= [ [ R0, P80 oyt

0 ExFE\diag

— [ ] 3P @), BeO) () I (a,yym(daym(dy)dt

0 ExE\diag
+oo
= [ [[ 2P, Pow) . ym(a)m(dya.
0 ExE\diag
Here, all the integrals are absolutely convergent as well. O

At the end of this section, we present an explicit upper bound for the absolutely
convergence of the integral from the right-hand side of the polarized Hardy—Stein identity.

Proposition 5.9. Let 2 < p < oo, f,g € LP(m), and ® = (f,g). Under the assumptions
of Theorem 5.6,

| [[17,(P(@), Bo)] (. yym@zym(ay)at < 3+272) | £1l, gl (5.26)
0 ExE\diag

Proof. Followmg the approach used in the proof of Theorem 5.6, we denote ®F) = (f,, g)
and @) = (f_,g). Then,

To(B®(z), P®(y)) = Tp(P2 P (2), PO (y)) — T (P® ) (z), BT (y)),
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hence
|To(P®(x), BO(y))| < |T,(P00) (), P ()] + | T, (P2 (x), RO ()| (5.27)
According to (5.21), we get
T < (T +F)+ (57 + F)

with both terms non-negative on ([0, 400) x R)?. Since &) (z), &) (z) € ([0, +o0) x R)?,
we have also P,®)(z), P,d)(x) € ([0, +00) x R)? in view of the positivity preservation
of P;. Summarizing,

TP (@), oD ()| < (T + ) (P2 (x), BOM (1)) (5.28)
+ (77 + F,) (PO (@), oM (y)),
and
TP @), ROO)| < (777 + ) (R0 (), o (1) (5.29)
+ (T + ) (P2O)(2), o) (y)).

Utilizing Proposition 5.8, we may write

400
| [0+ 7)) @), RS (y) J (. yym{de)m(dy)dt

0 ExE\diag

= / (fi(fh)pil + |‘I’(i)|p> dm,
E

400
| [T + F) (o) @), RS () J (. yym{de)m(dy)dt

0 ExE\diag

= [ (felg-yt +199p) am.

Due to (5.28) and (5.29),

+00
[ ] 19(Pa® @). Be® ()] J (e, yym(da)m(dy)at

0 ExE\diag

< [ (£elgl™" +2|2=) am.
B
Summing up, by (5.27), we obtain

+o0o
| [ 15,(P@(@), P(y))| (. ym(daym(dy)ai (5:30)

0 ExE\diag

< [ (111" +2 [0 +2(00)") dm.
E
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At this point, we need to estimate the right-hand side of the above inequality. By
Holder’s inequality,

S 1119l dm < 171, gl
E

q;(+>‘p + ‘q)(—)

Moreover, ’p = |®” + |g|" and

9 = (£ + g% < 2P +1gl).

Combining the above estimates with (5.30) we derive

[ [[17,(Po(), Poy)] (@, yym(dzym(ay)at

0 ExFE\diag
-1
< 11, glly ™" +22CULF I + llally) + 2 Mgl -
Assume first that | f||, = [|g], = 1. Then

/ / |Tp(P®(2), P (y))| J(z, y)m(dw)m(dy)dt < 3+ 272,

0 ExFE\diag

If [[f]l, =0 or |g|l, = 0, then the desired inequality (5.26) is obvious. Otherwise, notice
that 7, is homogeneous in the first coordinates, and (p — 1)-homogeneous in the second,
that is,

Tp((awr, Bus), (az1, Bz0)) = afP~ Tp((wr, wa), (21, 22)), @, B> 0.
Therefore, by considering f/ || ||, and g/ ||g]|,,, We get the final result. O

5.4 Polarized Sobolev—Bregman form

In this section we consider the integral expression appearing in the polarized Hardy—Stein
identity (5.17) given in Theorem 5.6, namely

&) = [ T@(@). 8(0) I ghmlda)m(ay)

ExFE\diag

where 2 < p < 00, J, is given by (5.16), ®(z) = (u(x),v(x)), and u,v: E — R, are some
Borel functions. We are interested in the question, whether this integral is well-defined
for functions u, v general enough. When u = v then &,(u,v) = E,(u, u) = &ylu is just the
Sobolev—Bregman form defined in Section 2.5. For p = 2, we get & (u,v) = E(u,v), that is,
E>(u, v) reduces to the usual (bilinear) Dirichlet form defined in Section 2.4. In particular,
it is symmetric. When p > 2, then in general &,(v, u) # &,(u, v).

The main theorem of this section asserts that &,(u, v) is well-defined, when u, v € D(A,)
and the formula (2.28) extends to the following polarized version.

Theorem 5.10. Suppose that Assumptions 4.1 and 5.1 holds. Let 2 < p < oo. If
u,v € D(A,), then E,(u,v) is well-defined and

&(,0) = = (A, 097} =~ (Ao, (p = Tyl ). (5.31)
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Before we proceed with the proof of the above theorem, we need a further decomposition
of jp(” (and J,) into a difference of non-negative functions.
Let 1(a) := (1 +sgn(a))/2 be the Heaviside step function. We define

T (w, 2) i=(21)4 ((22)4)7 7 = (wi)4 (wo)4 )" = L(wy) (w2) )P~ (21 — wy)
— (p = D(wi)+ ((we)4)" (22 — wa), (5.32)
T (w,2) =) ((2)0)"" = () (w2)0)" "+ (=) ((w2) )" (21— wn)
— (p = D(wr)~ ((w2)1)"* (22 — ws), (5.33)
where w := (wy,wq), 2 = (21,22) € R?. We may treat these functions as the sec-

ond-order Taylor remainders of the mappings R? 3 z — (21)4 ((22)+)" " and R2 5 z —

(z1)- ((22)4)" ~! respectively, except for non-differentiability of the mappings on the vertical

positive semi-axis. For more details; see the proof of Lemma B.5 in Appendix B.
Similarly to (5.21) and (5.20), we get a decomposition of 7+

jp(+) _ jp(++) _ jp(—+) _ <jp(++) + fp) _ (jp(—+) + ]:p) (5.34)
and the identity

T (—w,-z) = T (w, 2). (5.35)

p

In Lemma B.5 in Appendix B the following non-negativity was proven:
jp(++)(w, 2) + Fp(w, z) >0, jp(_” (w, 2) + Fp(w,z) >0

for all z,w € R% Therefore, (5.34) is a decomposition of jp(Jr) into a difference of
non-negative functions, which is crucial for the proof of Theorem 5.10.

We emphasize that it is crucial to define the Heaviside function so that 1(0) = 1/2.
Indeed, in that case we have the identity 1(a) + 1(—a) = 1 for all @ € R and the
decomposition (5.34) holds.

We shall emphasize that the proof of Theorem 5.10 needs a distinct approach than
the one used in Theorem 5.6 (and Proposition 5.8). The explanation for this is that,
if w € D(A,), then uy and u_ need not be in D(A,). Therefore, we cannot show the
statement for non-negative u, and then utilize the decomposition v = vy —u_. On
the other hand, the following approach is not applicable in Theorem 5.6 in view of the
fact that the decomposition P, f = (P.f)+ — (P.f)— is not of much use there, because in
general we have neither differentiability in LP(m) of (P,f), nor (P,f)_. In other words,
the decomposition J{*) = J+H) — .7p(_+) is not suitable in Theorem 5.6, due to the fact
that 7t and .7p(_+) are not second-order Taylor remainders of differentiable functions.

Proof of Theorem 5.10. 1t is enough to show the statement for p > 2, because if p = 2,
then the desired identity reduces to the already known equality (2.13).
Let u,v € D(A,) and denote ¢ = (u,v). We start with proof of the following identities:

L = (A () (04)") = (A0, (0 = Dus (01 )7) = (4,0, p00Y)
= [[(T+ + F)(@(), @()) J (. y)m(dz)m(dy) (5.36)

ExFE\diag
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and
= (- ><v+> Y = (Ao, (0= D (0)72) = (4,2, pB 1)
- // (®(x), ®(y)) J (2, y)m(dz)m(dy). (5.37)
ExE\diag

First, we show (5.36). Since u,v € D(A,), the strong limits defining A,u, A,v, and
A,® exist. Thus,

—(Ayu, L) (0)"™") = lim. hE/é 1 (u(@)(v(w) )" (uly) - u()) Pu(dz, dy),
—{Ay, (p— D (037 —hgrg%/é p— Dula); (v(x): ) (v(y) — v(x)) Pa(de, dy),
(A p ) = lim // p(@(@))77V - (@(y) — () Pi(da,dy).

In particular, all limits on the right-hand side exist and are finite.

Summarizing,
ey = tim o [ [1@@) @
ExE

+(p = Du()+(v(2)1)"*(v(y) — v(2)) (5.38)
+p(2(2)*Y - ((y) — ©(2))| Pu(de,dy).

Similarly as in the proof of Proposition 5.8, under Assumption 5.1 we may employ (5.10)
to write

P u(y) = ul))

1 1
[ (e jop) dm= g [ (w0 o) dm.
E E

Subtracting the right-hand side and adding the left-hand side of the above equation under
the limit on the right-hand side of (5.38), we obtain

h—0t+ R

I,y = lim { /ph up ()P~ 1+|c1>|p)( ) m(dz)

T / Pt [@@)P) mide) + [[ (@) (@) (uly) - ul)

ExXE

+ (= Dul)4 ()1 )P (0(y) = v(x)) +p(@(2))P7 - (D(y) — ®()) Pu(dz, dy)

:nmh// T 4 F) (@(x), ®(y)) Pa(dz, dy).

h—0t
ExXE

By Lemma B.5 in Appendix B, we know that Jp(**) + F, > 0. Therefore, under
Assumption 4.1, we can utilize Lemma 4.3 to derive

lim h// (T + F)(®(x), D(y)) P(dz, dy)

h—0t

= [T + F)(@(), @) J (e, y)m(dz)m(dy).

ExE\diag
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This proves (5.36). Equation (5.37) follows from (5.36) by substituting —u in place of u
in view of (5.5) and (5.35).
With identities (5.36) and (5.37) at hand we are prepared to show another two equalities

L= = (A, (0 )77) = (Ago, (p = Vv, ) ?) (5.39)
= ] 7 @(@).2) I (. y)m(dz)m(dy)
ExE\diag
and
L= = (A, (0-)7) + (Ago, (p = Du(v-)~2) (5.40)
= [[ 7O @@). @) I (@, yym(daym(dy).
ExFE\diag

Indeed, since the integrals in (5.36), (5.37) are both finite, we use the decomposition (5.34)
to derive

L=l =Ly = ([T 4+ F) (@), 0(y) I (@, y)m(da)m(dy)

ExFE\diag

[+ @), a(w)) (e y)m(da)m(dy)

ExFE\diag

= [[ 75@(@). () J (@, yym(dwym(ay)

ExFE\diag

This yields (5.39). Similarly as before, equality (5.40) follows from (5.39) by substituting
—uv in place of v, according to (5.5) and (5.35).

Again, both integrals from (5.39), (5.40) are finite. Therefore, we employ (5.39), (5.40)
to obtain

~(Apu 0?7V = (Ao, (p = Do) =1 — 1 =
= ] 759 @(@). @) J (@, y)m(daym(dy)

ExFE\diag

~ ] 7@ @), @) J (@, y)m{dz)m(dy)

ExE\diag

= p&,y(u,v).

Here, we used the decomposition (5.21).

In particular, the integral defining &,(u,v) is absolutely convergent as a difference of
two finite integrals.

This proves the statement for p > 2 and completes the proof. O

At the end of this section we present the polarized analogue of Proposition 3.4.

Proposition 5.11. Let 2 < p < oo and f,g € LP(m). Then, fort >0

d
= / P.f(Pg)?"Vdm = —p&,(P.f, Pg). (5.41)
FE
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Moreover, the above quantity is a continuous function with respect to t > 0. Additionally,
when f,g € D(A,), then also

= —p&(f,9) (5.42)

t=0

d
it [ PR

and [0,4+00) 3 t — —p&y(P.f, Pig) € R is continuous.

Proof. Denote u(t) := P,f and v(t) := P,g. Since the semigroup (F;):>o is analytic on
LP(m) for 1 < p < oo, u and v are is C* on (0, +o0) with values in LP(m). Moreover,
according to Corollary 2.2(ii), the mapping (v(t))?~" is C* on (0, +o00) with values in
LP/®*=Y(m) and

((®)*™) = (p = 1) ()" o(t).

Here, the assumption p > 2 was crucial. To be precise, Corollary 2.2 requires p > 2, but
the above formula follows straightforwardly when p = 2. Finally, by the product rule from
Proposition A.1, it follows that the mapping wu(t)(v(t))®~" is C* on (0, +00) with values
in L'(m) and

(u(t)(w(®)) ") = () PV Apult) + (p = Dult) [o()]" Apu(?).

In addition, if we assume that f,g € D(A,), then the above arguments lead to the
conclusion that u(t)(v(t))®~Y is C* on [0, +00).
Since mapping L!'(m) > h + [ hdm is a continuous functional, we may write

& @) (we) e am = [ (u(®)(®)o) dm
= [ ()" Ayut) + (0 — Vult) [o(OF 2 Ay0(0)) dom

= (Apu(t), (v(t) ) + (A,0(1), (0 — Du(t) [u()"?)
= —p&p(u(t), v(t)).

The last equality follows from Theorem 5.10. The continuity of
d
t— / (u(®) ()P DY dm = o /U(t)(v(t))<p‘1>dm
E
E

follows from the continuity of ¢ — (u(t)(v(¢))®~V) € L'(m) and L'(m) > h — [, hdm.
The proof is complete. O



Chapter 6

Sobolev—Bregman form for
continuous functions

In the present chapter, we partially relax the assumptions introduced in Chapter 4 and
prove the Beurling-Deny formula of the Sobolev—Bregman form without domination
conditions. Instead of employing the dominated convergence theorem and Fatou’s lemma,
the following strategy utilizes the vague convergence of the semigroup measure %Pt(dx, dy)
to the jumping measure J(dz, dy), as mentioned in (2.26). In view of that, we obtain an
explicit formula for the Sobolev-Bregman form is valid for continuous functions. The main
result of this chapter is presented in Theorem 6.2.

This chapter is based on the paper [50] written by the author of this dissertation.

We consider the following assumptions.

Assumption 6.1.

(PJ) The regular Dirichlet form (€, D(E)) is pure-jump, that is, the strongly local part £
in the Beurling—Deny formula vanishes.

(LF) The function P,f is continuous on E for every f € LP(m) and t > 0.

Under assumption (PJ), the formula (2.25) reads

tim ] () ~ u(@)(0(0) ~ v(a)) Pz, dy) = (6.1)

where u,v € D(E) and @, v denote quasi-continuous versions of v and v. For more details,
we refer to Section 2.4 in Chapter 2. Condition (PJ) is sufficient to derive an explicit
form of the Sobolev—Bregman form for continuous functions. However, to apply it to the
Hardy—Stein identity, assumption (LF) is also crucial.

We remark that assumption (LF) is not overly restrictive and the main result of the
present chapter can be applied to various examples of pure-jump Dirichlet forms. Ensuring
the validity of (LF) requires only that the jumping measure is sufficiently bounded. We
may refer to Chen, Kumagai, and Wang [33, 34|, for the context of pure-jump Dirichlet
forms on a space with volume doubling condition. For instance, Dirichlet forms associated
with a-stable-like processes on d-sets are included here; see Chen and Kumagai [32]. We

45
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refer to Appendix B of [50] for the verification of the validity of (LF) in the mentioned
cases.
We present the main theorem of this chapter.

Theorem 6.2. Let u € D(E,). Then u'?/? € D(E). Suppose that the Dirichlet form
(E,D(E)) is pure-jump (see (PJ) from Assumption 6.1) and u is continuous. Then,

lim — / / Fy(u(z), uly)) Pi(de, dy) = / / iy ) J(dz,dy)  (6.2)

=0 ptExE xE\dlag
and
// Ey )) J(dz, dy) + / ()P k(de). (6.3)
E><E\d1ag
Nonetheless,
lim / (o) (1~ P () m(de) = [ [i(x)]? b(da) (6.4)
t—0+ ¢ z
and
4(p—1
22D efu)] < gl < e (6.5)

are valid regardless of (PJ) and the continuity of u. Here, & is a quasi-continuous version
of u and C, > 1 is the constant from Lemma 2.5.

Compared to the main result of Chapter 4, the above theorem provides only C inclusion
in the characterization (4.3), but for a more general class of Dirichlet forms.

To employ this result to obtain an explicit Hardy—Stein identity, we also need (LF)
from Assumption 6.1. Indeed, under (LF) Theorem 6.2 may be combined with the general
Hardy—Stein identity from Theorem 3.2 to derive the following result.

Corollary 6.3 (Hardy—Stein identity). Let 1 < p < oo. Impose Assumption 6.1. For any
f € LP(m), the following identity holds:

[1r@prm(az) ~ im | Prfl; = (6.6)
E

= [ J] BPs @), P ) (e, g

0E><E\diag
+p//|a )P k(da)dt.

If we in addition assume the strong stability from Assumption 3.1, then the above identity
reads

/lf )Im(de) // Fp(Pf(x), Pof(y)) J(dz, dy)dt (6.7)

0 Ex E\dlag

—I—p//|Pt )P k(dz)dt
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In contrast to Chapter 4, we do not assume pointwise convergence of the transition
density p;(z,y) divided by t to the jumping density J(z,y) as in assumption (J2). We
do not even assume the existence of the density of the jumping or the killing measure.
Instead of this, we employ vague convergence of measures }P;(dz, dy).

Indeed, as we mentioned in (2.26) in Chapter 2,

1
EPt(dx, dy) — J(dz,dy) vaguely on FE x E\ diag when ¢ — 0. (6.8)

Let us recall some notation. The class of continuous functions defined on a set A
is denoted by C'(A). By C.(A) we denote the class of functions in C'(A) with compact
support.

We consider the class U of non-negative functions f on £ x E such that

lim 1E/J/Ef(x,y)Pt(dx,dy) = //f(x,y) J(dz,dy) < 0.

t—0+
ExFE\diag

By the definition of vague convergence, the class ¢ contains all continuous functions
on £ x £\ diag (extended to E x E by putting zero on diag) with compact support, i.e.,
C.(E x E\ diag) C U. Moreover, according to (6.1), g € U, when g(z,y) := (u(y) — u(x))?
and w is a quasi-continuous function in D(E). If we want to generalize the above convergence
to any 1 < p < oo (compare with (4.6)), we need to show that the function f(x,y) =
F,(u(x),u(y)) also belongs to U, at least when w is continuous on E.

To achieve that, we show the following crucial lemma.

Lemma 6.4. I[f0< f<g, f=g=0ondiag, f,g € C(EXE), and g €U, then f € U.
Proof. Fix € > 0. By the definition of U, since g € U, the integral of g is finite, i.e.,
//g(%y) J(dz,dy) < cc.
ExFE\diag
Therefore also the integral of f is finite, namely
[ f@.w) aaw,dy) < [[ glw.y) Jdr,dy) < o (6.9
ExE\diag Ex E\diag

which means that there is a compact subset K C F x E'\ diag such that
//g(x, y) J(dz,dy) < e. (6.10)
KC

Let ¢ € C.(E x E '\ diag) be such that 0 < ¢ <1 and ¢ =1 on K. Since f is continuous,
also p - f € C.(F x E'\ diag). Hence from (6.8) we obtain

tlgggi// (@, y)f(z,y) P(dz,dy) = // o(x,y) f(x,y) J(dz,dy). (6.11)
ExE\diag Ex E\diag

By (6.10) we have
] =)t y) T dy) < [[(1 =g y)g(w.y) Tz, ay)

ExE\diag Ex E\diag

< //g(x,y) J(dz,dy) < e. (6.12)
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We can also write

; / (1 =z, y)f(z,y) A(dz, dy) < / (1 = o(z,y))g(z,y) Fi(dz, dy)

ExE\diag E><E'\d1ag

=+ /[ ote.) Ptz ay)

ExFE\diag

1
— 4 [[ e w)gte.y) Pide, dy)
ExFE\diag

Since ¢ is continuous, we have ¢ - g € C.(E x E'\ diag), and since g € U, by (6.8), we find
that, when ¢ — 0T, the right-hand side converges to

J[9@w Jdz.dy) = [[ el y)ge.y) I(de, dy)

ExE\diag ExFE\diag

—//1— (z,y))g(z,y) J(dz,dy) < /ga:y (dx,dy) <

ExE\diag

Here, we used (6.10). Summarizing,

lim sup 1 [0 = o) ) P, dy) < = (6.13)

t—0t
ExE\diag

Finally, from (6.11), (6.12), and (6.13) we get

tisup |+ ([ £(e,) Pz dy) — [[ 1w.0) (dr,y)

20T B diag ExE\diag
. 1
<timsup - [[ (1= pw.9)f(@.y) Pid, dy)
t—0+ t .
ExE\diag

+ lim sup 1/ so(rc,y)f(x,y)Pt(dx,dy)—/ o(z,y)f(2,y) J(dz,dy)

t—0+t
ExFE\diag ExE\diag

+//(1 —o(x,y) f(z,y) J(dz,dy) <e+0+¢e = 2e.
ExE\diag

Since ¢ > 0 was arbitrary, we have shown the desired convergence

lim 1//f(x,y) Py(dz,dy) =/ f(z,y) J(dz, dy).

t—0t ¢
ExE\diag ExFE\diag
Combining it with (6.9), we conclude that f € U. O

With the above lemma at hand, we are ready to prove the main result.

Proof of Theorem 6.2. Let u € D(E,). Without loss of generality, we assume u to be
quasi-continuous. By (2.37), in particular

2
p _
EO) < o —g3€? (wu™). (6.14)
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Now, since u € D(&,), the right-hand side converges to a finite limit 7=, [u] as t — 0t.

Since the left-hand side is non-increasing as a function of ¢, a finite limit lim,_,q+ £® [u(?/2)]
exists, i.e., u?/2 € D(E).

Since u'?/? € D(&), the equality (6.4) is an immediate consequence of (2.24).

The estimate (6.5) follows again from (2.37).

Now, we assume additionally that v € C'(E) and that the condition (PJ) holds. Then
(6.1) is available, from which it follows that g(z,y) := (u'?/? (y) — u?/?(x))? belongs to U.
Moreover, by the continuity of u, we have g € C(E x E), hence g fulfills the assumptions
of Lemma 6.4. Similarly, f(z,y) := F,(u(x), u(y) is continuous and, since it is bounded up
to multiplication by a constant by g(z,y) (see Lemma 2.3), f belongs to U by Lemma 6.4.
This proves (6.2).

Identity (6.3) follows immediately from (2.35), (6.4), and (6.2). O






Chapter 7

Sobolev—Bregman form — general case

This chapter is an elaboration of the work [51] written by the author and Mateusz Kwasnicki.
The aim of this chapter is to generalize the Beurling—Deny formula for Sobolev—Bregman
forms, and so the Hardy—Stein identity derived in Chapters 4 and 6. In the present analysis,
we provide results that do not depend on the earlier assumptions about domination of
the measures or continuity of functions. The result is valid for all regular Dirichlet forms.
Moreover, we include in our study the strongly local part of a Dirichlet form employing
LeJan’s formula; see (2.23). Instead of relying on convergence theorems which cannot be
used in full generality, our strategy is to utilize the fact that every normal contraction
operates on a Dirichlet form. In view of that fact, we approximate the p-form &,[u] by
the Dirichlet form &(uyn,up—1,,), Where u, and u,, are normal contractions of u'®/2)
approximating v and u'?~! respectively. To control the error, we employ a nontrivial
technical estimate provided by Lemma 7.5. The main result is contained in Theorem 7.1
below.

Theorem 7.1. The following characterization of the domain of the Sobolev—Bregman form
holds:

D(E,) = {u € LP(m) : u?? € D(E)}. (7.1)
In fact, the following estimate holds for any u € D(E,):

4(pp§ Do) < g,fu) < C,efu?’?)], (7.2)

Here, C,, > 1 is the constant from Lemma 2.3. Moreover, the p-form &, is given by the
following formula for any u € D(E,):

gp[u] _ 4(p )gc[ (p/2) ] (7.3)
e / | Fyf@).ay) J(de.dy) + [ fi(a)]” k(o).
E><E'\d1ag E

where u is the quasi-continuous modification of u.

In particular, if w € D(E,), then u has a quasi-continuous modification u, and both
integrals in (7.3) are finite. If the Dirichlet form (£, D(E)) is mazimally defined, then ad-
ditionally the converse is true: every u € LP(E) which has a quasi-continuous modification
u such that the two integrals in (7.3) are finite, belongs to D(E,).

51
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Remark 7.2. The decomposition (7.3) is implied by the following convergences of the
corresponding parts of approzimate form €O (u,u'P~V) for an arbitrary u € LP(m):

tim [ Fyfu(x), u(y)) Pi(dr, dy) (7.4

_ %1) £<ul®/] + 21) / / F(a(z), aly)) J(dz, dy)

ExFE\diag

and

lim > /m W (1= PA(x)) m(dz) /yu )P k(da). (7.5)

t—0t ¢

Remark 7.3. Since the jumping measure J is symmetric, we may replace F, in the
formula (7.3) by the symmetrized Bregman divergence H,, given by (2.30) and write

&) = ‘“p )80[ 0/2) (7.6)

o / [ty @ (y) — @ (x)) J(dz, dy)

E X E\dlag

+ [ li)? k(da).

Now, we may present the Hardy—Stein identity in its most general form in this work.

Corollary 7.4 (Hardy—Stein identity). Let 1 < p < co. For any f € LP(m), the following
identity holds:

E[ @) m(de) - lim || Prfl} = (7.7)

- / //F Pif(x), P f(y)) J(d, dy)dt

0 EXE\dlag
+p//|B )P k(d)dt,

where Pou is assumed to be the quasi-continuous version. If we in addition assume the
strong stability from Assumption 3.1, then the above identity reads

1@ m(dz) = / E(P) 7] at (7.8)

* / //F (Fef (@), P f(y)) J(dz, dy)dt

0 E><E\d1ag

+p//|a )P k(da)dt
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7.1 Elementary estimates

A number of times in this chapter we employ comparability of symmetrized Bregman
divergence H, introduced in Lemma 2.3 under alternative auxiliary notation. Namely, by
substitution s = a?/? ¢t = bP/2 and a = > € (0,2), we rewrite (2.31) to

(2 —a)(t — )2 < (#H — sl (20 _ 50y < D (t — )2, (7.9)

where by D, we denote the constant 1 < D, := C, < 2 from Lemma 2.3. In particular,
since Cp/p-1) = Cp, Da_q = D,.

Lemma 7.5. For a € (0,2) and an integer n > 2, denote (see Figure 7.1)

Pals) = ',
s if |s| < 1,
Pan(s) = s if1<]s| <nt,
' sgn(s) if n* <|sl,
s if |s] <n,
Pn(s) = ¢ nsgn(s) if n < |s| < nd,
s—(n®*—n)sgn(s) ifn® <|s|.

Then,

(Pan(t) = Pan(8))(P2-am(t) — ©2-an(s))

— (pa(t) = ¢als))(P2-alt) — p2-a(s)) (7.10)
§ 4dn~ min{a,2-a} (t - 3)2 + 90Da<wn(t> - %(5))2

foralln > 2 and all s,t € R.

Proof. We divide the present proof into six steps.

Step 1. We begin with elementary simplifications. By the symmetry between s and ¢,
without loss of generality we may assume that |s| < |t|. Since ¢q, @a.n and ¥, are odd
functions, arguments s,t may be replaced by —s, —t. Thus we may additionally assume
that ¢ > 0. Therefore, it is sufficient to consider s,¢ € R such that —t < s < t. This
region is shown in Figure 7.2. Furthermore, since the statement of the lemma does not
change when « is replaced by 2 — a, we may consider only « € (0, 1]. These conditions
are assumed throughout the rest of the proof.

Because of the way of defining functions ¢, , and v, we split the region |s| <t into a
number of subregions, as was shown in Figure 7.2.

To further simplify the notation, we introduce the following functions:

(I)a(s>t) = (9001<t) - Qpa(s))<§027a(t) - 302434(3))7
Pon(5,1) = (Pan(t) = Pan(s))(P2-—an(t) — P2-an(s)),
U (s, 1) := (Yn(t) — ¢u(s))*.

Thus, the desired inequality (7.10) can be rewritten in the following way:
|Pon(5,t) — Po(s,1)] < dn~(t — 5)> + 90DV, (s, 1). (7.11)
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Figure 7.1: Functions defined in Lemma 7.5 (not to scale). Source: [51].
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Figure 7.2: Regions considered in the proof of Lemma 7.5 (not to scale). Source: [51].

At the beginning, in Steps 2-4, we gather the necessary estimates of ®, and @, ,, and
then, in Step 5, we estimate ¥,,, and only then we return to the actual proof of (7.11) in
Step 6.

Step 2. We start with the following immediate estimates of ®, and ®,,. By definitions
of Y and 1y,

D, p(s,t) = Dyls, ) if 1<|s| <t<n (7.12)
region E
and
Dop(s,t) = (s —1)? if [s] <t<1. (7.13)
ion A
region

By the inequality (7.9),

0 < Pu(s,t) < Dolt — 5)? if |s|<t. (7.14)
all regions

Step 3. We turn to an estimate of ®, ,(s,t) by (t — s)?, similar to (7.14) in all regions
but A and B. First, if 1 < |s| <t (regions E, F, G), then

0< ‘Pa,n(t> - Qpa,n(s) < 0a(t) = @als),
0 <2 an(t) = P2-an(s) < p2-alt) — pa_als),

and therefore
0 < Pynls,t) < Dy(s,t).
Combining this with (7.14), we get

0< Dyn(s,t) < Dyt —s)? if 1<s|<t. (7.15)
—_———
regions E, F, G
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Secondly, when |s| < 1 and n <t (regions C, D), a similar estimate is valid. In this case
we may write

0 S Spa,n(t) - ()Oa,n(s) S Qoa,n(t) - Soa,n(_l)7
O S 9027a,n<t) - (pra,n(S) S SOZfa,n(t) - 902704,71(_1)7

and therefore
0< Byn(s,t) < Pon(—1,1).
By (7.15) applied with s = —1, we find that
Don(—1,1) < Dot +1)%
Moreover, since t > n and n > 2, we may write

t+1<3t—-2n+1

<3(t—1)
< 3(t —s).
The above estimates together lead to
q)oc,n(sy t) S qDoc,n<_17 t)
<2(t+ 1)
< 9D, (t — 5)?

Thus, we have just shown the following analogue of (7.15):

0 < ®yn(s,t) <ID,(t — s) if |s]<1<n<t. (7.16)

regions C, D

Step 4. The most careful estimate of @, ,(s,t) — ®,(s,t) is needed in regions B and C,
when |s| <1 <t <n' Rearranging this difference, we may write

Pon(s,t) = Pals,t) = (Yan(t) — Qpa,n(3>>(§02—a,n(t) — Y2-an($))
— (¢alt) = @als))(P2-alt) — p2-a(s))
= (1% — 5)(t*7 — 5) — (1 — s (1> — 527
= (12 — % — 17 + §%) — (12 — %5120 —2agl 4 )
= pogl2—a) 4 p2ragla) _yag  g2-ag

= SO (L= [ (2[5,
In particular, the quantities in parenthesis are non-negative. Therefore,

|Pon(s,t) — Pu(s,t)] = |s|" t*(1 — |s|170‘)(t2_2C¥ — |s|17a) if |s|]<1<t<nt. (7.17)

regions B, C

Firstly, consider region C: suppose that |s| < 1 and n < t. Utilizing (7.17), we have

| Don(s,t) — Puls, t)] <27 < n~ 2
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Since 2 <n <t, we have t <2(t — 1) < 2(t — s),

|Don(s,t) — Pu(s,t)] < dn~(t — s)? if [s]<1<n<t<n’. (7.18)

region C

On the other hand, if |s| <1 <t <n (region B), then again by (7.17),
O~ s

|Pon(s,t) — Puls, t)] <t N
(= 1)+ (1 15 ))

1 —|s]
— (1 s
We combine 1 — |s]'™® < 1 — s with
=+ ) = 1) <217t - 1),
to continue estimates and write
[Pan(s,t) — Rals, b)) < 9 (1 —s)(2 (- 1) + (1 - 5))

<11 —s) (2t (t — 1) + 26171 — )
=2t(1 — s)(t — s).

)
Finally, t(1 —s) =t —st <t—sif s > 0,and (1 —s) =t — st <2t <2(t —s) if s < 0.
Concluding,

| Don(s,t) — Pp(s,t)| < 4t — 5)? if |s]<1<t<n. (7.19)

region B

Step 5. Before we prove (7.11), it remains to estimate W,,. By the definition of 1, we
can write immediately that

U, (s,t) = (t —s)? if |s|<t<n or n*<|s|<t. (7.20)
includes regions A, B includes region G

Suppose now that |s| < n® and n* < t¢. Then

wn(t) - ¢n(3) > 1/Jn(t) —n=t-—n
Since t > nt > 2n3,
3(1n(t) = Pn(s)) > 3t — 3n°

>t 4+ nd
>1—s.

By the above estimates, it follows that

O, (5,8) = I(Wu(t) — ¥n(s))* = (t — 5)*
This estimate partially covers regions D and F. The remaining part of these regions is
included in the estimate (7.20). Summarizing,
I, (s,t) > (t — s)? if |s| <n*<t. (7.21)
| S S—
regions D, F
Step 6. With the above bounds at hand, we are ready to prove the desired inequal-

ity (7.11). We consider one by one the following seven cases, which correspond to regions
shown in Figure 7.2.



58 Sobolev-Bregman form — general case

o Region A: If |s| <t <1, then by (7.13), (7.14), and (7.20),

Do n(s,t) — Duls,t)]

e Region B: If |s] <1 <t < n, then by (7.19) and (7.20), we have

|Pon(8,t) — Py (s,t)| < 4t — 5)?
4V, (s,t).

e Region C: If |s| <1 <n <t <n* then by (7.18),

|(I)a,n(57t) —DQu(s,t)| < 4dn"(t — 8)2.

e Region D: If |s| < 1 < n* <t then by (7.14), (7.16), and (7.21),

|Dan(s,t) — Duls, )] < Punls,t) + Puls,t)
< 10D, (t — 5)?
< 90DV, (s,t).

e Region E: If 1 < |s| <t <n*, then by (7.12),

(o (5,8) — u(s, )] = 0.

e Region F: If 1 < |s| < n? <, then by (7.14), (7.15), and (7.21),

|Pan(s,t) — Duls,t)] < Pynls,t) + Puls,t)
< 2D, (t — 5)?
< 18DV, (s,t).

e Region G: If n* <|s| < t, then by (7.14), (7.15), and (7.20),

|Don(s,t) — Duls,t)]

The proof is complete. O

7.2 Proof of the main result

With Lemma 7.5 at hand, we are ready to prove Theorem 7.1.
For convenience, we introduce the following notation. Denote by E¢[u], £/ [u], and EF[u]
the strongly local part, the jumping part, and the killing part of the p-form appearing on
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the right-hand side of (7.3):

56[ ] L 4(]7 )gc[ p/2]

/ / Fy( )) J(de, dy),

E>< E\dlag

:/|u 2)P k(dz).

Observe that £ [u] and EF[u] are well-defined (possibly infinite) for all Borel functions u
due to the non-negativity of the integrands. By now, we cannot verify whether £5[u] is
well-defined unless we assume that u?/? € D(&).

It is important to note that, as we previously mentioned in the case of Dirichlet forms,
functions u that are equal almost everywhere cannot be identified here, as k and J may
assign positive measure to sets that have zero measure with respect to m or m ® m.

Proof of Theorem 7.1. First of all, in view of Remark 7.3, it is enough to prove the
statement for the symmetrized Bregman divergence H, instead of F,, that is:

/ / H( y)) J(dz, dy).

E x E\diag

Moreover, observe that an arbitrary Borel function u is quasi-continuous if and only if
ulP/?) g quasi-continuous.

The proof of the inclusion C in (7. 1) follows the same steps as in the proof of Theo-
rem 6.2: by (6.14) and the fact that £®[u?/?)] is non-increasing function with respect to
t. Therefore, we omit it here. For the details, we refer to the proof therein.

The proof of the inclusion D in (7.1) and the formula (7.3) is more complicated.
Therefore, we split it into six steps.

Step 1. Let u'P/?) € D(E). Without loss of generality, we assume u'?/? (and hence u)
to be quasi-continuous. Equality (7.5):

lim ~ /\u )P (1 = P(x)) m(de) = E[u]

t—0t ¢

is an immediate consequence of (2.24).
In this step, for convenience, we introduce an auxiliary notation and reformulate the
problem. Denote o := 2/p and v := u?/?. Thus, v € D(€) is quasi-continuous and
€ (0,2).
With the above notation,

g = 201

and

&2l = 5 [ (ulw) — u(@) (@t () — u (x)) J(dr, dy)

ExE\diag

- ; ] @ @) = v @) () = v (@) J(dz, dy).

Ex FE\diag
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Therefore, our goal (7.4) reads

lim ;tE/ é (W' (y) — v’ (2)) (012 () — v () Py(dz, dy) (7.22)

02— )&e] + 3 [0 ) — o) @) 0O y) v (@) T(dr, dy).

E>< E\diag

To apply Lemma 7.5, we employ the functions ¢, @an, and ¢, (n > 2) introduced
therein and use the following notation:

va(2) 1= n"* o (n*v(z)) = 0! (2),

Van(x) = n’Q"‘goa’n(nzv(x)),
wy () = n" P, (no(x)),
and furthermore
Do (2, y) = (Va(y) — V(7)) (V2-a(y) — v2-a(T)),
(I)a,n(Q:a y) = (Ua,n(w - Uoz,n(@)(UZfa,n(y) - vZfa,n(x))-
Finally, let €4, := 4n~ min{a,2—a} “\With the above notation, Lemma 7.5 states that

[Pa(2,) = Pan(,9)] < €an(v(y) — v(z))* + 90D (wn(y) — wa(w))?, (7.23)
while our goal (7.22) reads

lim — /(ID z,y) Py(dz,dy) = a(2 — a)&v /<I> x,y) J(dz,dy). (7.24)
t—0+ 2t 2
ExE ExFE\diag

To establish this equality, we approximate ®, with ®,, and then estimate the error by
(7.23).
Step 2. Observe that, since v € D(E) and v is quasi-continuous, by (2.25) we may write

lim — J[ ) = (@) Adr, dy) = 0] + 5 / jee 2 B(d, dy).  (7.25)

EXE Ex E\dlag

Step 3. At this step and the next step we prepare the necessary results to handle the
jumping term.

Recall that v € D(E). Since Y, Pa—an are Lipschitz functions satisfying ¢, ,(0) =
©2—an(0) = 0, functions vy, va—an belong to D(E). We refer to (2.10). Moreover, they
are quasi—continuous. Utilizing (2.25), we obtain

Jim / [ an(®) = van(@)(v2-an(y) = t2-an(@)) Pda, dy)

= E(Vans Va-an) + 5 / / V() — Van (@) (V—an(y) — Va—an(x)) J(dz, dy).

ExE\diag

In terms of &, ,, the above equality reads

lim —// D, (2, y) P(de, dy)

(7.26)
= EWamn, V2—an) + 3 // D n(x,y) J(de, dy).

ExE\diag
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Step 4. Since v belongs to D(€) and v, are Lipschitz functions, similarly to the
previous step, we find that the functions w, (z) = n=%¢,(n?*v(z)) belong to D(E) as well
in view of (2.10). Moreover, v and w,, are quasi-continuous. Thus, from (2.25) we get

Y T

= E%w,] + 3 // wy(y) — wn(z))? J(dz, dy). 720

Ex E\diag

Furthermore, the functions s — n~2,(n?s) have Lipschitz constant 1 and they converge
pointwise to zero as n — +o00. Thus, w,(z) = n=%¢,(n*v(z)) — 0 pointwise as n — +o0.
Moreover, |w,(y) — w,(z)| < |[v(y) — v(x)| and (v(y) — v(x))? is integrable with respect
to J(dz,dy), therefore we are allowed to utilize the dominated convergence theorem to
conclude that

lim // wnly) — wn(2))? J(dz, dy) = 0, (7.28)

ExFE\diag

Step 5. At the present step we turn to the strongly local part. To deal with it, we
employ LeJan’s formula given by (2.23).
Recall that w,(z) = n~2¢,(n*v(z)) and note that

1 when |s| <n,
Y (s) =40 when n < |s] <n?,
1 when [s| > n3.

Since 1), are Lipschitz functions equal to zero at 0, and in view of the fact that v € D(E)
is quasi-continuous, by LeJan’s formula (2.23), we have

Euwn] = [0, (n?0(@)))*pty (dx)

E

= [ Loasmutnesoo (0@)1iy(da).

Therefore, by the dominated convergence theorem, we obtain

lim &%w,] =0. (7.29)

n——+o00

We follow the same steps with respect to v,, and ve_,,. Recall that v, ,(z) =
N 2@an(n?v(z)) and va_o,(x) = n%0s_nn(n*v(x)). Furthermore, note that ¢, , and
©2—qn fulfill the assumptions of LeJan’s formula. Therefore, again by (2.23)

E(Wams V3-an) = [ Fon(20(@))¢h 0 (n20(2) 11 ().
E

However,
1 when |s| < 1,

Chn(s)=<als|*" when 1< |s| <n
0 when |s| > n?.



62 Sobolev-Bregman form — general case

Hence,

1 when |s| < 1,
Pan(8)Pran(s) = Ja(2—a)  when 1 <|s| <nf,

0 when |s| > n?,

and it follows that
E(wam ta-an) = [ (Lonsme (10D + (2 = @) Ly (o)) )y ).
E
Utilizing the dominated convergence theorem and (2.22), we derive that
i E o, v2an) = [ 0(2 = a)piy(de) = a(2 — a)Eu]. (7.30)
B

Step 6. After gathering the results from Steps 2-5, we are ready to prove our goal (7.24).
We denote

W(t) = ;t/ / Do, y) Pu(dr, dy) — a(2 — )] —E;X ]4 / Doz, y) J(dz, dy),

for t > 0 and [ := limsup,_,o+ |V (¢)].
We claim that [ = 0. Clearly, for ¢ > 0 we have

1
W) < | [ el 9) Pz, ) — £ v2c) — 5 [ Banlr,) T, )
v ExFE\diag
1
+ 57 [ 1®a@,9) = Panlw, )| Pdz,dy)
ExXE

+ [E(Van, Va—an) — (2 — a)EV]|
1

+3 /|®a,n(w7y) — &, (z,y)| J(dz,dy).
Ex E\diag

By (7.26) from Step 3, the first term on the right-hand side converges to zero as t — 07.
Thus,

1 < hmsup—//]@ (x,y) — Pan(x,y)| P(dx,dy)

t—0t
+ |gc<va,n7 UQfa,n) - Oé<2 - Oé)gc[vﬂ
1
+ 5 // |(I)a7"(x’y) - (I)a(l‘,y)| J(d{)ﬁ', dy)
ExE\diag

Applying (7.23) to each of the integrands on the right-hand side yields that

" [[(w) - vla))? Pldr.ay) + 220

E><E ExXE

+ |gc(7}anav2 an) - (2_05)80[ 1l
)2 J(dz, dy) + 45D, // w(y) — wn(2))? J(dz, dy).

E><E\d1ag Ex E\diag

[ < limsup (

t—0t

— wn())* P(da, dy))
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Next, we use (7.25) and (7.27) from Steps 2 and 4 to convert the first two terms on
the right-hand side. Then, we combine them with the last two terms and obtain

[ < ean&fv] +€an// )2 J(dz, dy)
ExFE\diag
4 90D ETw,] + 90D, / / (wn(y) — wa(x))? J(dz, dy)
ExFE\diag

+ [E(Van; Va—an) — (2 — )& .

The above inequality holds for every n > 2. Moreover, the left-hand side does not depend
on n. The first two terms on the right-hand side tend to zero as n — 400 by the definition
of £4.. The third and the fifth terms converge to zero according to (7.29) and (7.30) from
Step 5. The fourth one vanishes by (7.28) from Step 4. Summarizing, the left-hand side [
is necessarily zero, as claimed. We have just proved our goal (7.24), or equivalently that
u € D(,) and that &ylu| is given by the analogue of the Beurling-Deny formula (7.3).

Rest of the proof. It remains to prove (7.2) and the final claim of the theorem. Let
u € D(E,) be quasi-continuous. Then, in view of (7.1) also u'?/? € D(E) and the estimate
(7.2) follows from (2.37). In particular, both integrals in (7.3): &J[u], £ [u] are finite
because & [ufP/?)] is finite as well.

Assume now that (£, D(€)) is maximally defined, u € LP(m) has a quasi-continuous
modification @ and the integrals &[], £F[u] in (7.3) are finite. Then,

&) < c,&lal,
&) = &lal
are also finite. Here, we used Lemma 2.3. By our maximality assumption on (&€, D(E)),
1

this implies that 4?2 € D(£) and hence u?/? € D(£). By the characterization (7.1),
u € D(&,), which ends the proof. O

7.3 Example: Euclidean space

Consider a regular Dirichlet form (£, D(€)) on a domain E on the Euclidean space £ C R?
and suppose that C°(E) C D(E). In this case the strongly local term admits a more
explicit form:

(x) v ;(dx), u,ve CF(E)

“(u, v) /z

7,7=1

81‘1 8%

and, consequently, the following version of the Beurling—Deny formula holds:

(u, v) /Z

1]1

83:1 82:] () vi;(d)

b5 [ wl) — u(@) () — o) T, dy) (7.31)

Ex E\diag

+ /u(az)v(m)k(dm), w0 € C2(E).
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Here, v; ; are some positive Radon measures on £ (1 <1, j < d) satisfying

d
Z &&vij(K) >0, v,(K)=v(K), 1<ij<d

ij=1

for any ¢ € R? and any compact set K C E. We refer to Theorem 3.2.3 in Fukushima,
Oshima, and Takeda [45] for this fact.

In view of that, according to Theorem 7.1, we obtain the following analogue of the
Beurling-Deny formula for the p-form &, on the Euclidean space for smooth functions:

=(p-1) /!u i 2 8:1:1( ><§;j($) v; j(dx)
2// u<p’1>(y) —u<p’1>(a:))J(dx,dy) (7.32)
+ / u(@)|” k(dz),  ue CX(E).

Additionally, whenever (7.31) remains valid for a broader class D of admissible functions
u, v, then (7.32) also holds for every u such that uf?/? € D. For example, it is satisfied for
an appropriate Sobolev space W, *(E) or W'?(E) when the strongly local part of (£, D(£))
corresponds to a uniformly elliptic second order operator. Compare above observations
with (1.5).

According to Corollary 7.4, whenever for an arbitrary f € L(m) we have P,f € D for
all t > 0, then the following Hardy—Stein identity holds:

[1f@prde— Tim |1Prflp = (7.33)
E

=21 [ [inser z_ TG @) v

+2 / // (PS( FE)(PAHP V() — (PP () J(da, dy)dt

0 ExE\diag

er//u%t )P k(dz)dt.



Chapter 8

Applications in Littlewood—Paley
theory

Banuelos, Bogdan, and Luks investigate in their paper [5] the following square functions:

oo 1/2
G = | 5 / E{{ (?f(y)ﬂf(x))QJ(Ldy)dt) , (5.1)

—+o0 1/2
G(z) = //(Hf(y)Bf(fc))Qx(Ef(l‘),Bf(y))J(x7dy)dt) , (8.2)
0 E\{z}

where f is a fixed function in LP(m), x(s,t) := Lys>je3 +35 Lyjsi=ey, and J(z, dy) is the
kernel of the jumping measure J: J(dz,dy) = J(z,dy)m(dz). Working in the context of
a pure-jump Lévy processes, the authors show that the p-norm of G cannot be bounded
in terms of the p-norm of f. For this, we refer to Example 2 in [5] or to Example 8.12
below. However, for the square function G the following Littlewood—Paley estimates hold:

&1 f1l, < |Gl < Cullll,, 1 <p<oo

for some constants c,, C,, > 0.

Two separate tools were used in [5] to prove this result: the Hardy—Stein identity
and the Burkholder-Davies—Gundy inequality. The second one employs the following
martingale: M, := Pr_,f(X;) — P,(Xo). The authors utilized 1t6’s formula to connect the
square bracket (M) with the third square function,

oo 1/2
H(z) = (;///(Ptf<y)Ptf('Z))zJ(zady>Pt(x7dZ)dt) : (8:3)

Then, they proved the upper bound || H||, < C, || ]|, for 2 < p < co. Secondly, the authors

showed that G < 2H using “time doubling”; see the proof of Lemma 4.2 in [5]. Finally, they
obtain the analogous upper bound for GG by combining the aforementioned observations. In
Li and Wang [63], a similar concept was attempted, but an error was identified. For details,

we refer to the discussion at the end of Section 8.5.1. The lower bound ¢, || f[[, < H(NJH in
p

the case of 1 < p < 2 was provided in [5] utilizing the ultracontractivity of the semigroup.

65
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The study in this chapter is focused on a more general case; see Assumption 8.4 below.
In view of this, we cannot use It6’s formula and do not assume ultracontractivity of the
semigroup. Instead, we use the Revuz correspondence to establish the connection between
the square bracket (M) and the square function H.

Moreover, the inequality G < 2H does not hold in general. This is an immediate
conclusion from some of our main results in this chapter.

Theorem 8.1. Let 1 < p < oo. Under Assumptions 3.1 and 8.4 there are constants
¢p, Cp > 0 such that

ellfll, < |G|, 2<p<oo,

)
p
and

el <culfl,. 1<p<2

Howewver, there is no universal constant é'p > 0 such that
|Gl < colfl,. 2<p <o (8.4)

The above estimates are presented rigorously in Section 8.5. In particular, for (8.4) we
refer to Example 8.16 below.

Theorem 8.2. Let 1 < p < co. Under Assumptions 3.1 and 8.4 there are constants
cp, Cp > 0 such that

e llfll, < H[,, 1<p<2o0r3<p<oo,
and
1|, < CpllFll,» 2 <p <o
However, there is no universal constant C, > 0 such that
1#1, < Collfll,, 1<p<2 (8:5)

The above results are presented rigorously in Section 8.6. Particularly, the counterex-
ample disproving (8.5) is analogous to Example 2 from [5]. We prove some parts of these
results following the approach from [5] and applying our general Hardy—Stein identity
from Corollary 7.4.

In order to overcome the fact that (8.5) is not true, we introduce the fourth square
function:

1/2

Ha)i= | [ [ [(Pfw) = PFC)A (P (=), P () I (2 dy) Pl d2)dt | (8.6)

E E\{z}

In Section 8.7 we prove the following Littlewood—Paley estimates of the square function

H.
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Theorem 8.3. Let 1 < p < oo. Under Assumptions 3.1 and 8.4 there are constants
¢p, Cp > 0 such that

ellfll, < |H| . 3<p<oo,

)
p
and

|| <clfl,, 2<p<oo

For now, it is an open question whether Littlewood—Paley estimates hold in the other
cases.

For more examples of square functions utilized in the literature, we refer to the extensive
compilation in Section 1 of [63].

8.1 Preliminaries

For non-negative functions f and g we write f(x) < g(x) (resp. f(z) 2 g(z)) to indicate
that there exists a positive constant C), depending only on 1 < p < oo such that f(z) <
Cpg(z) (resp. f(z) > Cpg(x)) for all the considered arguments x. When f(z) < g(z) and
f(z) 2 g(x), we write f(z) =< g(x).

For two sequences (a,)nen and (b, )nen of non-negative real numbers we write a,, ~ b,
to indicate that those sequences are asymptotically equal, that is, a, /b, — 1 as n — +oc.
Similarly, for non-negative functions f and g, we will write f(z) ~ g(x) as x — o whenever
lim, ., f(x)/g(x) =1 and say that those functions are asymptotically equal as x — .

8.1.1 Conditions on Dirichlet Form

In this chapter we work under the following conditions.

Assumption 8.4.

(JK) There exists the jumping kernel of the jumping measure J, i.e., for every x € E
there exists a Radon measure J(x,-) such that

J(dz,dy) = J(z,dy)m(dx).

(PJ) The regular Dirichlet form (£, D(E)) is pure-jump, that is, the strongly local part £
in the Beurling—Deny formula vanishes.

(K0) The killing measure k vanishes.

The assumption (JK) does not impose significant restrictions. Indeed, in general,
the jumping measure J may be written as follows: J(dz,dy) = N(z,dy)v(dx), where
(N(z,dy), (Hy)i>0) is the so-called Lévy system and v is the Revuz measure of the AF
(Hy)i>0; see (5.3.6) in Fukushima, Oshima, and Takeda [45] and the discussion therein. In
many cases the Dirichlet form satisfies the stronger condition, for example J is absolute
continuous. See (J) from Assumption 4.1.
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The assumptions (PJ) and (KO0) together ensure that the Beurling-Deny decomposition
of the Dirichlet form consists only of the jumping part. Indeed, in view of the above
assumptions, the Dirichlet form takes the following form:

£uv) = 5 [[ (ily) — () (0() ~ ) T, dyym(da), (8.7)

ExFE\diag

where u, 0 denote quasi-continuous versions of arbitrary u,v € D(E). Together with (JK)
the energy measure i, defined in Section 2.4 reduces to dyup,) = I'[u]dm, where

Clul(r) o= 5 [ Gly) — () Iz, dy), we DE) (59

E\{z}

is the carré du champ operator. It is known that I': D(€) — L'(m) is continuous, where
D(E) is the space equipped with the norm \/(m . We refer to Proposition 4.1.3 in Bouleau
and Hirsch [20].

We will also consider

lu](z) := /(ﬁ(y) — a(x))? x(a(x), u(y)) J(z,dy), ueD(E), (8.9)
E\{z}
where
L if |s| > ¢,
x(s,t) =93 if [s| = |t], (8.10)
0 if |s| < |¢],

is the characteristic function of the set { (s,t) : |s| > |¢| }, with a minor modification when
|s| = |t|. Note that x(s,t) + x(t,s) = 1. In particular, by the symmetry of the jumping
measure .J,

/F[u] dm = /f[u] dm = E[u). (8.11)

Under Assumption 8.4 the following implication is true:
u € D(Ay) = u? € D(A). (8.12)
Moreover, the carré du champ operator on D(As) takes the following form:

Tlu] ;Al(uQ) —udsu, ueD(A). (8.13)

We refer to Theorem 4.2.2 in [20] for the above statement.

8.1.2 Square functions

Fix f € LP(m). In this work, we study the square functions (or Littlewood—Paley functions)
given by (8.1), (8.2), (8.3), and (8.6). Using introduced earlier notation, these equalities
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reads

“+o00

1/2
Ga) = [ rme:c)dt) ,

1/2
Ga)=| [ f[Ptf](:v)dt) ,

Yoo 1/2
H(z) = / PtF[Ptf](:c)dt) ,

Yoo 1/2
H(z) = / Ptf[Ptf](:c)dt) .

Here and below, we always assume that the quasi-continuous version of P f is taken.
Clearly, G < v/2G and H < v/2H. By (8.11), the L?*-norms of G, G, H, and H are all

equal to

+oo
O/ b[ I[P, f] dmdt.

As an immediate consequence of the Hardy—Stein identity (Corollary 7.4) for p = 2, we
present the following fact.

Proposition 8.5. The following equivalence between L?-norms holds:

1Gll, = |G, = 1H1, = | H]|, = 21171,

8.1.3 Additive functionals and Revuz correspondence

Let (X¢)¢>0 be a Hunt process (not necessarily symmetric) with respect to the minimum
completed admissible filtration (F;);>0. A set B C E is nearly Borel (relative to (X;)i>o) if
for each probabilistic measure p there exist Borel sets By, By C E such that B; C B C B,
and P,(X; € By \ By for some t) = 0; see Definition (10.21) in Blumenthal and Getoor
[11] or [45, p. 392]. Denote by op :=inf{t > 0: X; € B} the hitting time of a set B for
(X¢)t>0- A nearly Borel set D C E is polar if

/ P,(op < +oo) m(dz) = 0;

see Definition (6.3) in Getoor and Sharpe [48]. We say that a nearly Borel set £ C E is
absorbing if Px(O'E\E < 400) = 0 for all z € E; see [48, p. 17]. A nearly Borel set N C E
is inessential if N is polar and N¢ is absorbing; see Definition (6.8) in [48].

We call a family of functions (A;)i>o on 2 with values in [—oo,+00] an additive
functional (AF in abbreviation), if there exist a defining set A € F., and an inessential

set N (called an exceptional set for (A;)i>o) such that the following conditions hold:
(A.1) A, is measurable with respect to F;.
(A2) P,(A)=1forallz € E\ N.
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(W) = A¢y(w) for all w € A, t > ((w).
stt(w) = As(w) + Ay(Osw) for allw € A, t,s > 0.

left limit.

We say that (A;)i>o is the positive additive functional (PAF in abbreviation), when we
replace condition (A.8) in the above definition with the stronger one:

(A.8’) For each w € A, the function [0,400) > t — Ay(w) is right continuous and
non-negative. Moreover, for every ¢ > 0, the function [0,¢) > s — A;_s(0sw)
is right continuous.

We say that (A;)i>o is the positive continuous additive functional (PCAF in abbreviation),
when we replace condition (A.8) in the above definition with the stronger one:

(A.8”) For each w € A, the function [0, +00) 3 t — A;(w) is continuous and non-negative.

We refer to Definitions 3.16(b) in Fitzsimmons [41] and to Chapter 2 of Fukushima [37].
See also Section 5.1 of [45]. We say that the additive functionals (A;):>o and (By):>o are
equivalent, if [ P.(A; = B;) m(dx) =1 for all ¢ > 0.

Let ((Mi)i>0, (Ft)t>0, (P2)zer,) be a martingale. Then there exists a unique in-
tegrable and predictable increasing process ({(M););>o null at zero such that ((M? —
(M)1)e>0, (Ft)>05 (Py)zer, ) is a martingale. If, in addition, (M;);>o is an AF, then
((M)¢)i>0 is a unique PCAF (up to the equivalence of additive functionals) such that
(M? — (M))i>0, (Ft)i>0, (Ps)zer, ) is a martingale. The process ({M););>o is called the
sharp bracket (or predictable quadratic variation) of (M;);>o. For more details, we refer to
Section A.3 of [45]. See also Section 4 of Trutnau [107] and Théoréme 3 in Meyer [77, II1].

As we will see later, every PCAF can be associated with a unique Borel measure in
the class of so-called smooth measures. But before we define this class of measures, we
require some notions following Fitzsimmons and Getoor [43]. Let B*(E) be the universal
completion of B(E), that is, B*(E) := N, B*(E), where B*(E) is the completion of B(E)
with respect to the measure 1 and the above intersection is taken over all probabilistic
measures on (E, B(F)). Let B°(E) be the o-field generated by B*(E)-measurable functions
which are a-excessive for some a > 0. A set B € B¢(F) is called semi-polar provided

/IP’I(Xt € B for uncountably many ¢) m(dz) = 0.
B

Denote by 75 := inf{t > 0: X; ¢ B} the exit time of (X¢);>o from a set B. In particular,
T = 0p,\B- We say that an increasing sequence of sets (B, )nen in B*(E) is a generalized
nest if

[ ( lim 75, < g) m(dz) = 0.

n—-+o0o
E
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A set B is called finely open if for each x € B there exists a nearly Borel set B, O B¢ such
that P,(op, > 0) = 1; see Definition (4.1) in [11]. Finally, let us call a Borel measure v
smooth if it charges no semi-polar set and admits an associated generalized nest (G,,)nen
of finely open sets with v(G,,) < +o0o for each n € N.

If we additionally assume that the Hunt process (X;):>o is symmetric, then it is
associated with some regular Dirichlet form (€, D(€)), and therefore the class of smooth
measures can be characterized more easily using the capacity notion given by (2.18) and
(2.19). Indeed, an increasing sequence of sets (B,,)nen is a generalized nest if and only if

lim Cap(K \ B,) =0 for any compact set K.

n—-+00

Then, a Borel measure v is smooth if and only if it charges no set of zero capacity and
admits an associated generalized nest (F),),en of closed sets such that v(F,,) < 4+oo for
each n € N. For these and other equivalent definitions of smooth measure, capacity, and
generalized nest, we refer to [43]. See also [45, p. 83] or Appendix B of Li and Ying [64].

Let (At)i>0 be an additive functional and m be an excessive measure (for (X;):>o).
The Revuz measure v of (At)i>o related to a reference measure m is defined by

/fdy tli%l; E, /f m(de), feBY(E),, (8.14)
B (0,4]

or, equivalently,

+oo
_ N —pt ~ e
]!fdu_ﬂgrfmﬁ]!Ez ( O/e f(Xt)dAt) m(de), fe B(E)s.

Here, B¢(E) is the class of non-negative B¢(E)-measurable functions. We say that such
(At)i>0 and v are in the Revuz correspondence in honor of Revuz; see [91].

The simple example of v and (A;);>0 in the Revuz correspondence is provided by a
Borel function ¢g. Let

_ /g(XS(w))ds, t>0. (8.15)

Then (A¢)i>o is AF, PAF, and PCAF when ¢ is bounded, non-negative and bounded
non-negative, respectively. Moreover (A;);>¢ is in the Revuz correspondence (related to
the reference measure m) with measure g(x)m(dz); see [37, p. 41].

It is known that the Revuz correspondence is a one-to-one correspondence between the
class of smooth measures and the class of PCAF (up to equivalence of additive functionals).
For this statement, we refer to Theorem (3.11) in [43]. Extensive research has been
dedicated to the Revuz correspondence. Notable works include Getoor [47], [48], and
Fitzsimmons and Getoor [42, 43]. We may also refer to Section 75 in the book of Sharpe
[94].

Let us assume additionally that the Hunt process (X;);>o is symmetric, i.e., it is
associated with some regular Dirichlet form and (A;):> is PCAF. In this case, the Revuz
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correspondence can be characterized by the following formula:

/fhdu_ 11m = [ hx (/f ) m(dz) (8.16)

:3l_i>rfooﬂ/h(x)Em (/ 6'8tf(Xt)dAt) m(dx),

where h is any a-excessive function (« > 0) and f is any non-negative Borel function; see
Section 5.1 of [45]. See also Chapter 2 of Fukushima [37] and Appendix B of [64]. For the
Revuz correspondence in the case of non-symmetric generalizations of the Dirichlet form,
we refer to [41, 64] (for semi-Dirichlet form) and [107, Section 3| (for generalized Dirichlet
form).

8.1.4 Space-time process

Let (X¢)i>0 be a symmetric Hunt process associated with the regular Dirichlet form
(€,D(£)). The Hunt process (X;):>o is progressively measurable, i.e., for each T' > 0,

(10,7 x Q,B([0,T]) x F) 3 (t,w) — Xi(w) € (Ea, B(EA))

is measurable. Recall that B(I) is the o-algebra of Borel sets of I C R. Therefore, it is
permitted to define so-called space-time process

9

(Qa f? (Xt)tZ()? <P(t07$))(t0,m)€EA)7

where
Q = (0,00) x €,
F = o{B((0,00)) x F},
Xi(r,w) == (1 + 1, X;(w)),
]va(to ) 1= Oy @ Py,
Ea = (0,00) x EU{(c0, A)}.

Here, d;, is the Dirac delta measure at a point ty € (0,00). The point {(co, A)} is the
cemetery state of (X;)i>o. The above process is the (non-symmetric) Hunt process with
respect to the admissible filtration

F = a{B((0,00)) x Fi}.

Denote L2(dr @ m) := L2((0,00) x E, B((0,00) x E),dr ® m). The semigroup ()0
of the space-time process is given by

Bif(r,z) = Plf(r +,)](x), fe€LXdr@m).
Its adjoint operator B is given by

Pig(r,z) = Lo (O)Blg(r —t,-))(z), g€ L*(dr@m).
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We also consider the backward space-time process ()A(t)tzo defined on the same family of
probability spaces (€2, F, (IP’ (t0,2))( by

to,x) EEA>

T, (r.w) (1 —t, Xi(w)) fort <,
T,W) =
' (00, A) otherwise.

In other words, (Z>t>0 is a Cartesian product of (X;)¢> and the uniform motion to the
left on (0, 00) with killing at 0. Note that the process (Xt)t>0 is dual to (Xt)t>0, ie.,
(P,)i=0 is the semigroup of (X;)io.
For the construction of the above space-time processes, we refer to Section 16 of [94].
Note that for any @ () — R measurable with respect to foo,

B0 [®F) = Ea[®(to, )| 7], Ppygay-as. (8.17)
Indeed, for any A € B((0,00)) and B € F;

E(t,2) (P Laxp) = La(to) By (B [®(to, )| Fi] 18) = Erg,0) (B[P (t0, )| Fe] Laxn).

At the end of this section we show the characterization of the Revuz correspondence
for the particular case of a space-time process. This result will be beneficial in Section 8.2.
Compare this with Appendix B of [64].

Lemma 8.6. Let (Ay)iso be a PCAF related to the space-time process (X;)=o described
above. The Revuz measure v of (A¢)i>o (related to the reference measure dr @ m) satisfies

/fhdu = hrn = | hir,x VE(r2) (/f ) drm(dz) (8.18)

t—0+ ¢
(0,40)xE (0,4c0)xE

for any f € B((0,00) x E)4 and a-coexcessive function h (o >0).

Proof. Denote by (X®);>o the a-subprocess of (X;);»0, that is, the process obtained
by killing (Xt)t>0 with intensity «, i.e., at a time T,, where T, has the exponential
distribution with parameter o. Slmllarly, let (X2);>0 be the a-subprocess of (Xt)t>0.
The semigroup of (Xt )io0 is (€™ Pt)t>0 Therefore, since h is a-coexcessive for (Xt)t>0,
the measure hm is excessive for (X®);=o. Moreover, the mapping [0, +00) 3 ¢ — h(X?)
is P,,-almost surely right continuous; see Proposition (4.2) and Theorem (4.8) in [11].
Here, P,,(A) := [z P.(A)m(dx). By self-duality of (X;);>o (see (2.40)) the mapping
(0,(%) > t = h(X2) is P,-almost surely left continuous. Here, ¢ is the lifetime of
(XP)ez0-

According to the above observations, we are allowed to use Corollary (8.11) from [48]
and write

Tim = B ( [ Feh(xs) dAs) drm(dz)

(0,4+00)xE 0

t—0t+
(0,40)xXE

= lim 1 h(r, x VE(r.2) (/f (X dAO‘> drm(dz).
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Here, (A%)i>o is the PCAF (A;)i>0 killed at time T,
Since the discontinuity points of the sample paths ¢ — X} are at most countable and
(A%)>0 is continuous, we may rewrite the above formula as follows:

Jim /E(m) (/f (Xo)h(X2)dA ) drm(dz)

(0,+00)xXE

¢

1 el a

tlir(g : h(r, ) Er.2) (/f(XS)dAS> drm(dz).
(0,40)xXE 0

Moreover, it is easy to see, that we may replace )V(SQ and A% by X, and A,:

tl—i>r(§l+t/E” (/fX ) drm(dz)

(0,40)xXE

1
tl_l}I(% i h(r, x VE(r.2) (/f ) drm(dz).
(0,4+00)x E

Finally, the left-hand side is equal to [, o0),p fhdv by (8.14). O

8.1.5 Martingale

Let (My)i>o be an arbitrary martingale. Denote by ([M])i>0 the square bracket of (My)i>o
given by

[M], := (M), + > AM?

s<t

where AX; := X; — X;- and (Mf);>o is the continuous part of (M;)i>o; see (A.3.6) in
[45]. Note that [M]; = (M), for continuous (M;);>o. Let 1 < p < oco. According to the
Burkholder-Davies—-Gundy inequality:

E, | My — MyP < B, ([M]7)P?, T > 0. (8.19)

We emphasize that, in general, we cannot replace the square bracket [M|r by the sharp
bracket (M)r. Nevertheless, it is known that for 2 < p < o,

B (M) < Eo([M],)"?, ¢ >0, (8.20)
and, for 1 <p < 2,
E,([M],)?? < C,E.((M),)”* t >0, (8.21)

for some constants c,, C,, > 0. We refer to Remarque 4.2 in Lenglart, Lépingle, and Pratelli
[62]. See also item (4.b’), Table 4.1, on p. 162 in Barlow, Jacka, and Yor [§].

In this chapter, our aim is to consider an auxiliary martingale. For a fixed 7' > 0 and
f € LP(m) we define

M, := Pa_yyo f(Xiar) — Prf(Xo). (8.22)
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We will see later in this subsection that (M;);>o is a martingale stopped at T' with
M, = f(Xr)— Prf(Xo) for t > T. Note that My = 0. We will also consider the space-time
version of (M;)¢>o:

Pr o f(Xy(w)) = Prr f(Xo(w)) ift+7<T,
My(1,w) == f(Xr_r (W) = Pr_, f(Xo(w)) ifr<T<t+r, (8.23)
0 itT <,

or, concisely,
My (7,w) = Prr—r—syo f (Xja@—m)@)vo) — Par—mvof (Xo(w)).
Note that Mt(O, -) = M; and M, = 0.

Proposition 8.7. The process ((M;)i0, (F)eso, (]ﬁ’(tw))(toﬁz)e(oﬂrm}XEA) given by (8.23) is
a martingale.

Proof. Since (Mt)tzo is just a process Pr_,_f(X;) — Pr_,f(Xo) stopped at t =T — 7, it
is enough to consider t + 7 < T'. By the Markov property (2.38), we may write

Proigof(Xe) = Ex, f(Xr-tg-1) = Eu[f(X7-4)|Fi],  Prras. (8.24)
for each x € . Let 0 < s <t <T —ty. By (8.17) and (8.24),
IE(to,:v) [Mt|fs] = Em[PT—to—tf(Xtﬂfs] - PT—tof(I>

= By [Eo [f (X1 o) | F|F] = Prso [ (2)
= E,[f(X7)|F] = Pr—sof(x), Puyw)-as.

Again, by (8.24),
Ex[f<XT)|fs] - PTftof(x) = PT—tO—tf(Xs) - PTftof<x) = Msa ]P)(to,:p)'a-s'

The proof is complete. 0

8.2 Sharp bracket of martingale

In this section we consider martingales given by (8.22) and (8.23). The goal of this part is
to obtain the following result.

Theorem 8.8. Impose Assumption 8.4. Let f € D(E). Let (M,)i>o be the martingale
given by (8.23). Then the sharp bracket (M),(T,w) of this martingale is equivalent to

t

[ 201Pr e f1X () Lo (7 + 5) ds, (8.25)

0

where I' is the carré du champ operator given by (8.8).

V]

Due to the fact that (M),(0,w) = (M),(w), the above result imply the following
representation of (M );.
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Corollary 8.9. Impose Assumption 8.4. Let f € D(E). Let (M)i>0 be the martingale
given by (8.22). Then the sharp bracket (M),(w) of this martingale is equivalent to

tAT

[ 201Pr fI(X () ds, (8.26)

where I' is the carré du champ operator given by (8.8).

We stress that even if we only need the representation of (M), the space-time version
(M )i is necessary. The reason for this is the following. Our approach employs the notion
of the Revuz correspondence. In view of the fact that (M;);>¢ (and thus ((M);):>0) is not
an additive functional, it is useful to move to the space-time, where the sharp bracket
(<M>t)t20 is a PCAF.

Before we start the proof of Theorem 8.8, we require auxiliary facts about the calculus
on LP(m).

Lemma 8.10. Let 1 < p < co. Let u be differentiable on [0, +00) with values in LP(m)
(in the sense of Section 2.3). Then Pyu(t) is differentiable on (0,+00) and

(Pou(t)) = ApPu(t) + Pa(t), t>0.

In addition, when we assume that for each t > 0, Pu(t) € D(A;), then Pu(t) is differen-
tiable on [0, +00) with values in L'(m) and

(Pu(t)) = AjPau(t) + Pa'(t), t>0. (8.27)

Proof. Let 1 < p < oo. Recall that Apu(t) := u(t + h) — u(t). Note that

FAL(P(t)) = Pl (1) + Pron (5 80(0) = /(0)) + 3 (Pron — PoJu).

The first term converges to Pu'(t) as h — 0, by the strong continuity of (P;);>o. The
second part tends to zero, since

Here, we used the contraction property of (P;);>o. The last part converges to A,P,u(t) by
the definition of the generator A,. In the case of p > 1, we utilize the analyticity of (F;)>o0.
When p = 1, the convergence follows from the assumption Pau(t) € D(A;). Summarizing,

Pron (3 Avt) — /(0 ),

Apu(t) — ' (¢)

—0, ash—0.
p

<[

L A(Pu(t) > P () + 0+ Ay Pau(t)

in LP(m) as h — 0. This completes the proof. O

Lemma 8.11. Fiz T > 0. Let f € L?*(m). Under Assumption 8.4, the mapping [0,T) >
t — P[(Pr_f)?) is C' with values in L*(m) and

(Pt[(PT—tf)2])/ - 2Pt(F[PT—tf])- (8-28)
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Proof. We apply (8.27) from Lemma 8.10 with u(t) := (Pr_¢f)? and obtain

(Pl(Pr-ef))) = ALP(Pr-of)’] + P (1).

Let us explain that we are allowed to do that. For every t € [0,T), Pr_,f € D(As)
due to the fact that the semigroup (P;);>o is analytic on L?(m). Under Assumption 8.4
implication (8.12) is true, hence (Pr_;f)* € D(A;) and also B[(Pr_.f)?*] € D(A;). B
Corollary 2.2(i), v'(t) = —2Pr_1fAsPr_+f.

Summarizing,

(P(Pr—f)*)) = ALP[(Pr_if)?] — 2P[Pr_if AsPr_.f]
= PJA[(Pr—if)*] — 2Pr_1 f AsPr_ f]
= 2P(T[Pr—.f]).
In the last line we used (8.13).
Recall that T': D(€) — L'(m) is continuous. Moreover, the semigroup (B;);>o is

continuous on L*(m) and D(E); see (2.15). Thus, the mapping [0,T) > t — P(T[Pr_.f]) €
L'(m) is continuous. O

Proof of Theorem 8.8. Note that the additive functional given by (8.25) is of the form
(8.15) with X, and g(t,x) := 2I'[Pr_¢ f](x) L(o,71(t). Thus, its Revuz measure is

O [Pr_ f)(x) 1o,y (£)m(da)dt.

Let v be the Revuz measure of ((M),);so. Let f be an arbitrary bounded a-coexcessive
function with respect to the space-time process (X¢):>o. Applying (8.18), we get

/fdy— lim = / /ftx ey (VD) m(dar)lt (8.29)

h—0t h
(0,4+00)xE

When h+t < T, then E,Pr_y nf(Xp) = PoPr_i_nf(x) = Pr_,f(x), and therefore, by
(8.17),
E (o) Mj; = EMi(t,-) = Eo(Pr—o-nf (X))* = 2Pr— f(2)Ee Pr—inf (Xa) + (Pr—of (2))?
= Pu[(Pr—ynf)*)(x) = (Pr—if(2))*. (8.30)
Further, because of Lemma 8.11 we obtain

h

Pul(Preeonf)?] — (Pr_of)? = / 2P,(I[Pr_ssf]) ds (8.31)

0
— h/QPhS<F[PT7t7hsf]) ds
0

Here, the integral on the right-hand side is the Bochner integral.
Similarly, when ¢t < T < h 4+ ¢,

Ea)Mp = Pro[f?)() = (Prif(x))? (8.32)
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and

Pralf?) = (Pruf)? = [ 2P.(TIProof)) ds (8.33)
—h / 2Pyo(T[Pr_s—ns f]) Lo (hs) ds.

Clearly, E(t,;v)M]% =0for T < t.
Combining (8.29), (8.30), (8.31), (8.32), and (8.33), we obtain

/ fdv = lim / / fi, /1 2 Pas (T[Pr—sns f]) ¥

(0,400)x E
X {]1(0 Tfh] (t) + Ljo.0—p (hs) Lir—ny (t)} dsdmdt

- [ [t
x []1(01,;4 (t) + Tz (hs) Ty (t)] dmdsdt.

Here, we utilized Tonelli’s theorem. We claim that

hli)r&/// ) Pus(C[Pr_i—ns f]) %

[1(0,T n(t) + Lo r—p(hs) Lz h;p](t)] dsdt.
For all enough small h > 0, by the boundedness of f ,

/2f ) Pas(T PTthsf])dm<2/rPTthsf]d sup

(r,z)e(0,T|xE

fr, )

= 28[Prsnef]  sup | f(r,x)]
(r,z)e(0,T|xE

< 2E[f]  sup ’frx‘<+oo
(r,2)€(0.T) X E

Here, we employed the fact that f € D(£). Our claim follows from the dominated
convergence theorem.

Due to Lemma 8.11, the mapping [0,7 —t) > r — P.(U[Pr__.f]) € L'(m) is
continuous. Hence, Pys(T'[Pr__pnsf]) — T[Pr_¢f] in L*(m) as h — 0. Thus,

T [ 2f(t, ) Pu(T[Pr o f]) dm = / 2(t, T [Pr—i f] dm
E
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Clearly,

Lo,r—n)(t) + Ljo ) (Rs) Lep—p () — Lo, (t),

for almost every t € (0,7] as h — 07.
On account of the above observations, we may write

/fdy: /T/l/zf(ta‘)F[PT—tf] dmdsdt
- 7 /f(t’ z) - 2U[Pr_ f](z) L(o,7)(t) m(dx)dt.

The above identity may be generalized to any non-negative f e C.((0, +oo) x E). Indeed,
f may be approximated by the bounded n-coexcessive functions fn = nk f where R, is
the coresolvent of the space-time process (Xt)tzo- In such a case, there exists a subsequence
( fnk)keN such that fnk — f almost everywhere as k — +oc.

Finally, we have the equality of the Revuz measures

v(dt,dz) = 2 [Pp_ f](x) Lo (t)m(da)dt.

The statement of the theorem follows from the uniqueness of the PCAF. m

8.3 Applications of Hardy—Stein identity

The Hardy—Stein identity finds application in the estimation of the square functions. We
apply this identity, given in Corollary 7.4, to the setting under Assumption 8.4 and the
strong stability of the semigroup (FP;);>0 from Assumption 3.1. In this configuration, the
Hardy—Stein identity reads

/'f )I"m(d) // Fp(Pf(x), Fef(y) J(de, dy)dt, (8.34)

0 ExE\diag

forall 1 <p <ooand f e LP(m). Yet,

/\f )P m(dz) // F(Pof(z), Puf(y)) J(da, dy)dt, (8.35)

0 ExE\diag
remains true even in the absence of Assumption 3.1. Due to Lemma 2.4, for all 1 < p < oo,
Fy(a,b) = b—al* (Ja| v [[)"2 < [b—al* (|a] + [B])" 2, a,b€R. (8.36)
If p > 2, then moreover
Fy(a,b) < |b—al? (|a| Vv [B)P"2 < |b—af* (Ja]" 2 + [b""?), a,bER. (8.37)

Combining the Hardy—Stein identity from equality (8.34) (or (8.35)) with estimates
(8.36) and (8.37) we get some auxiliary estimates of the p-norm of f € LP(m). They will
be useful later to obtain the estimation of the norms of the square functions.
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Indeed, by (8.34), (8.36), and the symmetry of the jumping measure J:

J17@P mds) = / [f s (@) (1B @)V |Pif ()]~ J (de, dy)at
E 0 ExFE\diag
B / / (PLf( (@))*|Pof (2) P2 x(Pof (x), Pof(y)) J(dz, dy)dt
0 ExFE\diag

—//rpt 2)|Pof ()P~ m(de)dt.

Recall that T'[-] and y are defined by (8.9) and (8.10). If 2 < p < oo, then by (8.34),
(8.37), and the symmetry of J:

/ £ (@) m(d) / [ (Pt ) = P @RS @)% + [P W) J(da, dy)at
0 E><E\d1ag
_ 9 / // (P.f( (@))2|P.f ()72 J (dz, dy)dt
0 ExFE\diag

—//PB )| Pof ()P~ m(d)dt.

For the definition of I'[-], we refer to (8.8). When 1 < p < 2, we only have a one-sided ()
bound in the above estimate.
Summing up, if 2 < p < oo, then

/ |f ()P m(dz) / / T[P.f](2)| Pof (2) P~ m(da)dt (8.38)

< / [TiPA@IR P i 6.39)

Jlr@r //Fpt )| Pof (@)~ m(dw)dt

< / / [P f] ()| P.f ()72 m(de)dt,

In the absence of Assumption 3.1, the same estimates holds when we substitute [5 |f|” dm—
limy, o || Prf|l} in place of [5|f[” dm. In such a case, if 2 < p < oo, then

/|f )P m(dx) //FPt 2)| P f(z)[P~? m(dx)dt

A//Ppt )| Pof(z)P~2 m(dz)dt,
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while if 1 < p <2, then

[1r@Prmae) 2

E

O\Jr

/ TP, f](2)| B.f () P> m(dz)dt. (8.40)

8.4 Square function GG

The first considered square function,

Lo 1/2
G(z) = ( [ TIPS dt) ,

0

does not posses the desired boundedness of p-norm for all 1 < p < co. It was shown in [5],
that in the following example G is too large for certain f € LP(m), 1 < p < 2.

Example 8.12. The following example was provided in Example 2 in [5]. Consider
Dirichlet form on the Euclidean space £ = R? (d > 2) associated with the Cauchy process
(a-stable process with a = 1), that is, J(z,dy) = J(x,y)dy, where

and A, is some constant. The semigroup is given by the following transition density:

t
T Ty — aP)Pe

pi(z,y) =

and cg > 0 is some constant.

Let h(z) := 2|2 and f(z) == h(z) 15 (0,1)(x). Here, B(x,r) is the ball of radius
centered at a point x. Observe that f belongs to LP(m) for 1 <p < 2d/(d+1) < 2. We
claim that for the function f the square function G is identically equals to infinity. The
essence of the problem lies in the fact that T'[P,f](x) grows too fast when ¢ approaches
zero. To make the example clear and to prepare some notation for Example 8.20 below,
we present the full computation.

Introduce the following function:

oo 1) i {Pth(x), for t > 0,
h(zx), for t = 0.
Observe that, since h is locally integrable on R? and vanishes at infinity, the function v is
well-defined and continuous except at the point (x,t) = (0,0). Denote also

/h ptxy

B(0,1/s)

Calculate P, f(x). Observe firstly that p(z,y) satisfy the following scaling property

pley) = am (3.1).
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Also h(x) = t~@+V/2p(z/t). Therefore,

Pf@) =ci | t(djwh (2) - (5.1) dy
B(0,1)

1 z d
Cd/t(d+1 tjpl (;,y)t dy
B(0,1/t)

=t (d+1)/2 Vg (%’ 1) .
Similarly,
v(z,t) =t~ @2y (£ 1) , t>0,ze€R%

t?

We have

(Glay = Ay | [ LTI 3

0 Rd
(ve(%,1) —w(§,1))?
= Adlo/R[ a1 |x — | dydt
(ve(y, 1) — vi(,1))
= dtdy. 8.41
Ad llééb/t ym —ty|d+1 Yy ( )

In the last line we used Tonelli’s theorem. Note that v(y,1) — v(y,1) > 0 as t — 07 for
all y € R%. Moreover, when x # 0,

vy (%, 1) S (%, 1) = t@ D242 1) - 0-h(z) =0, ast— 0.
Summarizing, when x # 0, then the integrand of (8.41)

1 . (vely, 1) — Ut(%’ 1))2 -~ (v(y, 1))2 . } ast — 0"
t? Y

t ’SL’ _ ty‘d'H |x|d+1

and when x = 0,

1 . (Ut(ya 1) - Ut(%? 1))2 -~ (U(y7 1) — U(O7 1))2 . 1 t— O+
¢ |z — ty|d+! [y|a+! pdr2) 88 :

We conclude that the inner integral of (8.41) is equal to infinity, hence G = +o0.

Nevertheless, the authors shown in [5], that [|G||, =< [|f]|, when 2 < p < oo for the
semigroups (P;):>o associated with the symmetric Lévy processes in the Euclidean space.
The results were generalized to the non-symmetric case in [6] by Banuelos and Kim.

For our more general class of processes, when 2 < p < oo, the lower bound of [|G], is
actually valid. As we will see in the next section, the Hardy—Stein identity implies the
following estimate.

Proposition 8.13. Impose Assumptions 3.1 and 8.4. Let 2 < p < oo and f € LP(m).
Then,

11, < T, -

The above results follows immediately from G < v/2G and the estimate of C:*, which is
presented in Theorem 8.15 below.

Unfortunately, the upper bound of [|G||, does not stay valid in a general case. We will
see this case in Example 8.16 in the next section.
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8.5 Square function G

In this section we consider the following square function:

—+00

G(x) == ( /

0

1/2
L[Pf](x) dt) -

The square function G resolves the issue of unboundedness presented in Example 8.12
that addresses the case 1 < p < 2. Indeed, utilizing the Hardy—Stein identity, we derive
the following two estimates.

Theorem 8.14. Impose Assumption 8.4. Let 1 <p <2 and f € LP(m). Then,
|G, <17,

Proof. Let f*(x) := sup;sq | P.f(x)|. Observe that for p <2

—+00

(G@))? = [ TIPS (@)

= (@) [ FRA@IF @)

< (@2 [ TIRA@IRS ()2t

0

Due to Holder’s inequality, inequality (8.40), and Stein’s maximal theorem (2.3),

[@pm < [y [Rnn@insera) m
< (/(f () m d:p) _p/2</ /r P, f](2)| P, f( )|p—2m(dx)dt>p/2

x(/(f*( »m >1p/2</|f ) m dx)2
v/\f )P m(da).

Therefore,

[ @@y mian) < [ 1f@) m(da)

E

]

Theorem 8.15. Impose Assumptions 3.1 and 8.4. Let 2 < p < oo and f € LP(m). Then,

171, < |-
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Proof. Let f*(x) := sup;sq | P f(x)|. By (8.38), Holder’s inequality, and Stein’s maximal
theorem (2.3),

/ P mdn) = | / FIPf](0)| Puf ()P mida) e
+00

D[P f)(z)| ()P~ m(dz)dt

VAN
—
—

This yields

8.5.1 Brownian motion on interval with removed segment

Example 8.16. The present example was proposed and constructed by the supervisor of
the author, Mateusz Kwasnicki.

Idea. We construct an approximation of the reflected Brownian motion on the interval

[0,7] U [%, 1] with additional jumps occurring between ; and 3. The intensity of these

jumps are chosen so that the function cosx is an eigenfunction of the generator.

This process is analogous to the reflected Brownian motion (B;);>o in [0, 1], but with
segments of paths lying on the part (% i Z) removed.

Below we consider a discrete version of the above process: a Markov chain with
continuous time which can be viewed as a reflected symmetric nearest-neighbor random
walk (Xy)i>0 on {1,2,...,4n}, with parts of paths corresponding to {t : X; € {n+ 1,n +
2,...,3n}} deleted.

To use the standard notation for the generator matrix of a Markov chain, we reindex
the state space: we shift the states 3n + 1,3n + 2,...,4n to the left and call them
n+1,n+2,...,2n. Therefore F = {1,2,...,2n}. We equip E with the counting measure
m.

Generator. The generator of the process (X;);>o is given by the following 2n x 2n
matrix A = [a; ;]77_,:
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-11 0 0 --0 0O O---0 0 00
1 -21 0--0 00 O0---0 0 00
0 1 -21 -0 00 0--0 0 0 O
o o1 -2---00O0@0O0O=--0 0 00
0 0 0 O -21 0 O 0O 0 0 O
A 0 0 0 O 1 o a,, O 0O 0 0 O
10 0 0 O 0 oy 1 O 0 0 o0 |’
0 0 0 O 0O 0 1 =2 0O 0 0 O
o oo o0--00O0OW9O0--=21T 00
o oo o0--010U0O0OO0 - 1 -2 1 0
o oo 0---00UO0OO0- 0 1 -2 1
o oo o0-.--00®O0@9O0¢-=--0 01 -1
where
1
Oy = —————
1+ cot %

and o}, := —1 — a,. In other words, J(z,dy) = J(z,y)m(dy), J(i,7) := a;;, and

1 when |i —j| =1 and {i,j} # {n,n+ 1},
aij=qa, wheni=n, j=n+lori=n+1, j=n,

0  when |i —j| > 1

Figenfunction. Consider the following function on E:

(Clith DL

(2k—1)w .
coS if kK <n,
f(k) = { ( .

cos

8n

In this part we will show that f is an eigenfunction of A, namely

Af(k) = =X f(k),
where

An = 2(1 = cos &) = 4(sin &)*.

Note that f(2n +1 — k) = —f(k) and Af(2n+ 1 — k) = —Af(k), hence it suffices to

consider k£ < n. By the sum-to-product formula, for £k = 2,3,...,n — 1, we obtain

Af(k) = f(k+1) + f(k=1) = 2f(k)

= cos (2]‘38%1)“ + cos 7(2’“8;3)” — 2cos (ng_nl)w
2%—1)m ” 2%—1)m
= 2005%%85 — 2cos<87n) ==\ f(k).
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Similarly, when k£ = 1,

Af(1) = f(2) - f(1)

_ 3T s

= Cos g — CoS g~

_ 3 - us
= COoS 5, + COs g 2 cos &
— ks o ks
= 2cos %, COS 7~ 2 cos S

Thus, again Af(1) = =\, f(1). Finally, for £ = n we have

Af(n) = an(f(n+1) = f(n)) + (f(n = 1) = f(n))

_ (bnt+-1)m (2n—1)7 (2n=3)r (2n—1)7
= i (cos - COS “Te ) + €OS ~g T — COS g
_ (2n—1)m s (n=Lm . 7w
= —2q, COS =5~ + 2s8in = sin ¢
s (n=Lm . 7w

ol a4 sin ~= = sin ¢~ cog 2n=Dr

n COS (2n—1)7 8n -

8n

A parameter «, is chosen so that the right-hand side is equal to —\, f(n). Indeed,

sin % sin g-

(2n—1)mw
Cos =g
n
—ain L V2 T gin ) qin L
_ singy L% (cos - — sin ;) sin g
in L U V2 T sow
S g + coS g, ¥ (cos &= +sin g-)
To4gin ) ain K
_ (1 —cos - 4 sin ;) sin g-
E
COS g~ + sl g~
in N2 in Y i L
:_(2(8111 &-)% 4 2sin - cos g-) sin g-
cosgln—ksinsln
A
— _9(qin T2 = "
= —2(sing-)" = 5 -

Square functions. Due to the previous part the semigroup operator P; acting on f is
given by P.f(k) = e *'f(k). Recall that the square function G acting on f is given by

C@)? = [ [(Pf ) = @) (Pif @), Fif () Iz y)midy)dt.
0 E\{x}

Since [, e *tdt = 1/\, and m is the counting measure,

(@R = — D (FQ@) = FR)*X(f(R), F(1)) T (K, D).

An 121

Additionally, G(2n+1—k) = G(k). When k =1,2,...,n—1, we have f(k) > f(k+1) >0
and

sin &7 gin )2
G = L+ 1) — piay)2 = 2O G5 )

An 4(sin g-)?

= (sin £7)%,
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On the other hand, if k£ = n, then |f(n)| = |f(n+ 1)| = —f(n), hence

(G = G- (f(n+1) = f(n))?

(2 cos (Qng;nl)”f

- 8(sin g-)?(1 + cot g-)
(4

cos &= + sin £-))?

~ 2sin %(sm% + cos g-)

i T ki ks
sin g + cos g~ _ 1 + cot &
4 sin —8” 4
n

Now, the p-norm of G is given by
n—1
HGHZ =23 (sin E)P 4+ 2(G(n))?. (8.42)
k=1
The first term may be written as

"1 \/§ P
2 § j b 3 kryp 9
sin nkZIn(sm4 )P ( 5 ) )
where the sum on the right-hand side is the Riemann sum of the function 2(sin Z#)? over

[0,1]. Therefore, the first term on the right-hand side of (8.42) is asymptotically equal to
cin, where ¢; := 2 [ (sin L) dz > 0.

The second term in (8.42) is asymptotically equal to 2( - 82)P/2 = 2(22)/2. Thus, for
p>2,
_up  2up/2
~ p/2
&, ~

In particular, we see that G (n) is the dominating term in the p-norm of G. On the other
hand,

n
£l = 2> _(cos §2)7 ~ con,
k=1

where ¢; := 2 [y (cos TF)P dz > 0. Finally,

T —
1111, - T1/2ch" "

1/2—-1/p

This implies that there is no universal constant C,, > 0 such that
1G], < clifll,-

Additionally, since G < v/2G, the above statement holds also for the square function G.

We shall discuss the above result. The present example demonstrates that the statement
of Theorem 3.4 in [63] is not valid. The problem lies in the proof of Lemma 3.3, where
it was unjustifiably assumed that P[P, f(k(-,y))](z) is equal to Po f(k(z,y)) for some
function k. The above calculations confirm, that this error is irreparable.
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8.6 Square function H

The next square function we will consider is the following:

too 1/2
)= ( | TP f@) dt) .

The square function H overcomes problems demonstrated for 2 < p < +o00 in Exam-
ple 8.16.

Indeed, employing the martingale (M;);>o introduced in Subsection 8.1.5 and the
Burkholder-Davies-Gundy inequality, we obtain the following estimate.

Theorem 8.17. Impose Assumption 8.4. Let 2 < p < oo and f € LP(m). Then,

IHI[, < (1], -
Proof. Assume first f € D(E). Since p > 2, by Jensen’s inequality, we get

Z(H(az))”m (dz) /(/ B[P f] ) /2m(dm)
- /(= / Aoy ar) mian
< /E (/ F(X,) dt )p/2m(dac).

Utilizing the monotone convergence theorem, we may write

/(H(x))l?m (dx) < hm /]E </FB f1(Xy) dt) /Qm(dx).

B
By the self-duality of the process (X;):>o (formula (2.41)),

/(H(w))Pm(dx ) < lim /]E </F Pr_if]( Xt)dt>p/2m(da7).

T—+o0
E

Since f € D(E), in view of Corollary 8.9,

T p/2
/e, ( [riP <Xt>dt) m(de) = 2772 [ B, (M) m(cd),

where (M)r is the angle bracket of the martingale (M;);>o given by (8.22). Thus, by the
Burkholder-Davies—-Gundy inequality (8.19) and inequality (8.20) we get

/(H(x))p ) S lim / E, ((M)7)?/? m(dz)

< lim / E, ([M]r)"2 m(dz)

< lim / E,| Mz — Mo|? m(dz)

T—+o00

= hm /]E]f Xr) = Prf(z)[P m(dz).
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Employing |a + 0[P < 2P7!(Ja|P + |b]?), we obtain

JH@)md) $ tim [ (EAFC)P + P (@) m(da)

= Jim [ (PrlfP)() + 1 Prf@)) m(da)

= lim [(F@)P + |Prf (o)) m(dz).

By the contraction property of (P;)i>o, we have ||Prf[l < || f[|7. Hence,

Jt@)yman) s [15@)Fm(d).

E

Now, we relax the assumption f € D(E). Let f be an arbitrary function belonging to
LP(m). Let s > 0. Denote by H[Psf] the square function H acting on P, f, namely,

1/2

too 1/2 400
H[P;f](z) = ( / PI[P,P,f](x) dt) = ( / P[Py f)(x) dt) : (8.43)

Note that, by the monotone convergence theorem,

+o0 +oo
(H(2))*= lim [ PL[Pf](x)dt= lim [ P.RT[PP,f](x)dt
s—0t s s—0t 5

— lim P,(H[P.f])(x). (8.44)

s—07t

where the above limit converges monotonically. Since the statement holds for P;f,

JHPf@)y mdz) S [ 1P (@) m(d).

B
Therefore, again by the monotone convergence theorem,

" (dz) < tim [ (HIP.f)(x))? m(dz)

s—07F
E

[ (@) m(de) = lim [ (PP ()

S lim [P f@)P m(de) = [ @) m(da).

E

Here, we used Jensen’s inequality. The last line follows from the strong continuity of the

semigroup (B;)s>o. O

The next estimate addresses the case of 1 < p < 2.

Theorem 8.18. Impose Assumptions 3.1 and 8.4. Let 1 < p <2 and f € LP(m). Then,

A1, < I, -
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Proof. First, we assume f € D(E). Since p < 2, by Jensen’s inequality, we get

E[(H(rv))”m (dz) /(/ P[P, f] ) /2m(dm)
_ ( / F(X,) dt >p/2 m(dz)
b[ (/ F(X) dt )p/2m(da:).

Employing the monotone convergence theorem, we get

/2

/(H(x))pm (dz) > lim /]E (/FPt f1(Xy) dt) m(dz).

T—+oo
E

By the self-duality of the process (X;):>o (formula (2.41)),

/(H(x))Pm(dx )> lim /E (/r [Pr_f]( Xt)dt>p/2m(dx).

T—~+o00
E

Due to the fact that f € D(E), Corollary 8.9 yields

/ E, ( /T T[Pr_ f] (Xt)dt)p/2 m(dz) = 277/ / B, ((M)7)?? m(dz),

where (M)r is the angle bracket of the martingale (M;);>o given by (8.22). Therefore, by
the Burkholder-Davies-Gundy inequality (8.19) and inequality (8.21), we obtain

/(H(I))p )> lim / E, ((M)7)?'? m(dz)

~ T—+o00
E

> lim / E, ([M]7)"? m(dz)

> lim / E, | My — Mo|? m(da)

T—+o0
E

— lim / E,|f(Xr) — Prf(z)]P m(dz).

T—+o00

Utilizing |a + b|P > 2'7P|a|P — |b|P, we get

T—+o0
E E

= lim _[(Prl|fP)(x) = 277" |Ppf (0)|") m(dx)

= Jim_ [([f@)]" =227 [Prf(2)P) m(da).

JH@) m(de) 2 dim [ (Bl f(X2)7 = 27| Prf(@)?) m(da)



Square function H 91

In the last line we used (5.10). Finally, under Assumption 3.1,
JH@) ma) 2 [ 17(@) m(dz).
B B

Now, we relax the assumption f € D(E). Let f be an arbitrary function belonging
to LP(m). The rest of the proof proceeds analogously to the proof of Theorem 8.15. Let
s > 0. Denote by H[P;f] the square function H acting on P f, namely, define H|[P;f]| by
(8.43). Note that (8.44) is valid. Since the statement holds for P;f,

[P @) mide) 2 [ P ) m(d).

E

the monotone convergence theorem and Jensen’s inequality implies

[ @) mide) = tim [ (PHIPAP)@)" mdo) = lim [ (HPf)@) m(da)

sHO‘F s—0t
B B
> lim / IPf (@) m{dz) = [ |f(@) m(da).
E
The last line follows from the strong continuity of the semigroup (P;)¢>o. ]

The last result of this section stay valid for 3 < p < oo. The validity of this statement
is still an open question for the range 2 < p < 3.

Proposition 8.19. Impose Assumption 8.4. Let 3 < p < oo and f € LP(m). Then,

A1l < I, -

This inequality is straightforward consequence of Proposition 8.21 below, due to
H < 2H.

Nevertheless, the square function H shares the same issue as the function G when
1 < p < 2. To see this, we employ the same example proposed by Banuelos, Bogdan, and
Luks in Example 2 in [5].

Example 8.20. We continue Example 8.12. We consider the same function f as therein.
Similarly as (8.41), we can write

Ut y7 ( 1))2
dydzdt
(H AC“O/R[R[t z—ty|d+1 pi(x, z) dydz
— 1))2
—Ad1///td NGO Utcgfl ) pi(z,tz) dydzdt
5 |tz — ty|

:Ad,l/// L clu(yl) —w( D) dtdydz. (8.45)

£ o=yl [tz — )2

Recall that vy(1,y) — v(1,y) > 0 as t — 0F. We have the following asymptotic equivalence
of the integrand. When x # 0,

L ca(ve(y, 1) — v(z, 1)) ~ ca(v(y, 1) —v(z,1))? 1 ast — 0"
2 |z — y| (82 + |tz — z]) @+ PETITY N R ,
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and when x = 0,

1 el )-n=0?  al@ ) oeED)? L
2 |z —y| (2 + ’tz_xf)(dﬂ)m |z — y|d+1(1 + |z| )(d+1)/2 " pd+3’ :

In both cases the inner integral of (8.41) is equal to infinity. Thus, H = +o0.

8.7 Square function H

Yoo 1/2
= (/ Pj[PJ](x)dt) :

Although the lower bound has been proven for 3 < p < oo, whether this statement
holds true remains unresolved for 2 < p < 3.

Recall that

Proposition 8.21. Impose Assumptions 3.1 and 8.4. Let 3 < p < oo and f € LP(m).
Then,

<|H| .
171, < |#]
Proof. Since p > 3, the function t + t*=2 is convex. Thus, by Jensen’s inequality

|P.f|P~2 < Py(|f|P~%) a.e. Therefore, by (8.38), the symmetry of the operator P;, and
Holder’s inequality

/|f )P m(da)

/ra ()| Pof ()P~ m(dw)dt

g

CIPf)(x) P f1772) (@) m(dz)dt

A
\%- o+ O\—‘r
| e e

B[P f](x)| f(2)[P~* m(dz)dt

(H(2))* f ()P~ m(dz)

dx>)2/p ( / |f(x)|pm(dx)>1_2/p.

(H(z))? m(dz).

IA I
A/ m\ o

M
=

This implies

1 @) mide) £

E

Dj\

O

__ The next result is the straightforward implication of Theorem 8.17 and the fact that
H < 2H.
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Proposition 8.22. Impose Assumption 8.4. Let 2 < p < oo and f € LP(m). Then,
A <,

The behavior of the square function H for 1 < p < 2 is still an open problem. The
methods used earlier appear to be unsuitable for obtaining the desired estimates, at least
when applied directly.






Appendix A

Calculus of multidimensional LP space

In this appendix we extend the study of derivatives in L” space to a multidimensional case.
This part was written based on Appendix B from the joint work [15] with Bogdan and
Pietruska-Patuba. Similar results may also be found in Bogdan, Jakubowski, Lenczewska,
and Pietruska-Patuba [16]; see Lemmas 13 and 15.

Let 1 < p < oo. For fixed positive integer n, we denote by (LP(m))™ the Banach space
of elements of the form f = (f1,..., fa.), where fi1,..., f, € LP(m), equipped with the

1/p
£l 2= ( / !f(w)lpm<dx)> .

Recall that |-| is the Euclidean norm in R™. We shall also consider another equivalent
norm

. 1/2
2
Hf”e;(m) = (Z ”fij) .
j=1

Here, ||-||,, is the norm of LP(m). In particular, for f) = (fl(k), oo %Y dn (2P (m))™

f® — fin (LP(m))" if and only if fj(k) — fin LP(m) for every j=1,....,n  (A.1)

when k£ — +o0.
Fix interval / C R . For a mapping I 5 t — u(t) € (LP(m))"™ we denote

Apu(t) :=u(t+h) —u(t) ift,t+hel.

We say that u is continuous on I with values in (LP(m))™ if Apu(t) — 0 in (LP(m))"
as h — 0 for every t € I. We say that u is differentiable on I with values in (LP(m))™ if
W' (t) = limy_yo + Apu(t) exists in (LP(m))™ for every t € I. We say that u is continuously
differentiable (or shortly C1) on I with values in (L?(m))" if u is differentiable and the
mapping [ 3t — u/(t) € (LP(m))™ is continuous.

The main goal of this section is to derive the following rules of differentiation, which
hold for 1 < p < o0.

Proposition A.1 (Product rule). Let 1 < p < oo and r € [q,00), where ¢ =p/(p—1). If
the mappings I > t — u(t) € (LP(m))" and I 3 t — v(t) € (L"(m))" are C* with values
in (LP(m))" and (L™ (m))", respectively, then u - v is C* with values in LP"/®*7)(m) and
(u-v) =u - -v+u-v.

95
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Proposition A.2 (Derivatives of power functions). Let 1 < v < p < co. Assume that
I >t u(t) is differentiable with values in (LP(m))"™. Then:

(i) The mapping |u|” is differentiable with values in LP/7(m) and
(ufy = 0 - (A2)

(ii) The mapping u' is differentiable with values in (LP/7(m))" and

(um)/ = (']W) o u) o, (A.3)
where Ji.y(2) is the Jacobi matriz for the function R™ 3 z + 2 € R™ at a point z
given by (5.6).

In addition, if u is C*, then |u|’ and v’ are C* on I with values in LP/7(m) and
(LP/7(m))", respectively.

Before we prove the above results, we need several necessary facts. First, we need some
estimates provided in [15]; see Appendix A.

Lemma A.3. There are constants C,,C., c,,c) > 0 such that for all w,z € R",

0 < Fy(w, 2) < Cqlz —w*(Jw| V]2[)774, Ael0,2],y>1, (A4)
| Fip(w, 2)| < Cllz —w(Jw| v [2])7, Ael0,2],y > 1, (A.5)
[|2]" = |w|"| < ¢z — w\A(|w| V |z])7”\, A€ 0,1],y >0, (A.6)
127 — ) < |z — w](Jw| V |2])7, Ae0,1],y > 0. (A7)

Here, F., and F, are defined in (5.2) and (5.7), respectively.
Lemma A.4. Let 0 < v < p. Then the following mappings are continuous:
(LP(m))" 3 u — |u|” € LP/7(m), (A.8)
(LP(m))™ 3 u — u" € (LP/7(m))". (A.9)
Proof. In the first place, note that for u € (LP(m))", |u|” and « are in LP/7(m) and
(LP/7(m))", respectively.
To prove (A.8) and (A.9), we employ inequalities (A.6) and (A.7), respectively.

We start with the proof of (A.8). Choose A € (0,1) such that vy — A > 0 and suppose
that uy — u in (LP(m))™ as k — oo. From (A.7) we get,

lurl” = ul"| < e Juk = ul (Jug| V u])
pointwise. Applying Holder’s inequality with exponents /A and v/(y — A), we obtain
= [l = [u[* am
B

b
o™ = el "1l

(y=XNp

2 Ap
< i [lue—al¥ (ful v Ju) "5 dm
E

i) Ap (=Np (=Mp
< up—ulls <HukHLp” e ) .

The right-hand side converges to zero, when we pass to the limit as k — +o0. This
proves (A.8).
The proof of (A.9) goes similar, but utilize inequality (A.7) instead of (A.6). O
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The following lemma is a multidimensional generalization of Lemma 13 from [16]. We
present the proof for completeness.

Lemma A.5. Let 1 < p < oo and r € [q,00), where ¢ = p/(p—1). Let f € (L*(m))" and
g € (L"(m))". Then

1f gl oo < N fll o gl 2r -
T

Moreover, if fr, — [ in (LP(m))" and g, — g in (L"(m))", then fr-gr — f-g in
L/ (m), as k — 4-o0.

Proof. Let f € (L?(m))" and g € (L"(m))™. Then, by Holder’s inequality with exponents
(p+r)/rand (p+7)/p

J15 gl dam < [ 15175 gl dm < (/W dm) </|g|’“ dm) .
E E E E

This proves desired inequality. We utilize it to prove the second statement.
Let fr — fin (LP(m))™ and gy — ¢ in (L"(m))™. Then,
- gx = F - gll o = 1fi- (96 = 9) + (fi = ) - 9l o
< [ fll o lgr = gllpr + 11f5 = Fll o llgllr =0
as k — +o0. O

With Lemma A.5 at hand, we are able to prove Proposition A.1.

Proof of Proposition A.1. Fix t € I. To prove the statement, we need to prove that

1 1 1
Wi (t) = EAh(u cv)(t) — EAhu(t) ~o(t) — Eu(t) CApu(t) = 0 in LPYPE) (),
as h — 0. Note that, Ay (u-v)(t) = u(t+h)-Apv(t)+Apu(t)-v(t). Hence, after rearranging,
we get

1
Wh<t> = EA}JL(ZS) . A]ﬂ)(lf) — 0 in Lpr/(err)(m)’
by Lemma A.5. Here, we utilized the continuity and differentiability of u and v. We have
proved that (u-v) =u'-v+wu-v'. Again, by Lemma A.5 we derive that the mapping
v -v+u-v is continuous due to the fact that v and v are C*. O]

At the end we present the proof of Proposition A.2.

Proof of Proposition A.2. Both statements should be proved similarly, thus we only prove
(A.3), as it is the slightly more complicated of the two.
Fix ¢t € I. To prove identity (A.3), it is enough to show that

Fo (ult), e+ 1) = 3 80 () (6) = (o ou(®) Ault) 0 (A10)

1
h h

in (LP/7Y(m))" as h — 0.
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We utilize (A.5) with A € (1, 2] such that v — A > 0 and obtain

P (). (4 )| < GO (e 1) = O (e + ] v )
= P (o) (une+ ]V a7

pointwise. Thus, by Holder’s inequality with exponents /A and /(7 — \),

1 ;oo )1 A _
|7 ot + 1), < P | dwu®)] (une+wl v @)
Y LW
st ][ A =2
< P [ Ao e+ )+ (o)1

Due to the differentiability of u with values in (L?(m))", ’%Ahu(t) HLP is bounded, therefore

the right-hand side of the above inequality converges to zero as h — 0. This proves (A.10)
and so (A.3).
Now, we assume that u is C1. The continuity of the mapping

tr () = (Jiy o) o € (L7(m)"

follows from Lemmas A.4 and A.5.



Appendix B
Convexity of leép—n + |2[P

In this section we derive proofs of convexity properties required in Sections 5.3 and 5.4.

First, we recall some basic notions and facts from the theory of convex functions. Let
T: A — R, where the set A C R" is convex. We say that the vector d(w) € R" is a
subgradient of T at a point w € A if

T(z) > T(w) +dw)-(z—w) forall ze A (B.1)

The function T is convex on A if and only if, for every w € A, there exists a subgradient
d(w), not necessarily unique. In particular, if 7" is convex and the first-order partial
derivatives of T exist at some w € A, then T has exactly one subgradient at a point w,
which is equal to its gradient VT'(w).

Denote the directional derivative of T by %—f(w) at a point w € A along the given
vector v € R™. Since T is a convex function, finite 2 (w) exists for all directions v € R”
and all w in the interior of A. In such a case, the vector d(w) is a subgradient of function
T at a point w if and only if

T
g(w) >d(w)-v, forallveR"
v

In particular, when VT'(w) exists, then the above inequality reduces to the well-known
equality, i.e.,

oTr .
%(w) =VT(w) v, veR"

For more details see, for example, Borwein and Lewis [18, Chapter 3].
We start by showing the convexity of the investigated function on the first quadrant
[0, +00)2.

Lemma B.1. Let p > 2. The function
Y(2) =z ()" + |2
is convez on [0, +00)%.

Proof. Since Y is continuous on [0, +00)?, it is enough to prove the convexity on (0, +00)?.
The proof relies on investigating the Hessian VY (z) of Y.
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Recall (5.1) and note that

22 2z

V2P = p(p — 2)]p [ 2 ] e, - e R {o).
Z1%92 zZ5

The Hessian V? (leg_l) is calculated in (5.19). Thus, the Hessian V?Y'(z) is equal to
P2 4 plp = )3 (p— 1)z "+ p(p — 2) 2]
(p—= 1)z " +p(p— 2a1zelzP™ (p—1)(p— 2212y + plalP~? +plp — 2)23]27~*
We claim that the matrix is positive semi-definite for z € (0, +00)?. Clearly,
[Pl 4 pp = 2)2E | > 0.
Furthermore, after extensive yet straightforward calculations, we obtain
det V2Y (2) = [pl=P~2 + p(p — 2)23 |/~ (p — D)(p — 2)2125~°
+ PP pP(p - 2) |2
—(p=1%2"" = pp = 1)(p — 2)z125 |2
=p*(p =Dz = (0~ 1)%""
+p(p -1 —2)2 " ((p— Dad ™ - 2287).

Clearly z < |z|, thus applying Young’s inequality with exponents p and ¢ = p/(p — 1) to
the product 225" we obtain

P — 1 1 P
leg—l S 2 + u — f(z%)i -+

p p p
Summarizing,
det V2V (2) > p(p — 1)*(p — 2) |27 2725
+1e - 1) (P —plp—2) - (p— 1))
=p(p— 1’ (p =) 2P A + [P - D(p+1) > 0.
O

Now, we require additional notions and facts from the convex analysis. If w; < 27, wy <
Zoy .oy Wy <z, implies T'(wy,...,w,) < T(z1,...,2,) in the domain of a real-valued
function T', then we say that T is coordinate-wise non-decreasing. The following fact is
straightforward, see also Boyd and Vandenberghe [22, Section 3.2.4].

Lemma B.2. Let S: A — R", S(A) C B, and T: B — R, where A C R™ and B C R"
are convex. If each coordinate of S is conver and T is coordinate-wise non-decreasing and
convex, then the composition T o S: A — R is convex.

We need also the following property. We may refer for example to [22, Section 3.2.3].

Lemma B.3. Let T, S: A — R be convex. Then max{T, S} is also convez.
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With Lemma B.1 at hand we are prepare to provide the following two lemmas, which
are crucial to prove the results in Chapter 5. The first one derives the convexity of auxiliary
functions on the positive half-plane [0, +00) X R. This provides the non-negativity of theirs
second-order Taylor remainders. This fact is essential to prove the polarized Hardy-Stein
identity from Section 5.3.

Lemma B.4. Let p > 2. Functions
YOU) =2 () H 12, YO o) =2 () )+ |2
are convex on [0,4+00) x R.
Proof. Define T': [0, +00) x R — [0, +00)? as
T(2) = (21, (22)4),

and define Y': [0, +00)? — R as in Lemma B.1. Due to the fact that each coordinate of T'is
convex and the function Y is convex and coordinate-wise non-decreasing, the composition

(Y oT)(2) = z1((22)+ )" + ((21)2 + ((22)+)2)

is convex on [0,+00) x R in view of Lemma B.2. Therefore,

p/2

Y (2) = max{(Y o T)(2), |2|"}

is also convex on [0, +00) X R as the maximum of convex functions, by Lemma B.3.
The convexity of Y() follows from the convexity of Y(*) by the fact that Y () (2, z) =
Y(Jr)(zl, —22). ]

Lemma B.5. If p > 2, then for all z,w € R?,
jp(Jr*)(w, 2) + Fp(w, z) >0, jp(_”(w, 2) + Fplw, z) >0,
where Fp, TS, and T are given in (5.2), (5.32), and (5.33).

Proof. In view of (5.5) and (5.35), we only need to show the first inequality. We rewrite
it as follows

YED(2) > YED (w) +d(w) - (2 —w), 2w e R (B.2)
where Y (M) (2) := (21)4 ((z2)4)" " + | 2| and

d(w) := (]l(wl) ((w2) )", (p = D(wr)4 ((w2)+)p_2) + pw®=,

Therefore, the proof of (B.2) is equivalent to verifying that d(w) is a subgradient of the
function Y1) at a point w € R2.
Hence, we first establish the convexity of Y *%). Define T: R? — [0, +-00)? as

T(z) = ((21)+, (22)4)-

Let Y: [0,+00)? — R as in Lemma B.1. By the fact that each coordinate of T is convex
and the function Y is convex and coordinate-wise non-decreasing, the composition

(Y o T)(2) = (21) 4 ((22) )"+ (((20)4)* + ((22)1)°)

p/2
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is convex by Lemma B.2. Since
Y9 (2) = max{(Y o T)(2), |2/},

it is convex on R? as a maximum of two convex functions, according to Lemma B.3.
Now, we show that d(w) is a subgradient of Y (++),
If w =0, then Y*) (w) = 0 and d(w) = 0. Hence, (B.2) is clear.
In case of w # 0, to show that d(w) is a subgradient of Y ) at w, we will prove that

oy ++)
5 (w) > d(w)-v, weR*\ {0}, forevery v= (v1,vq9) € R
v

Denote B := { (wy,ws) € R* : w; = 0,wy > 0} — the vertical positive semi-axis. The
function Y (+*) is differentiable everywhere, but on B. Therefore, when w ¢ B, the gradient
of Y1) exists, is equal to d(w), thus

ay(++)

5 (w) = VYFD(w) - v = d(w) - v.
In the remaining case, where w € B, we have two possibilities. First, when v; > 0, then

ay(++)
ov

(w) = ((w2) 4" o1 + pw®™ -0
1
= 2 ((wy) )" oy 4+ pwP™V v = d(w) - v.
Otherwise, if v; < 0, then

oy ++)
ov

The proof is complete. O
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